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Preface

Abstract

Mathematical modelling of Stirling engines has been a widely researched topic
over the course of the last few decades. Amongst di�erent approaches, many zero-
dimensional models based on solving di�erential mass and energy balances have been
proposed by di�erent authors. As some of these models necessitate the use of heat
transfer coe�cients characterizing the convective processes in the heat exchangers,
the method by which those are calculated demands close attention. The aim of
this work is to investigate this matter. This was done by validating di�erent heat
transfer models within the framework of a zero-dimensional model created by the
author. The work presents a comprehensive review of heat transfer correlations
adequate for Stirling Engine calculations. Experimental results are obtained from a
rig based on a Genoastirling ML3000 engine. These results are compared with model
results utilizing di�erent heat transfer models, narrowing the selection to the heat
transfer correlations of Anannd and Pinfold (1980), Toda (1994) and Kanzaka and
Iwabuchi (1992). For the best performing models further re�nement to the equations
is proposed and evaluated showing an improved quality of model prediction in terms
of indicated power.

The presented dissertation is organized into six Chapters, expanding on content
which was in part already published by the author in several publications in the
course of performing PhD studies. Chapter I outlines the problem in question and
the state of the art. The description of the state of the art in regards to heat transfer
correlations has been published in the article by Bartªomiej Rutczyk and Ireneusz
Szczygieª: "Development of internal heat transfer correlations for the cylinders of
reciprocating machines." Energy 230 (2021): 120795. Chapter II concerns Stirling
engine modelling, the outline of the author's model described within it (or rather the
�rst version of thereof), in Section 2.1 has been published in the article by Bartªomiej
Rutczyk, Ireneusz Szczygieª, and Zbigniew Buli«ski: "A zero-dimensional, real gas
model of an α Stirling engine." Energy Conversion and Management 199 (2019):
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111995 and expanded upon in the paper by Bartªomiej Rutczyk, Ireneusz Szczygieª,
and Adam Kabaj: "Evaluation of an α type stirling engine regenerator using a new
di�erential model." Energy 209 (2020): 118369. Some of the data used in Section
2.2 has also been published before, in the following articles: Stanek, Wojciech, et al.
"Thermo-ecological assessment of Stirling engine with regenerator fed with cryogenic
exergy of liquid natural gas (LNG)." Energy 185 (2019): 1045-1053 and Buli«ski,
Zbigniew, et al. "A Computational Fluid Dynamics analysis of the in�uence of
the regenerator on the performance of the cold Stirling engine at di�erent working
conditions." Energy Conversion and Management 195 (2019): 125-138. Chapter

III deals with the construction of the experimental stand. The work described
within it has not been published as of the time of thesis publication, it has been
however partially presented during the 2022 Symposium on Heat and Mass Transfer.
Chapters IV and V describe the validation of the aforementioned model and the
work concerning the �ne-tuning of the selected heat transfer correlations. Likewise,
this has been shown during the 2022 Symposium on Heat and Mass Transfer, and
not published as of yet. Chapter VI are the overall conclusions from the work.
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Nomenclature

Roman letters

m mass, kg
n rotational speed, rpm
H,h enthalpy, speci�c enthalpy kg
U, u internal energy, speci�c int.en. , J, Jkg−1

V volume, m3

Q heat exchanged, J
L work, J
T temperature, K
p pressure, Pa
w velocity, ms−1

Er error (of internal energies), J
V volume, m3

L work, J
T temperature, K
t time, s
t(c) temperature, degC
S entropy, J

K

Cp isobaric heat capacity, J
kgK

r radius, m
s piston position, −
q̇, Q̇ heat �ow, W

m2 , W
k thermal conductivity, W

mK
a, b, C,m, n arbitrary constants, -
B temperature amplitude, K
Non-dimensional numbers

Nu Nusselt number
Pr Prandtl number
Re Reynolds number
Pe Peclet number
St Stanton number
Ao dimensionless oscillation
L compressibility number
Greek Letters

α heat transfer coe�cient, W
m2K

φ angle, deg
κ speci�c heat ration, -
µ dynamic viscosity, Pa · s
ν kinematic viscosity, m2

s

ρ density, kg
m3

ϵ pressure ratio, −
ω angular velocity, rad/s
ε fraction or ratio, per subscript and description −
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Subscripts

p piston
i internal
cl clearance
r regenerator
w wall
o initial
m averaged across stroke
v volume
avg area to volume
avg average
g gas
cyl cylinder
max maximum
sc from Schmidt model
c compressor/cold cylinder
h expander/hot cylinder
ω rotational/angular
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Chapter 1

Introduction

1.1 Work premise

Stirling engines have been known and built since their invention date, widely
accepted as 1816 by Robert Stirling [56, 58]. Within this time, starting as simple
"hot air-engines" and undergoing a renaissance �rst in the postwar era by the work
of Phillips and later during the energy crisis in the 1970's which both lead to a better
scienti�c understanding of their workings [58, 50, 80]. However the question of in-
ternal heat transfer in these machines and its mathematical description still remains
open. Very few heat transfer correlations describing the conditions in reciprocating
cylinder-piston systems exist in general, and even fewer for Stirling engines in par-
ticular [63]. On the other hand, heat transfer correlations serve as a vital component
of zero and one dimensional models of Stirling engines, which are in common use by
both engineers and researchers [79, 50]. The main thesis behind this work, is that:

� Stirling engine modelling can be successfully performed with the use

of simple models, provided that the heat transfer correlations within

them are adequate.

Conversely, it is posed that it is possible to arrive at a correlation aptly pre-
dicting the heat transfer coe�cients in the Stirling engine working spaces using an
approach coupling both a Stirling engine model and experimental measurements.
Such a correlation would be directly coupled with the used model, providing the
user with a semi-empirical engine parameter estimation method, trading the general
applicability of 0D models for higher prediction accuracy.

The motivation for performing this work can be illustrated with a chart created
using the data and methods outlined within, showing the results of an analysis of
model sensitivity to the heat transfer coe�cient values. Using the zero-dimensional
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real gas Stirling engine model, as explained in Chapter 2, to simulate the Genoa
ML3000 engine described in detail in Chapter 3, one can perform simulations for
one of the measurement points of the engine. In this example the point entails a
bu�er pressure of 5.44 bar, and a rotational speed of 501.40 rpm. Figure 1.1 shows
the relationship between the predicted engine power and the heat transfer coe�cient
value within the range of 0 to 1000 W

m2K
.

Figure 1.1: An illustration of engine power dependence on internal heat transfer
coe�cients for the Genoa ML3000 Stirling Engine

It can be seen, that the indicated power prediction strongly depends on the value
of the HTC for the 0 − 200 W

m2K
range. Afterwards, the variation is not as strong,

however still present as an almost linear function. The high sensitivity to the heat
transfer coe�cients in the lower range leads to the formulation of a secondary thesis,
that is:

� Stirling engine power density can in some cases be highly improved

by moderately intensifying the internal heat transfer
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Figure 1.2: Stirling engine original 1816 patent drawing [95] with marks; 1 - heater,
2 - cooler, 3 - working piston, 4 - displacer, 5 - crank mechanism

1.2 The Stirling Engine - a brief history and overview

The purpose of this Section is to serve as a glossary of terms, as descriptions of
Stirling engines are plentiful in thermodynamic and mechanical literature. In Poland,
a general overview of their designs was published by �mudzki in 1993 [95]. Despite
never reaching widespread use, Stirling engines have since the very beginning been a
fruitful object of scienti�c study. A mathematical description of the Stirling engine
was attempted by William Thomson (Lord Kelvin) in 1847 [47]. In 1871, Gustav
Schmidt of the Prague German Polytechnic Institute proposed an "isothermal" model
of the engine cycle, in an attempt to describe the behaviour of a Lehman type
machine. This model �nds use to this day, as it provides a closed form solution for
the power output at set boundary conditions [65].

The engines of the era were simple, unpressurised machines built for light work
and their main market advantage was the possibility of working unattended or with
minimum attention. Applications included water pumping, driving fans, and likely
small workshop and craft machinery. The patent drawing of the original engine is
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Figure 1.3: The β type Stirling engine

shown in Fig.1.2.
The Stirling engine is primarily divided into three congurations, α, β and γ.

Free-piston engines and thermoacoustic engines could also be classi�ed as separate
con�gurations [95] or lumped into the known categories. β and γ rely on a displacer
piston for moving the gas within a closed space, so it can be cooled or heated,
the α con�guration relies on the movement of two working pistons to facilitate the
transport of gas between hot and cold spaces.

The β con�guration is identical in principle to Robert Stirling's original engine.
It can be built either to a design such as in Fig. 1.3, where the displacer moves the
�uid through separate exchangers (see the Philips engine [50]), or in a fashion similar
to the historical engines, where the cylinder has heat transfer areas mounted directly
on its body. The cooling area, due to tribological and material constraints, is usually
built closer to the working piston [95], which has the thermodynamical disadvantage
of providing cooling during the expansion stroke.

The γ engine, is similar to the β (see Fig.1.4)), however the working piston
is separated in its own cylinder. As can be seen from the drawings, the use of
either of those engine con�gurations necessitates a large clearance space. In the β
con�guration, the clearance spaces can be minimized in some drive mechanisms, such
as the rombic drive or Ross yoke [50], which allow the working piston to e�ectively
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"venture" into the cold space following the displacer.

Figure 1.4: The γ type Stirling engine

The α machine (see Fig.1.5) allows avoiding large clearance spaces. As the α
con�guration also results in a more compact engine, it was chosen as the main subject
of this work. An additional advantage of the alpha con�guration lays in the ability
to separate the hot and cold spaces so as to minimize conduction loss through the
solid material.

Most early engines would be in modern terms classi�ed as beta and in some cases
gamma types. Examples include the machines of Lehman (1867), Ericsson (1833)
or Robinson (1881). Most of these early engines did not have regenerators. The
�rst alpha type engine, that is the same type as the subject of this work, without
a displacer but with separate compression and expansion pistons was manufactured
by Rider in 1875, which is also interesting due to the presence of a regenerator made
from a bank of �at plates, and and the elongation of cylinders and pistons to increase
the heat surface area.

The sliding surface of the hot cylinder was cooled, which decreases thermal ef-
�ciency but prevents negative tribological e�ects from high temperature, which is
another common feature of modern Stirling engines.
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Figure 1.5: The α type Stirling engine

Figure 1.6: A Rider engine
in cross-section [90]

Figure 1.7: A Rider en-
gine found by the au-
thor in the collection of
the National Agricul-
tural museum in Szre-
niawa.
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1.3 Approaches to Stirling engine modelling and heat

transfer considerations

Figure 1.8: A T − s and p− V diagram for the ideal Stirling cycle

A general overview of the engine working cycle is often given in literature by the
"Stirling Cycle", as shown in Fig.1.8:

1. 1-2 isothermal heat removal and compression,

2. 2-3 isochoric heat addition,

3. 3-4 isothermal heat addition and expansion,

4. 4-1 isochoric heat removal.

Ideally, these phases would occur as follows; 1 - with the expansion (hot) piston
�xed in the upper position, with the bulk of the gas in the cold space, with the
compression (cold) piston moving up, 2 - with the working pistons travelling in
paralell displacing the gas from the cold to the hot space, 3 - with the compression
piston �xed in the upper position and the expansion piston moving down due to
expansion of the gas, 4 -with the pistons moving in parallel displacing the gas from
the hot back to the cold space. Ideally, during the processes 2 and 4 regeneration
should occur, that is the gas should impart its heat onto a regenerator (in the case of
the patent drawing we can imagine the displacer walls serving this purpose) and vice
versa, such that the gas entering the cold space reaches the cold space temperature

13



and likewise in the other direction. On the T − s diagram, the heat of regeneration
is denoted by Qreg. It can be seen from the diagram that if perfect regeneration
is achieved, the cycle will be equivalent to an ideal Carnot cycle and so will be the
thermal e�ciency.

ηT = 1− (
Tc
Th

) (1.1)

It can be shown, that this e�ciency will drop if the regenerator is imperfect.
�mudzki [95], shows that:

ηT =
(κ− 1)(1− Tc

Th
)lnεcom

(κ− 1)lnεcom + (1− Tc
Th

)(1− εr)
(1.2)

Where κ is the isentropic exponent, εcom is the compression ration (V2
V1
) and εr is the

regenerator e�ciency (as de�ned by Zmudzki)

ϵr =
Tr−v − Tc
Th − Tc

(1.3)

It can be seen, that equation (1.2) is only reduced to the Carnot e�ciency with a
regenerator that is 100% e�ective. Otherwise, it will be lower and also negatively
impacted by low compression ratios or a high isentropic exponent. The awareness of
those trends is imperative when designing an engine for e�ciency.

Though this thermodynamic cycle serves as a decent illustration and cannot
be discounted as the thermodynamic upper bound, as all thermodynamic reference
cycles it doesn't describe the behaviour of a real machine accurately. For example
Organ [6, 56] questions its use as the processes 2 and 4 are never in practice isochoric,
due to the system kinematics. Neither is it possible to achieve perfect regeneration,
due to the second law of thermodynamics. An issue is also in the achievement of
isothermal expansion and compression. As both are dependent on heat transfer
from the cylinder (or heat exchanger) walls to the �uid, it is immediately visible
that isothermality would only be achieved if the piston movement occurred in�nitely
slowly or if the heat transfer coe�cients were in�nitely high (and likewise the thermal
di�usivity of the bulk gas). It can be therefore reasoned, that even in a kinematically
perfect engine, with perfect regeneration processes 1 and 3 would be polytropic,
with the polytropic exponent dependant on the heat transfer coe�cients, and likely
varying throughout the process.

Empirical evidence also shows [56], that high compression ratios, contrary to
implications of equation 1.2 do not necessarily lead to higher e�ciencies. Work
on low temperature di�erence engines shows, that high compression ratios are only
feasible with high temperature di�erences, otherwise, the engine will not produce
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positive work [66]. This e�ect is not possible to describe in terms of the classical
Stirling cycle. Due to those limitations, the employment of more detailed models is
therefore necessary.

1.3.1 Use of non-dimensional numbers for engine modelling

Non-dimensional formulas are useful for preliminary calculation but do not pro-
vide the user with much information. A common example is the use of the Beale
number. It is de�ned as [50]:

Be =
N

pmVswns
, (1.4)

where N is the engine power in Watts, pm the mean e�ective pressure in Pa, Vsw
the swept volume and ns the engine rotational frequency in s−1. The value of the
Be number was estimated by Beale as constant, around 0.15 for the engines he
was working with [83]. Noting the fact that it was derived based on data acquired
from engine working between similar temperature bounds, West in 1981 proposed to
expand the formula by inclusion of temperatures, creating the West number.

The West number is similar to the Beale number in its de�nition:

We =
N

pmVswns

Th − Tc
Th + Tc

, (1.5)

where Th and Tc are the hot and cold sink temperatures respectively. West numbers
are assumed to be of a value between 0.25 and 0.35 [56].

The assumed values of those numbers can be used to estimate engine power
by solving the equations for engine power, with a set of design conditions for the
pressure, volume and temperatures of the heat source and sink. Calculations using
�rst order models can only be used for general assessment when starting the design
process [50].

1.3.2 Overview of Stirling engine mathematical models

Stirling engine models tackle these issues in various ways. The Schmidt Isother-
mal model, (see Fig. 1.9) takes into account the issues connected with kinematics,
by the inclusion of motion equations, however the heat transfer problem can only
be taken into account by raising and lowering the constant temperatures in expan-
sion and compression volumes above and below the wall temperatures so that the
temperature gradient corresponds to the heat transfer coe�cient [56, 79].
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Figure 1.9: Schematic and temperature distribution in the control volumes of
the Schmidt isothermal model. 1 - compressor/cooler, 2 - regenerator, 3 - ex-
pander/heater. Tc - cooler temperature, Th - heater temperature

The class of adiabatic models is built on the idea of the isothermal models by
adding additional control volumes for the heater and cooler heat exchangers. The
most basic adiabatic model assumes that the gasses exiting the heat exchangers have
a constant temperature (see Fig. 1.10).
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Figure 1.10: Schematic and temperature distribution in the control volumes of the
adiabatic model. 1 - compressor, 2 - cooler, 3 - regenerator, 4 - heater, 5 - expander.
Tc - cooler temperature, Th - heater temperature

Urieli's "SIMPLE" (Fig. 1.11) model incorporates internal heat transfer and
temperature variations in the heater and cooler spaces, though it uses correlations
for developed �ow, citing the lack of other options [79]. A similar method was applied
by Finkelstein, who uses the NTU method for heat transfer analysis, though sources
don't state how the values of the NTU were calculated [50].
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Figure 1.11: Schematic and temperature distribution in the control volumes of the
"SIMPLE" model. 1 - compressor, 2 - cooler, 3 - regenerator, 4 - heater, 5 - expander.
Tc - cooler temperature, Th - heater temperature

A di�erent class of models are the "polytropic" models (Fig. 1.12), which join
the heat exchangers together with the cylinders, while making provisions for variable
temperatures, heat transfer rates and heat exchange areas. A model like this was
proposed by Szczygieª et al [16] in 2017 and validated by comparison with data
obtained from CFD simulations. In that particular work, constant values of heat
transfer coe�cients were used and the gas was assumed ideal.
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Figure 1.12: Schematic and temperature distribution in the control volumes of the
polytropic model. 1 - compressor/cooler, 2 - regenerator, 3 - expander/heater. Tc -
cooler temperature, Th - heater temperature

Other models, such as the model of Wang [82] use correlations used by other
authors in the modelling of cryocooler of the pulse tube variety [32, 81], which is
ultimately taken from Kay's textbook on compact heat exchangers [33]. Aksoy et al
use �xed values of heat transfer coe�cients [5] and test the model output for these
assumptions.
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Chapter 2

Stirling engine modelling

As outlined in the previous Chapter, there are several approaches to construct-
ing Stirling engine mathematical models. They have however certain shortcomings.
Isothermal and adiabatic models, due to assuming temperature values in control vol-
umes don't allow for calculation of heat transfer coe�cients inside the model. More
elaborate adiabatic models such as the "SIMPLE" model however do allow this.
Another shortcoming is the customary assumption of the ideal gas model. This can
lead to error in high pressure engines [54]. Due to the aforementioned considerations,
it was decided to construct a model based on assumptions similar to the model of
Szczygieª et al [16], which showed good agreement with CFD data for a low pressure
engine, but to use a real gas model (CoolPROP libraries) for the �uid properties.

2.1 The zero-dimensional, real gas model

2.1.1 The development of the zero-dimensional real gas model

In order to ascertain engine behaviour and characteristics, a model had been
developed accounting for the thermodynamic processes occurring inside the en-
gine. This was done by formulating energy and mass balance equations for the
three separate chambers of the engine, eg. the heater/expander, regenerator and
cooler/compressor. What is taken into account, is energy exchange by the means of
mechanical work and heat transfer into the gas medium from the heater, regenerator
and cooler. In order to simplify the model and shorten the computational time,
following assumptions were made:

� the pressure inside the engine is uniform, pressure losses are neglected,

� the walls of heater and cooler are of constant temperature,
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� the regenerator changes its temperature in a uniform manner,

� outside of the cooler area heat losses are neglected,

� no leakages of the medium are considered,

Furthermore, there are certain assumptions made when convective heat transfer is
analysed, these being taken from their respective heat transfer models. The equations
of balance take form of di�erential equations, expressed as a function of crank angle.
Real gas has been used as the working �uid due to the discrepancies of ideal gas
calculations at high pressures. The gas parameters are calculated using CoolProp
libraries.

2.1.2 Kinematics of the piston movement

First, the relationship between crank angle, angular velocity and the surface area
and volume need to be discussed. The angular velocity is derived from the given
rotational speed (which is an input for the model) as:

ω =
2πn

60
. (2.1)

The piston position is decribed by equation is [2]:

x(φ) = r(1− cosφ) +
r/l

4
(1− cos2φ). (2.2)

The derivative of the piston position in respect to time constitutes the piston velocity:

w(φ)v = ω(−rsinφ− r2sinφcosφ√
l2 − r2sin2φ

), (2.3)

where l is the connecting rod length, r the radius of the crank, and φ the crank
angle. It has to be noted, that those equations are only valid for a conventional
crank mechanism. The cylinder volume for any cylinder can be expressed as:

Vv = Vcl +Avxv(φv), (2.4)

where Vcl is the clearance volume of the cylinder, this can be assumed as a fraction
of the total swept cylinder volume, and denoted as εcl. The fraction can be also
expressed as:

Vv = Avxv(φv) + 2εclAvr. (2.5)
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The piston velocity multiplied by piston area gives the derivative of cylinder
volume over crank angle:

dVv
dφ

=
dxv
dφ

Av =
dxv
dτ

dτ

dφ
Av = wv

dτ

dφ
Av =

wvAv

ω
, (2.6)

where τ is time � in case of numerical integration, this is equivalent to the time
period of a step in the model. Equations of motion and volume are solved separately
for the compressor and expander volumes, one of which being advanced by the angle
γ. The volume of the regenerator remains constant and is one of the input arguments
of the model.

The adiabatic model of Urieli [79] separates the heat exchange surfaces from
the cylinders. This is valid only for some engines, and can be questioned due to
the open connections existing between the exchangers and cylinders in most designs
[75]. Therefore, the approach of Szczygieª et al. [72] is considered more valid � that
is the cylinders are not separated from the heat exchange volumes as far as balance
equations are concerned. The assumption of that model, that the cylinder wall is
the only heat exchange surface is however not used in this work, and a more general
approach is taken, where the area is expressed as:

Av = εavxv(φ)Ov +Ad, (2.7)

where Ad is any additional area, such as the cylinder head, additional exchangers
or other solutions discussed further. This is assumed to be constant. Ov is the
cylinder perimeter. The number εav is de�ned as the cylinder surface development
coe�cient and can equal anything from 0 for an engine with no heat transfer through
the cylinder walls, 1 for a conventional design, and any higher positive value if the
surface is developed, elongated, etc.

2.1.3 Mass and energy balance

To use the �rst law of thermodynamics, a system needs to be de�ned. It is
proposed, that for di�erent equations used in the model, the boundaries be set as:

1. the expansion cylinders,

2. the compression cylinders,

3. the gas space of the regenerator,

4. the solid mass of the regenerator,

5. the engine as a whole sans the regenerator solid mass.
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Figure 2.1: System boundaries of the model

The control volume is illustrated in Fig. 2.1
The energy balance, according to Ocheduszko [54], can be written in a general,

di�erential form for a cylinder-piston apparatus:

dU = dH + dQ+ dL = d(mh) + dQ+ pdV, (2.8)

which can be expressed with respect to the crank angle:

d(mu)

dφ
=

dmh

dφ
+

dQ

dφ
+ p(φ)

dV

dφ
. (2.9)

This equation is true for all the control volumes. It can be noted, that for the
both the solid (metal �lament) and gas regenerator masses, where the volume is
constant, dV/dφ = 0 and the work expression is omitted. Furthermore, for the solid
mass, there is no in�ow or out�ow of �uid, therefore dm/dφ = 0. It can also be seen,
that as no leakage is assumed, setting the boundary outside the engine eliminates the
terms related to the exchange of mass, eg. dm/dφ (though the internal energies of
each gas spaces being di�erent needs to be taken into account). Those considerations,
lead to formulating the form of the energy conservation equation for each volume.

For the expansion cylinder, seen on the left in Fig.2.1, energy leaves the boundary
as work, enters as the heat �ux and as the enthalpy into the cylinder from the
regenerator. Therefore:
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d(mhuh)

dφh
=

dmr−hhr−h

dφh
+
dQh

dφh
+ p(φh)

dVh
dφh

(2.10)

The convention assumed for this volume, is the �ow of mass into, and the �ow of
heat into this volume will have a positive sign. It can be noted, that the pressure, as
a global parameter of the whole engine is referred to as a function of the angle of the
expander crank, and will be referred to that way in this work. The pressure is the
function of at least two independent gas properties, and the evaluation method will
be shown further. The expression referring to heat �ow can be understood as the
amount of energy passed from the walls to the gas in the cylinder during a change
of the crank angle by dφ. If so, it can be evaluated as:

dQh

dφh
= Ah(φh)αh(φh)[Twh − Th] ·

dτ

dφh
=
Ah(φh)αh(φh)[Twh − Th]

ω
(2.11)

The area Ah is to be evaluated from equation (2.7.) The convective heat transfer
coe�cient α is itself a function of the gas parameters at the particular angle. Its
evaluation is a matter of current research and the applicability of models is discussed
further. The temperature of the wall is proposed to be assumed constant and part of
the input data. It is known [54], that �uctuations in the wall temperature will occur
in piston-cylinder devices due to cyclically varying boundary conditions. However as
the work of Martage et.al [49], shows the variations in temperature to be in the range
of 1K. The compression cylinder, seen on the right of Fig.2.1, is a subject to the same
mass and energy transfer mechanisms. A di�erent approach is however taken in the
regard to the signs, that is, the out�ow of mass to the regenerator is considered
positive, the heat �ow out of the volume is considered negative. Therefore:

d(mcuc)

dφc
=

−dmc−rhc−r

dφc
+

dQc

dφc
+ p(φc)

dVc
dφc

, (2.12)

and:

dQc

dφc
= Ac(φc)αc(φc)[Twc − Tc] ·

dτ

dφc
=
Ac(φc)αc(φc)[Twc − Tc]

ω
(2.13)

Also, notably φc = φh − γ, where the phase o�set γ is equal to 90 degrees (con-
ventionally) or a di�erent value.

Inside the regenerator, energy is only exchanged through heat transfer through
the walls, the area being constant, and the volume being constant [79], no mechanical
work occurs. Therefore, the equation of energy balance for the gas in regenerator
can be written as:
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d(mrur)

dφc
=

dmc−rhc−r

dφc
+

dQr

dφc
− dmr−hhr−h

dφc
(2.14)

While the derivative of heat exchanged over crank angle is:

dQr

dφ
=
Arαr(φc)[Tavg−r − Tmr]

ω
(2.15)

As this heat is being exchanged between the gas and the solid mass, the energy
balance equation for the solid mass follows as:

mmrCpmr
dTmr

dφc
= −dQr

dφc
, (2.16)

where mmr is the solid mass of the regenerator matrix and Cpmr its speci�c heat.
The mass balances for each control volume can be summed as (using the angle of
the cold cylinder crank as the variable):

dmc−r − dmr−e = dmr (2.17)

mc(φc) +me(φc) +mr(φc) = mtot = const, (2.18)

as the mass of the gas remains constant in the system as a whole. This is based on
the no-leakage assumption.

The presented model has been published in a 2019 paper [64]. In further work
the model was improved The improvements entailed the inclusion of several separate
loss mechanisms. This includes:

1. pressure losses,

2. �nite time losses,

3. leakage to the bu�er space,

4. heat loss through cylinder walls,

2.1.4 Pressure losses

In the case of pressure losses the approach taken is similar to the Schmidt model
based models of the Philips company [50]. Losses are calculated separately after
the calculation is �nished, based on the state data and velocities in each volume
for each time step, then integrated, and the pumping loss is subtracted from the
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work produced in each time step. The pressure di�erence was calculated using a
formula applied by Wang [82] and by Petrescu [59], which takes the form of a simple
correlation related to piston speed (in m/s) and outputs the pressure loss in Pa:

∆p = ±(0.97 + 0.045wp) · 105 Pa. (2.19)

The �nite time loss was evaluated by a formula used by the same authors, which has
the form

∆p = ±awp

c
Pa, (2.20)

where a =
√
3κ, and c is the "average molecular speed" calculated as c =

√
3RfluidTfluid,v

evaluated for each time step in each volume.

2.1.5 Leakage losses

Leakage losses were added due to the fact that the ML3000 engine (used for
validation) has no piston rings or seals of any kind and rather relies on a good
quality of part �t between the piston and cylinder. The leakage loss was therefore
expected to be signi�cant. The calculation method for the mass �ows was based on
the work of Wang [82], however with a key di�erence. Wang considers the leakage
term only in regards to the energy balance, which is likely justi�able in their case
due to a small volume of leak. In this work, the mass balances are considered as
well. The mass �ow between the bu�er and the cylinder space is evaluated as:

ṁvb = πDp
pv + pb
4RvTv

(
wpg −

g3(pv − pb)

6µvLp

)
, (2.21)

where the index vb denotes "from volume to bu�er" and Lp is the piston length. The
formula might introduce error due to not accounting for piston grooves, however this
e�ect was neglected. As the model uses the engine crank angle for its integration
steps, this formula is adjusted to provide a mass leak per angle di�erence:

dmvb

dφ
= ṁvb ·

dτ

dφ
, (2.22)

and the enthalpy transport due to leakage is calculated as:

dmvbhvb

dφ
= ṁvb · hvb

dτ

dφ
, (2.23)

where hvb is the gas speci�c enthalpy evaluated for the instantaneous cylinder or
bu�er temperature and pressure depending on the direction of �ow. Importantly,
the bu�er pressure pb is assumed to be equal to the mean cycle pressure, and the
temperature to the cold space temperature. The bu�er is treated as an in�nite
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reservoir due to its large volume. The values of energy and mass transport per angle
di�erence are added to the mass and energy balances of the volumes.

2.1.6 Heat losses through cylinder walls

Heat losses through cylinder walls are evaluated by the same methodology as heat
transfer through heat exchangers, that is equations (2.11) and (2.13). It has to be
noted however, that the heat transfer area is variable (unlike for the �xed exchanger
surfaces). It also needs to be noted that the wall temperature is assumed as Tc for
both cylinder. This is due to the fact that in the Genoastirling engine, the surfaces
of the expansion cylinders are cooled for tribological reasons.

2.1.7 Evaluation of heat transfer coe�cients

Nusselt's correlations

The �rst, in the historical sense, correlation for estimating the heat transfer in
a piston-cylinder system is due to Nusselt [52], published in 1923. This is a global
correlation, describing the heat transfer coe�cient averaged across the stroke period.
It was formulated as follows:

αm = 1.16

[
1 + 1.24 · wpp

2
3T

1
3
i + 0.421

( Ti
100)

4 − ( Tw
100)

4

Ti − Tw

]
, (2.24)

where Ti is the internal gas temperature in K, p is the mean e�ective pressure in Pa,
wp is the piston speed and Tw is the wall temperature in K.

The correlation is given in a dimensional form. The work it originates in is
concerned with internal combustion engines. The second part of the equation is the
radiant heat transfer term, while the �rst is the convective one. The formula was
based on experiments simulating the conditions in internal combustion engines using
cylindrical bombs and separate experiments with forced convection on plane surfaces
[52].

A correlation for instantaneous heat transfer coe�cient by the same author, from
1928 [53] has been determined for piston machines in general, and can be stated as
follows:

α(t) = 0.0278(1 + 0.38wp)p(t)
2
3 · Ti(t)

1
3 , (2.25)

This formula lacks the radiant term, likely due to the lack of combustion being
considered, though similarities between the two are clear. The formulae of Nus-
selt can be considered to be of historical rather than practical signi�cance today.
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Although Nusselts formulas were created to provide an average heat transfer coe�-
cient, they have also been utilized to provide instantaneous values [13], hence, they
are shown as a function of time.

The Nusselt correlation from equation 2.24 has been expanded upon by Brilling
[94], who proposed a di�erent values of some of the constants. This is shown below:

α(t) = 1.16

[
3.5 + 0.185 · wpp

2
3T

1
3 + 0.421

( Ti
100)

4 − ( Tw
100)

4

Ti − Tw

]
. (2.26)

Eichelberg's correlation

The correlation of Eichelberg, from 1939 [20] is based on experiments carried
out on an actual internal combustion engine. The correlation was to predict in-
stantaneous heat transfer rates. The experiments were carried out on a naturally
aspirated, two stroke engine and later four stroke engine (both Diesel Engines) [13].
The formula is as follows:

α(t) = 7.67(wp)
1/3(pTi)

1/2, (2.27)

where Ti is the internal gas temperature in K, p the pressure in Pa, wp the piston
speed in m/s.

This direct measurement reportedly was based on harmonic analysis of tempera-
ture �uctuations in a probe normal to the cylinder surface. According to Annand [74]
this formula is contradictory to later formulas and experimental work. It is necessary
to note that the value of α(t) tends to zero when the piston speed reaches zero, that
is, in the dead centres. This is obviously erroneous, though as it will be shown later,
many other correlations show such behaviour. This, amongst other problems was
the subject to a correction by P�aum [60] in 1961 who modi�ed the velocity term.

The work from 1960 by Oguri [55], experimentally con�rmed the formula for a
spark ignition engine (114.3x140 mm bore and stroke), though only for the expansion
stroke.

Heinen [28] made an experimental investigation of heat transfer in the combus-
tion chamber of an internal combustion engine and found that the Eichelberg formula
can give good agreement if instantaneous gas velocity is substituted for the piston
velocity. Otherwise, it was concluded that the heat transfer coe�cient was underes-
timated.

Elser's correlation

Oguri [55] has also pointed to the works of Karl Elser [21]. The correlation is
based on the following assumptions: heat transfer occurs mainly in a small boundary

28



layer close to the cylinder walls, the advective �ow of particles occurs mainly per-
pendicular to the walls and thirdly, pressure �uctuations have no e�ect on the heat
transfer phenomenon. Also, the formulas are derived for an ideal gas. It is important
to note, that the experimental work by Elser had been done in a cylinder without
combustion. The correlation derived in this work is as follows:

Nu = 6.5
√
Pe′
(
1 + 0.5

∆s

Cp

)
, (2.28)

where Pe' is the Peclet number, here de�ned with the mean piston speed wm:

Pe′ =
wmL

a
, (2.29)

and the change of entropy over the speci�c heat ∆s
Cp can be calculated as:

∆s

Cp
= ln

(
Ti
T0

)
− κ− 1

κ
ln

(
p

p0

)
, (2.30)

where κ is the speci�c heat ratio, Ti means gas temperature, pi is gas pressure and
the index "0" refers to a reference value.

An ideal gas is assumed in the cylinder. The index 0 denotes the beginning of
the stroke. Annand [74], pointed out that this ratio, although non-dimensional, had
been derived by both thermodynamic and algebraic errors in the original derivation
of the formulae by Elsner.

Despite this, the formula was partially validated and expanded upon by Oguri[55],
to be written as:

Nu = 1.75
√
Pe′
(
1 + 0.5

∆s

Cp

)
[2 + cos(ϕ− 20o)], (2.31)

where the crank angle ϕ is zero at the top dead center. Oguri's experiments have
been carried out on two Diesel engines, of the bores and strokes of 380x460 and
390x520 mm.

Woschni's correlation

The Woschni correlation was created in 1967 as an empirical correlation for cal-
culating the convective heat transfer coe�cients in internal combustion engines. It
was developed experimentally, using a motored and modi�ed four stroke engine, with
a custom camshaft (dimensions were not provided) [87]. The author had pioneered
the use of computer aided engine modeling techniques, and the computer programs
developed in this research were used as an aid in the creation of the heat trans-
fer correlations [87, 86]. The correlation was validated using a Diesel engine, with
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165x155 mm bore and stroke and a 14.7 compression ratio where a 10% uncertainty
was shown [70] . In the original work, the author discusses two methods for the mea-
surement of heat transfer inside an engine cylinder. One being the use of a spherical
bomb to model the phenomena occurring during the combustion phase, the other
being use of an un-�red engine treated essentially as a heat exchanger. The camshaft
of the used engine had been modi�ed in a manner that it would intake and exhaust
gas once per cycle to investigate the parameters during the scavenging period, and
with a normal camshaft to evaluate the heat transfer during the compression and
exhaust. Additional experiments with a �red engine were also conducted and their
results were compared to the results obtained from the spherical bombs to analyse
the in�uence of combustion.

The correlation can be written in a non-dimensional form:

Nu = 0.035Re0.8, (2.32)

where:

Re =
wgDv

ν
. (2.33)

The gas velocity wg is given as wg = 6.618wp(φv) for the scavenging period
and wg = 2.28 · wp(φv) for compression, where φv means the crank angle and Dv is
the piston diameter. For combustion and expansion, the following formula is given
for velocity:

wc+ex = 2.28 · wp(φv) + 3.24 · 10−3 · VsT1
p1V1

(p− p0), (2.34)

where the second term is empirically derived and has to do with the intensity of
combustion. p1 and T1 represent the known state of working gas related to the in-
stantaneous cylinder volume V1 at beginning of combustion, while po means pressure
in cylinder without the combustion process.

The Woschni correlation is one of the most widely used for internal combustion
engine modeling, and is often applied to other reciprocating machines. Rutczyk et
al [64] proposed using it for Stirling engines, Tuhovcak [78] proposed its use for
compressors.

Annand's correlations

Annand was one of the �rst to provide a general overview of previous work on
heat transfer in internal combustion engine cylinders [74] and to also re-analyse
some of the available correlations using his own data. Another paper, concerning
heat transfer in a cylinder head was published in 1970 [8]. His opinion of the pre-
vious correlations was highly critical, noting not only a lack of accuracy when such
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experimental comparisons were made, but also the dimensional incorrectness of some
of the formulae.

Annand makes extensive use of data obtained by other researchers, mainly of
Overbye et al from 1961 [57], though the data of Elser [21] was also used for com-
parison. Other sets of analyzed experimental data are notably the local heat �ux
measurements of Pischinger and P�aum [62, 60]. Experimental methods of using
heat collectors placed in the clearance spaces of motored engines as employed by
Moss and Ku are also discussed [51, 38].

After the extensive statistical analysis of the available data, Annand gave a for-
mula for the overall heat transfer, which can be brought to a non-dimensional form
for convection only as:

Nu = aReb, (2.35)

where a, b are constants, which were de�ned in the paper from 1963 [74] as:

a = 0.35− 0.8, depending on the intensity of motion of the charge;

b = 0, 7.

Di�erent values were provided by other authors [26]:

a = 0.2, b = 0.8 for port injection and;

a = 1.1, b = 0.7 for direct injection.

The equations can also be written as to include the radiant term, for example, as
written in SI units by Ziong et al [94]:

α(t) = 0.26 · k

(
ρ0.7w0.7

p

µ0.7D0.3

)
+ cAnn(T

4
i − T 4

w), (2.36)

where cAnn is a constant equal to 2.1 · 10−13 W
m2K5 , which is derived from Annands

work [74]. Other variables are piston speed wp, µ is the kinematic viscosity of the
gas, ρ its density, k is the gas thermal conductivity and the temperatures Ti and T2
are of the gas and wall respectively. This can be also shown in a non-dimensional
form:

Nu = 0.26Re0.7 +
cAnnD

k
(T 4

i − T 4
w), (2.37)

where D is the cylinder bore, which is the characteristic dimension for the non-
dimensional numbers. Note, that due to the dimension of the constant cAnn this
expression is non-dimensional.
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Annand and Pinfold have published another work in 1980, where measurements
were made on an un�red cylinder of a diesel engine fed with pressurized air using a
quartz pressure transducer and �lm thermocouple. The engine had a bore and stroke
of 122 and 140 mm respectively. The inlet pressure was varied between 1.02 and 1.66
bar, the rotational speed between 1000 and 1600 rpm and temperature between 295
and 374 K. The pressure ratios varied between 16.6 and 20.4. The given correlation
was:

Nu = 0.3Re0.7 +

(
1 + 0.27

D

V∆T

dT

dt

)
, (2.38)

where V is the cylinder volume.
The in�uence of temperature �uctuations is of special interest as it can be con-

sidered a step towards a complex formulation of the problem, as proposed later by
Kornhauser and Smith [36], which is discussed later in this work.

Adair's correlation

The Adair correlation was created in 1972 by Adair et al, for the use in recipro-
cating compressors [3]. The authors claim an accuracy of 20%, and the correlation
was created based on an experimental investigation. The correlation was presented
as:

Nu = 0.053Re0.8Pr0.6. (2.39)

The author claims, that the measurements were made on a three cylinder, recip-
rocating compressor (with air as the working �uid) running at constant rotational
speed, though the exact dimensions nor parameters were not disclosed. Measure-
ments were carried out using fast response thermocouples where the ones used to
calculate heat �ux were located in the cylinder head.

The gas velocity is calculated di�erently as in most other correlations. Adair
made the attempt to estimate the swirl component of the gas velocity [3] working of
the research of Shipinski [69] and proposed the formulas to be as follows:

w =

{
2ω[1.04 + cos(2φ)], for 3

2π < φ < 1
2π.

ω[1.04 + cos(2φ)], for 1
2π < φ < 3

2π.
(2.40)

The Reynolds number and the characteristic diameter are de�ned di�erently also.
According to the authors, this is to better model the swish and swirl of the gas [3].
The characteristic diameter is de�ned as:

Dv =
6Vv(φ)

Av(φ)
, (2.41)
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where Av, Vv are the cylinder area and volume as a function of the crank angle. This
expression varies across the stroke. The Reynolds number is de�ned as:

Re =
Dv(φ) · Dv(φ)wv

2

ν
, (2.42)

where ν is the gas kinematic viscosity.
Note, that the quantity shown in (2.40) has a dimension of 1/s, which allows for
the Reynolds number to be non-dimensional. This expression also varies across the
stroke. Those variations have a clear e�ect on the variation of the heat transfer
coe�cient itself.

LeFeuvre's correlation

The approach of LeFeuvre (1969) proposed a conventional Nu = aRenPrm form
for the correlation, however with the Reynolds number related to the swirl of the
gases rather than piston velocity [42]. The correlation can be written as:

Nu = 0.047Re0.8Pr0.33, (2.43)

and:

Re =
r2ωsw

ν
, (2.44)

where ωsw is the angular velocity of the swirl and r the cylinder radius while ν is
the kinematic viscosity.
The measurements are understood to have been done on an engine mentioned in
LeFeuvre's work [42], which was 114.3 x 114.3 mm bore x stroke and operated be-
tween 100 and 2500 rpm. The author has claimed that the swirl velocity can be
assumed constant and that it is the result of swirl created by gas �ow to the engine.
Reynolds number values are said to be in the range of 1 · 105 to 6 · 105. The mea-
surements were carried out using thermocouples mounted in several positions on the
head and sleeve of the cylinder used to determine the heat �uxes. The authors in
both of the works [42] outline that the thermocouples used were of a special design
suited for transient measurements as designed by Bendersky [12]. The data was then
compared to existing correlations. The surface temperatures have been represented
by a Fourier series in accordance to a method outlined by Carlsaw [18] and Overbye
[57].

Hohenberg's correlation

Hohenberg [29] in 1979 had carried out measurements on Diesel engines. The
range of speeds is not precisely given, though it can be deduced from charts they
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were in the range between 700 and 2300 rpm. The tested engines had the following
bore and stroke dimensions: 128 x 142, 125 x 150, 125 x 130 and 97 x 128 mm. The
author had measured cylinder pressure and surface temperatures. The correlation
proposed by the author has the form:

α(τ) = 130 · T−0.4
i (pi · 105)0.8V −0.06

i (wm + 1.4)0.8, (2.45)

where Ti is the gas temperature, Vi the gas volume and wm the mean piston speed.
The values of the constants have been validated for all the engines. The correla-
tion, though simple and conventional in form, deserves special attention due to the
extensive experimental work carried out in its development. Three methods were
used. First the surface temperature method of Eichelberg [20], where the variations
of surface temperature of the cylinder wall are measured, and the heat equation is
solved. Due to practical problems of this method, Hohenberg proposed to use it only
to determine the variations of heat transfer by the variations in temperature. The
author has presented his own design of a thermocouple suited for the purpose, built
of NiCr and Ni wires coated with gold and insulated with cement. The author has
also outlined that the probes could be used to obtain information about the gas �ow.
Second was the use of a heat �ux probe, as proposed by Kind [34], however a major
innovation was the use of air instead of ceramics as the insulating material in the
probe. One surface of the probe was inserted into the combustion chamber, while
the other cooled, ensuring a one dimensional �ow of heat. The probe had a form of
a cylinder. The third method employed was based on the comparisons of theoretical
pressure variations to measured pressure variations. From the comparisons between
the pressures it was then possible to determine the heat �ow by thermodynamic
methods. To simplify those calculations, Hohenberg introduced a thermodynamic
loss angle. For an externally driven engine, maximum pressure would be reached at
the top dead center, however in practice due to heat loss and gas blow-by this maxi-
mum is reached earlier. The author has separated this phase shift into two variables.
The heat loss angle:

ϕh =
∆Q

pmax
Cp
R K1

, (2.46)

and the blow-by loss angle:

ϕb =
1.924

√
TiAb

nmK1
, , (2.47)

where:

K1 =
dV

dϕ
, (2.48)

and pmax is the maximum pressure, Cp is speci�c heat, Ab the blow-by area and nm
is assumed to be the rotational speed of the engine.
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Disconzi's correlation

Disconzi et al in 2012 have shown interesting work in concerned in the modelling
of heat transfer in reciprocating compressors for refrigeration [19]. Their correla-
tion had been created based on CFD simulation results, with consideration paid to
previous work, mainly by Adair [3], Annand [74], Fagotti [23] and others. They
have shown a set of correlations, separate for the distinct phases of the compressors
cycle, that is compression, discharge, expansion and intake. Discharge and intake
have separately de�ned Reynolds numbers. All Reynolds numbers include the mean
piston speed as a characteristic parameter, the mentioned two incorporate also the
instantaneous velocity of the gas being exchanged. This is shown below:

� compression

Nu = 0.08Re0.8Pr0.6, (2.49)

where:

Re =
ρ(τ)Dwp

µ(τ)
, (2.50)

� discharge

Nu = 0.08Re0.8Pr0.6, (2.51)

where:

Re =
ρ(τ)D(wp + w0.8

p wc(τ)
0.2)

µ(t)
, (2.52)

� expansion

Nu = 0.12Re0.8Pr0.6, (2.53)

where:

Re =
ρ(τ)Dwp

µ(τ)
, (2.54)

� intake

Nu = 0.08Re0.9Pr0.6, (2.55)

where:

Re =
ρ(τ)D(wp + 2w−0.4

p wc(τ)
1.4)

µ(t)
, (2.56)
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The quantity wc(τ) is de�ned as:

wc(t) = |ṁ|Apρ(τ), (2.57)

where |ṁ| is the mean mass �ow, ρ the �uid density and Ap the piston area.
It has to be noted, that as this is a result of a numerical study, experimental

validation is necessary.

Aigner's correlation

Aigner's correlation (1972) has been constructed based on both numerical sim-
ulations and experimental measurements of an actual machine - a compressor. The
following machines were considered:

� air compressor, of a 220 mm bore, 90 mm stroke, a rotational speed of 980 to
990 rpm and pressure ratios of 1/2 and 1/5 (Burckhardt 2K90-1A)

� compressor, of a 673 mm bore, 140 mm stroke 1182 rpm and a pressure ratio
of 2.2/6.4, with nitrogen as a working �uid (Ariel JGD 26.5).

The main di�erence however had been the number of valves - two and eight re-
spectively [4]. Aigner proposed the use of the Stanton number as his main parameter:

St =
αc

ρwpCp
, (2.58)

where αc is the convective heat transfer coe�cient, wp is the piston speed, ρ is the
�uid density.

The Stanton number was then adjusted by the authors to �t the numerically
calculated heat �uxes from the available data. It was found, that a mean Stanton
number value of 0.032 can provide good agreement. It is assumed that the correla-
tion could be utilized in conjunction with a good model for calculating the Stanton
number itself in piston cylinder machines.

Lawton's correlation

Lawton in 1987 [40], had provided a non-stationary correlation of engine heat
transfer. This was both experimental and analytical work. The experiment consisted
of applying a pressure sensor and surface thermocouple to a cylinder of a Perkins
98.4x127 mm bore and stroke, naturally aspirated Diesel engine. The engine was
motored (driven externally), with the thermocouple residing inside the injector port,
and a numerical scheme was employed for calculating the temperature distribution.
The author proposed a non-stationary correlation of heat transfer due to his review of
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previous work, such as that of Eichelberg [20] and Whitehouse [84] which suggested
limitations of the quasi-stationary correlations.

Lawton observed heat �uxes of an opposite sign to the di�erence between bulk
gas temperature and wall temperature, that is despite the bulk gas being hotter than
the wall heat would �ow from the wall to the gas. He explained this phenomenon
by proposing that there exists a boundary layer near the cylinder surface, the tem-
perature of which follows, but lags behind the bulk gas temperature which changes
across the stroke. This assumption is proven by extensive theoretical analysis [40],
which itself however assumes a one-dimensional condition within the cylinder.

The author has validated the equation proposed by Annand [8], however has
introduced a correction related to a compressibility number, de�ned as:

L =
κ− 1

V (t)

dV (t)

dt

√
D3

awavg
, (2.59)

where κ is the speci�c heat ratio, a is the thermal di�usivity and wavg the mean
piston speed and postulated an error term which should be added to the original
formula:

Nu = 0.28Re0.7 − 2.75LTw
Ti − Tw

. (2.60)

According to the author, a radiant term can also be added to the overall heat �ux.
The Reynolds number is de�ned the same way as in the work of Annand - that is an
energy mean velocity suggested by Knight [35].

Kornhauser and Smith correlation

The correlation of Kornhauser and Smith published in 1994 showed a very dif-
ferent approach to most other correlations - that is not based on the assumptions
of Newton's law of cooling [36, 37]. As the authors state, the law is only an engi-
neering approximation, not valid when the processes of compression or expansion
occur, due to the fact that work is imparted or extracted from the bulk of gas, while
heat transfer phenomena occur in the boundary layer. Therefore, a phase lag exists
between the bulk gas temperature and the wall temperature. The authors propose
to take this into account by the use of a complex Nusselt number, as complex anal-
ysis is often applied to wave phenomena. This is largely based on the theoretical
work of Pfreim [61] from 1943, who investigated similar phenomena in relation to
pressure �uctuations near a �at wall (though with engine cylinders in mind) and also
investigated by Lee [41]. This demands a complex formulation of heat �ux as:

q̇c =
k

Dh
(Nur + iNui)[ℜ(Ti − Tw) + iℑ(Ti − Tw)]. (2.61)
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For sinusoidal temperature �uctuations in the cylinder and a constant wall temper-
ature, this can be written as [36]:

q̇c =
k

Dh

[
Nur(Ti − Tw) +

Nui
ω

dTi
dt

]
, (2.62)

where Nur and Nui stand for the real and imaginary part of the Nusselt number.
The authors used a gas spring built on top of a compressor to carry out their

measurements and derived the temperature based on pressure. Fins have also been
applied internally. The experimental rigs main parameters were: bore to stroke -
0.67, 0.42, 1.23, compression (volume ratio) - 2, 4, 8, number of external cylinder
�ns - 0, 1, 3, 7, working gas - helium, hydrogen, nitrogen, argon. They have related
the heat transfer to the oscillation Peclet number de�ned as:

Peω =
ωD2

v

4a
, (2.63)

where a is the thermal di�usivity, Dv the piston diameter and ω the crank angular
velocity. They found that for high Peclet numbers (above 100):

Nur = Nui = 0.56Pe0.69ω . (2.64)

That is, that the real and imaginary parts are e�ectively equal. They also claim
that the Annand-Pifold correlation [9] was reasonably accurate in the setup. They
proposed the rewriting of that correlation for a complex Nusselt number Nuc as:

Nuc = 0.3Re0.7 +

(
0.25

D

L
Re0.7

)
· i. (2.65)

Lekic and Kok correlation

The complex Nusselt number correlation of Kornhauser and Smith [36] was stud-
ied extensively by Lekic and Kok [43, 45, 44] between 2008 and 2011. They endeav-
ored to either validate the Kornhauser Smith correlation or to improve on it. At
�rst, CFD simulations were carried out [44, 43] and later an experimental rig was
used [45], consisting of a gas spring with extremely precise tolerances �tted on the
base of a Stirling cryo-cooler. The bore and stroke were 50 x 52 mm. This was
equipped with pressure transducers, static and dynamic and several thermocouples;
two miniature gas thermocouples one in the center of the gas space, one on the wall,
three thermocouples on the piston, and a custom heat �ux sensor based on several
thermocouples. For the heat �ux measurement eroding type thermocouples were
used to accommodate for the the fast temperature oscillations, similar to ones de-
scribed in literature [17, 24]. Helium was used as the working �uid. The roational
speeds investigated are 2, 10, 100, 500, 1000, and 1500 rpm.
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The authors propose the following correlation for the real (Nur) and imaginary
(Nui) part of the Nusselt number as:

Nur = 1.33Peω
0.56 + 5.36, (2.66)

Nui = 2.04Peω
0.46 − 1.46, (2.67)

where Peω is de�ned the same as for the Kornhauser Smith correlation, Nur and Nui
stand for the real and imaginary part of the Nusslet number.

Toda's correlation

The Toda correlation of heat transfer was developed experimentally, by measuring
heat transfer on cylinder walls of the expansion cylinder of an α Stirling engine
heated by a separate, electric heating element [77]. As such, it is not intended
for the compression cylinder. The correlations are given in both dimensional and
non-dimensional forms, the former being an approximation of the latter. Di�erent
equations are given for the expansion stroke and compression strokes. For heating
and expansion strokes:

αe = 0.042D−0.42
v w0.58

p p0.58T−0.19
i , (2.68)

Nu = 0.70Re0.58. (2.69)

For cooling and compression strokes:

αc = 0.042D−0.47
v w0.53

p p0.53T−0.11
i , (2.70)

Nu = 0.63Re0.53. (2.71)

The Reynolds number is de�ned the same as for the Woschni correlation, but the
characteristic velocity wv is simply the instantaneous velocity of the piston without
introducing any corrections for internal movement of gas [77].

Liu's correlation

Liu and others have made an experimental investigation into compressor heat
transfer in 1984. The experiment had been carried out on an R12 refrigeration
compressor, 100 mm x 70 mm bore and stroke of a rotational speed of 1440 rpm, with
two cylinders. Wall temperature, pressure �uctuation, gas suction temperature and
oil temperature were taken into consideration [46]. Though the correlation derived
by the authors has a conventional form of Nu = aRebPrc, the work is of special
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interest as apparently measurements were made of temperature distributions inside
the cylinder wall. The wall e�ect has been known to be substantial in reciprocating
machines since the early research on steam engines in the 19th century, though
very little attention is paid to it in modern work. They proposed a formula for the
temperature given in degrees Celsius of the wall at di�erent points along the stroke:

t(c)w = 24.32 + 0.7191t(c)s + 5.64ε− 17.936s2 + 14.183s degC, (2.72)

where t(c)s is the suction temperature in oC, ε the pressure ratio and s is the ratio of
the piston position to the bore (the formula is limited to the s/d of 1 or smaller).
Note that the formula does not take into account the temporal variation of the wall
temperature. The authors propose a similar formula for the cylinder head:

t(c)wc = 13.64 + 0.1791t(c)s + 11.235ε degC. (2.73)

They also derive empirical equations for the suction gas and oil temperature. The
correlation itself is stated as:

Nu = 0.75Re0.8Pr0.6, (2.74)

where:

Re =
D2

hωg

2ν
, (2.75)

Dh is the hydraulic diameter:

Dh =
3ds

2s+ d
. (2.76)

In the equation s and d are the stroke and bore, and the ωg is the swirl velocity,
de�ned as:

ωg = 2ω(1.04 + 0.45 cos(2ϕ)), for
π

2
< ϕ <

3π

2
, (2.77)

ωg = ω(1.04 + 0.5 cos(2ϕ)), for
3π

2
< ϕ <

π

2
, (2.78)

ω stands for the crankshaft angular velocity. Above formulas are similar to the
formulation by Adair [3].

Fagotti's correlation

Fagotti and others have presented some work on heat transfer in reciprocating
compressors in 1994 [23] which was followed by their own correlation for compressor
heat transfer in 1998 [22]. Though they have found a fairly good agreement between
the correlations of Adair and Annand with real measurements for reciprocating com-
pressors, they decided to follow the work of Lawton [40] on internal combustion
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engine heat transfer and of Kornhauser [36]. That is to say, to acknowledge the exis-
tance of a phase di�erence between the wall and gas temprature, negating Newton's
law of cooling for reciprocating machine applications.

Their work validates the correlation using a �nite-volume method simulation
which and only then compares it with experimental results. This is largely due to
the di�culty of making instantaneous in-cylinder measurements. The authors used
a reciprocating, hermetic compressor working with R134A, though the �tting was
done based on results from a valveless machine. The correlation obtained has the
following form:

Nu = 0.28Re(t)0.65 + 0.25L(t)
Tw

Ti − Tw
, (2.79)

where L(t) is the compressibility number as de�ned by Lawton:

L =
κ− 1

V (τ)

dV (τ)

dτ

√
D3

awavg
. (2.80)

The authors state however that the correlation is only valid for their experimental
machine, the parameters of which are not fully disclosed.

Kanzaka and Iwabuchi correlation

Oscillatory �ow heat transfer correlations are considered to be out of the scope
of this paper. However, as some of them were created in and for the process of in-
vestigating heat transfer in Stirling cycle machines (engines and refrigerators) which
are piston machines the authors felt it was necessary to bring some of them to light
in this review.

Chronologically, the �rst such correlation found is the correlation of Kanzaka
and Iwabuchi [30, 30]. The authors have published two papers in 1992. The �rst
one [30], detailed an experimental study based on a test rig consisting mainly of a
tube connected between two reciprocating piston machines which induced periodi-
cally oscillating �ow. This tube was electrically heated and �uid temperatures were
measured inside the tubing. Wall temperatures were also measured. The tube was
10.5 mm in diameter with a wall thickness of 1.7 mm. The piston bore was either 20
or 30 mm, while the stroke was kept constant at 150 mm. The phase angle between
the two driving cranks was chosen as either 90, 120 or 180 degrees. nitrogen and
helium were used as the working �uids. According to their results, they presented a
correlation:

Nu = 0.21Resc
0.8Pr0.4

(
Tw
Ti

)−0.5

C ′, (2.81)
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where:

C ′ = 0.923 + 0.75

(
Tw
1000

)
. (2.82)

The Reynolds number Resc is evaluated using the gas velocity from calculations using
the Schmidt isothermal Stirling engine model. This correlation was later validated
using an actual Stirling engine in their second paper from 1992 [30].

Zhao and Cheng correlation

Zhao and Cheng in 1994 proposed a correlation that can be used for the design
of Stirling engine heat exchangers [91]. This correlation was derived numerically,
using a controlled volume approach, for a laminar, oscillatory �ow through a pipe of
constant temperature. The calculations were mostly done for air, with Pr = 0.71,
with the ratio with length to diameter of the pipe L/D = 40. The correlation is
based on four similarity parameters, this being A0 = xmax/D, the dimensionless
oscillation (xmax is the maximum �uid displacement), L/D - the length to diameter
ratio, Pr being the Prandtl number and a kinetic Reynolds number Reω = ωD2

ν ,
where ω is the oscillatory frequency and ν the kinematic viscosity of the �uid. This
nomenclature is often used in other oscillatory �ow models based of the authors'
work [91]. The correlations provided are for a time-space averaged Nusselt number,
and are as follows:

Nuavg = 0.00495A0
0,9Reω

0.656, (2.83)

for A0 = 10 to 35, Reω = 10 to 400, L/D = 40,

Nuavg = 0.00495A0
0,9Reω

0.656 ·
[
43.74(D/L)1.18 + 0.06

]
. (2.84)

for varying L/D, A0 = 20 and Reω = 250, A0 = 25 and Reω = 180, A0 = 35 and
Reω = 100.

The authors have continued their work on the problem, publishing a paper de-
tailing an experimental study [92]. The experimental apparatus consisted of a long
pipe �lled with air, connected to coolers on both ends, and to two sides of a recipro-
cating, double acting cylinder with a piston, driven mechanically through a scotch
yoke mechanism by an electric motor with speed control (variable between 7 and 570
rpm). The tube was L = 60.5 cm in length, with an inside diameter ofDi = 13.5mm,
outside diameter of Dout = 15.7 mm and made of copper. This tube was uniformly
heated by an electric heating element. It is important to note that xmax is noted by
the authors as the air pump's stroke. The correlation (valid for very long tubing)
presented based on the results of the experiment and parallel numerical investigation
is:
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Nuavg = 0.02A0
0.85Reω

0.58. (2.85)

Xiao's correlation

This correlation is proposed by Xiao et al [88] in 2014 for Stirling engine heaters,
where the correlation can be written:

Nu = 0.0162A0.85
o Re0.43ω . (2.86)

The nomenclature used in the correlation is similar to the correlation of Zhao et
al [91]. The parameters are de�ned as Ao being the dimensionless displacement, and
Reω being the kinetic Reynolds number.

Ao =
xmax

di
, (2.87)

where xmax is the maximum displacement and di is the heater tube diameter. The
number ω is the angular frequency.

Reω =
ωd2i
ν
. (2.88)

The correlation was developed using an experimental Stirling engine, �tted with
a heater of 36, u-shaped tubes, 6 mm in diameter and 298 mm in length. The piston
had a diameter of 110 mm.

This correlation di�ers signi�cantly from the previous ones, in the fact that it was
developed for oscillating �ow in small diameter tubing. It was experimentally inves-
tigated in a Stirling engine and compared with other oscillating �ow and developed
�ow models by Kuosa [39].

Organ's correlation

Organ in his 2013 book [56] proposed an entirely di�erent approach to Stirling
engine heat transfer calculations rooted in the dimensionless (0-order) modeling of
Stirling engine behavior as proposed by Beale. He proposes the use of a parameter
XQE , which is non-dimensional and de�ned as:

XQE =
Qv

ωpoVsw
· NT

Lx/d
, (2.89)

where NT is de�ned as the ratio of expander and compressor temperatures:

NT =
Te
Ti
, (2.90)

43



while ω is the crank angular velocity, Qv is the engine heat consumption, po a
reference engine pressure, Vsw the swept volume of the engine, Lx the heat exchanger
length, d its diameter. This parameter XQE is referred to as the thermal load.

Using measured Stirling engine data from several researchers [27, 58, 73, 48] the
author derives a �tted equation relating the thermal load to a characteristic Reynolds
number Reω. This Reynolds number is de�ned as:

Reω =
NsgNma

2

δxf(T/Ti)
· (Lx/V

1/3
sw )2

Lx/d
, (2.91)

where f is frequency in cycles per second, δx is dimensionless deadspace, Nsg is the
Stirling parameter, de�ned as:

Nsg =
po
µω

, (2.92)

and Nma is the characteristic Mach number:

Nma =
ωLref√
RTi

, (2.93)

Lref means reference length.
The derived correlation is given as:

XQE =
4

Reω
+ 1.9 · 10−4. (2.94)

Though this is not a correlation for a heat transfer coe�cient in the same sense as
the others, this relation provides a way of estimating heat transfer in Stirling engine,
multitube heat exchangers if the non-dimensional analysis as outlined by Organ [56]
is utilized. As such it was decided to include it in this paper.

Formula summary

The analyzed formulas have been gathered together chronologically in the list
below. Any variables or non-dimensional numbers if not de�ned classically are ex-
plained below the equation. Machines or processes on which the data was obtained
and their dimensions are listed if available.

� Nusselt, 1923, measured on cylindrical bombs,

α(t) = 1.16

[
1 + 1.24 · wpp

2
3T

1
3 + 0.421

( Ti
100)

4 − ( Tw
100)

4

Ti − Tw

]
, (2.95)

where: wp - piston speed.
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� Nusselt, 1928, for general reciprocating machines,

α(t) = 0.0278(1 + 0.38wp)p(t)
2
3 · T (t)

1
3 , (2.96)

symbols as above.

� Brilling, 1931, diesel engine of unknown dimensions,

α(t) = 1.16

[
3.5 + 0.185 · wpp

2
3T

1
3 + 0.421

( Ti
100)

4 − ( Tw
100)

4

Ti − Tw

]
, (2.97)

symbols as above.

� Eichelberg, 1939, 2 and 4-stroke diesel engine, bore and stroke 114.3x140 mm,

α(t) = 7.67(wp)
1/3(pTi)

1/2, (2.98)

where: Ti - instantaneous temperature.

� Elser, 1954, 2 and 4-stroke diesel engine, bore and stroke 381x460, 460x521
mm, at 200− 400 and 200 rpm

Nu = 6.5
√
Pe′
(
1 + 0.5

∆S

Cp

)
, (2.99)

where: Pe′ = wmL
a , ∆s

Cp = ln
(

T
T0

)
− κ−1

κ ln
(

p
p0

)
.

� Oguri, 1960, diesel engine, bore and stroke 380x460, 490x520 mm,

Nu = 1.75
√
Pe′
(
1 + 0.5

∆S

Cp

)
[2 + cos(ϕ− 20o)]), (2.100)

where: Pe′ = wmL
a , ∆s

Cp = ln
(

T
T0

)
− κ−1

κ ln
(

p
p0

)
.

� Annand, 1963, IC engines, with use of data from Elser,

Nu = aReb, (2.101)

where: 0.35 < a < 0.7, b = 0.7 for Diesel, a = 0.2, b = 08 for port injection -
spark ignition, a = 1.1, b = 0.7 for direct injection - spark ignition.

� Ziong, 1960, IC engines, for Annands data,

Nu = 0.26Re0.7 +
cAnnD

k
(T 4

i − T 4
w), (2.102)

where: cAnn = 2.1 · 10−13 W
m2K5 .
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� Woschni, 1967, for diesel engines:

Nu = 0.035Re0.8, (2.103)

where: Re =
wgDv

ν , wg = 6.618wv(φv) (intake, exhaust), wg = 2.28 · wv(φv)
(expansion, compression) .

� Le Feuvre, 1969, diesel engine, bore and stroke 114.3x114.3 mm, at 100− 2500
rpm,

Nu = 0, 047Re0.8Pr0.33, (2.104)

where: Re = r2ωg

ν .

� Adair, 1972, for compressors:

Nu = 0.053Re0.8Pr0.6, (2.105)

where: Re =
Dv(φ)·Dv(φ)wv

2
ν , w = 2ω[1.04 + cos(2φ)] if π < φ < π, w =

ω[1.04 + cos(2φ)], if π < φ < π, Dv = 6Vv(φ)
Av(φ)

.

� Aigner, 1972, air compressor, bore and stroke 220x90 mm, at 980 − 990 rpm,
compression ratio x = 2 - 4

St =
αc

ρwpCp
, (2.106)

where: St = 0.032.

� Hohenberg, 1979, diesel engine, bore and stroke 128x142, 97x128, 125x150,
125x130 mm, at 700− 2300 rpm,

α(t) = 130 · T−0.4(pi · 105)0.8V −0.06
i (wm + 1.4)0.8. (2.107)

� Annand and Pinfold, 1980, for diesel engines (un�red in experiment), bore and
stroke 120x140 mm, at 1000− 1600 rpm, compression ratio x = 16.6 - 20:

Nu = 0.3Re0.7 +

(
1 + 0.27

D

V∆T

dT

dt

)
, (2.108)

where: Re = wgD
ν , with wg obtained experimentally.

� Liu, 1984, for R12 �uid compressor, 100x70 mm, at 1440 rpm :

Nu = 0.75Re0.8Pr0.6, (2.109)

where: ωg = 2ω(1.04 + 0.45cos2ϕ), when π
2 < ϕ < 3π

2 and ωg = ω(1.04 +
0.5cos2ϕ) when 3π

2 < ϕ < π
2 , also tw = 24.32 + 0.7191ts + 5.64ϵ − 17.936s2 +

14.183s, twc = 13.64 + 0.1791ts + 11.235ϵ.
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� Lawton, 1987, for Diesel Engines, bore and stroke 98.4x127 mm:

Nu = 0.28Re0.7 − 2.75LTw
Ti − Tw

, (2.110)

where: L(t) = κ−1
V (t)

dV (t)
dt

√
D3

awavg
.

� Kanzaka and Iwabuchi, 1992, for Stirling Engines, 20x150 and 30x150 mm
bore and stroke, tubular heat exchanger, internal tube diameter 10.5 mm:

Nu = 0.21Resc
0.8Pr0.4

(
Tw
Ti

)−0.5

C ′, (2.111)

where: C ′ = 0.923 + 0.75
(

Tw
1000

)
and Resc with velocity from Schimdt model

(velocity from own model substituted).

� Kornhauser and Smith, 1994, for gas springs using helium, hydrogen, nitrogen
and argon. Bore to stroke ratios B/S = 0.67, 0.42, 1.23, compression ratios
x = 2, 4, 8 , designs with 0, 1, 3 and 7 �ns :

Nur = Nui = 0.56Pe0.69ω , (2.112)

where: Peω =
ωD2

h
4a , note that q̇c = k

Dh
(Nur + iNui)[ℜ(Ti − Tw) + iℑ(Ti − Tw)]

or q̇c = k
Dh

[
Nur(Ti − Tw) +

Nui
ω

dTi
dt

]
.

� Toda, 1994, for Stirling Engines, 50x87.5 mm bore and stroke, at 400 − 800
rpm:

Nu = cRea, (2.113)

where: Re = wgD
ν , c = 0.7, a = 0.58” for heating and expansion, c = 0.63, a =

0.53 for cooling and compression.

� Zhao and Cheng, 1994, for Stirling Engines tubular exchangers, tube internal
diameter 13.5 mm, length 605 mm:

Nuavg = 0.00495A0
0,9Reω

0.656 ·
[
43.74(D/L)1.18 + 0.06

]
, (2.114)

where: A0 = xmax/D, xmax is the �uid max displacement.

� Fagotti, 1998, for R134A compressor:

Nu = 0.28Re(t)0.65 + 0.25L(t)
Tw

Ti − Tw
, (2.115)

where: L(t) = κ−1
V (t)

dV (t)
dt

√
D3

awavg
.
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� Lekic and Kok, 2011, for gas springs using helium, 50x52 mm bore and stroke,
2− 1500 rpm:

Nur = 1.33Peω
0.56 + 5.36, Nui = 2.04Peω

0.46 − 1.46, (2.116)

where: Peω =
ωD2

h
4a .

� Disconzi, 2012, for compressor, based on CFD results:

Nu = CReaPrb, (2.117)

where the constants and Re depend on process; C = 0.08, a = 0.8, b = 0.6

and Re =
ρ(t)Dwp

µ(t) for compression, C = 0.08, a = 0.8, b = 0.6 and Re =
ρ(t)D(wp+w0.8

p wc(t)0.2)

µ(t) for discharge, C = 0.12, a = 0.8, b = 0.6 and Re =
ρ(t)Dwp

µ(t)

for expansion, C = 0.08, a = 0.9, b = 0.6 and Re =
ρ(t)D(wp+2w−0.4

p wc(t)1.4)
µ(t) for

intake.

� Organ, 2013, based on Philips and GPU-3 Stirling engine experimental data:

XQE =
4

Reω
+ 1.9 · 10−4, (2.118)

where: Nsg = po
µω , Nma =

ωLref√
RTi

, XQE = Qv

ωpoVsw
· NT
Lx/d

and NT = Te
Ti
.

� Xiao, 2014, for Stirling Engines tubular exchangers, tube internal diameter 6
mm, length 298 mm, engine bore 110 mm:

Nuavg = 0.0162A0.85
o Re0.43ω , (2.119)

where: A0 = xmax/D, xmax is the �uid max displacement.

2.1.8 The model solution procedure

The proposed method of solution of the mass and energy balance equations is
quasi-static. As a real gas model is considered, the combination of analytic and
numerical solutions such as used by Urieli [79] or Szczygieª et al [72, 71], cannot be
utilised, as those are derived from the ideal gas equation of state. As for a real gas,
each parameter of state including speci�c enthalpy and internal energy is a function
of two independent parameters, when dividing the working cycle into steps, at least
two parameters must be known for each volume for a given integration step and
calculated for the next step.. Furthermore, unlike for the Schmidt model [79] no
closed form solution can be provided. For this reason, a set of initial conditions
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(guesses) has to be speci�ed. Those conditions have to describe gas and regenerator
mass properties for the engine, based on which heat transfer conditions are also
speci�ed. Temperature and pressure of the gas in the control volumes must have
certain initial values. The model, as the model of Urieli [79] starts with guesses, and
simulates successive, full engine cycles until convergence. The convergence criteria is
the vector sum of di�erences between the internal energies of all control volumes in
subsequent steps. The initial parameters considered in the model that is a subject
of this work are:

� temperature of the compression cylinder gas,

� temperature of the expansion cylinder gas,

� temperature of the regenerator gas,

� temperature of the regenerator matrix,

� engine pressure,

� initial crank angle.

The error is calculated as (where k denominates the number of the cycle, v - the
volume and i - the time step):

Er =

[∑
v

(Uv,k+1,i − Uv,k,i)
2

] 1
2

. (2.120)

For the pressure and temperatures in the volumes, the mass of the working �uid
is assumed, as:

mv = Vv(φv) · ρ(p, u) (2.121)

The volumes are known from the functions specifying the volume for crank posi-
tion, and part of the input data, which includes:

� compressor diameter and stroke,

� expander diameter and stroke,

� clearance space in each volume,

� regenerator volume,

� inputs for the heat transfer area functions,

� regenerator mass and area,
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� engine rotational speed,

� phase angle between pistons.

As the functions have been evaluated with respect to the crank angle in the pre-
vious Sections, the discretisation is also done with respect to this variable. Starting
from the given starting position, for each step the angles change as:

φc,i+1 = φc,i +∆φ (2.122)

φh,i+1 = φh,i +∆φ, (2.123)

where:

∆φ =
2π

kk
. (2.124)

The number kk is the number of steps for the full cycle of the engine.The internal
energies for each step and volume are evaluated as:

Uv,i+1 = miui +∆Qv +∆Lv ±∆mv−v,ihv−v,i, (2.125)

which in turn allows to calculate the speci�c values:

uv,i+1 =
Uv,i+1

mi +∆mv−v,i
. (2.126)

For clarity, heat and work transfer are calculated separately for each step and
volume. The values are calculated using functions described in the previous subSec-
tion. Therefore, it can be written that the speci�c internal energies for the next step
are:

uc,i+1 =
mc,iuc,i +∆Qc,i +∆Lc,i −∆mc−r,ihc−r,i

mc,i −∆mc−r,i
(2.127)

uh,i+1 =
mh,iuh,i +∆Qh,i +∆Lh,i +∆mr−h,ihr−h,i

mh,i +∆mr−h,i
(2.128)

ur,i+1 =
mr,iur,i +∆Qr,i −∆mr−h,ihr−h,i +∆mc−r,ihc−r,i

mh,i −∆mr−h,i +∆mc−r,i
(2.129)

The values of ∆Qc,i and ∆Qh,i are evaluated from equations:

∆Qc

∆φc
=
Ac(φc)αc(φc)[Twc − Tc]

ω
, (2.130)
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∆Qh

∆φh
=
Ah(φh)αh(φh)[Twh − Th]

ω
. (2.131)

It is here that the heat transfer correlations enter the solution. As per their
individual descriptions, the parameters such as pressure, gas velocity, piston velocity
and gas temperature in the volume need to be known. These are taken from the
previous step. Formulas need to be selected for each engine individually based on its
working parameters and constructions. The issue of their selection and veracity, as
the main problem set for this work will be elaborated on in due course.

The values of the mass change are unknown. Those values are however not just
the amount of mass exchanged between volumes in the given step, but also the
di�erence between masses in a given volume between steps.

The pressure in the next step is still unknown. However the energy balances for
all volumes can be added together:

mtotuavg,i+1 = mtotuavg,i +∆Qh,i +∆Lh,i +∆Qc,i +∆Lc,i +∆Qr,i, (2.132)

and the expression:

uavg,i =
mr,iur,i +mh,iuh,i +mc,iuc,i

mtot
, (2.133)

is the average speci�c internal energy of the gas in the engine. This is the energy
balance for a boundary comprising of all the engine gas spaces. This allows to
disregard the transfer of mass. As the volume of the whole engine in the next step
can be explicitly calculated as the sum of all volumes:

Vtot,i+1 = Vc,i+1 + Vh,i+1 + Vr. (2.134)

The pressure can be found as a function of internal energy and density:

pi+1 = f(uavg,i+1, ρavg,i+1) = f

(
uavg,i+1,

mtot

Vtot,i+1

)
, (2.135)

as the mass of trapped gas is constant. This approach cannot be carried out to �nd
the temperatures, as those di�er across volumes. Therefore the energy balance equa-
tions still must be solved for each volume. To �nd the amount of mass exchanged,
it can be written:

mv,i+1 = mv,i ±∆mv−v, (2.136)

∆mv−v,i = mv,i − Vv,i+1ρ(pi+1, uv,i+1), (2.137)
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where the values of u, are given by the energy balance equations for the step. Note
that the energy balance equations include the ∆mv−v values. For a real gas, where
are computed using functions from libraries this doesn't allow for a closed form
solution. The system of equations is therefore solved numerically. The values of
enthalpy of gas �owing through control volumes depends on the regenerator model,
and can be derived as:

∆mc−r,i > 0 → hc−r,i = f(pi, Tc,i), (2.138)

∆mc−r,i < 0 → hc−r,i = f(pi, TrC,i), (2.139)

∆mr−h,i < 0 → hr−h,i = f(pi, Th,i), (2.140)

∆mr−h,i > 0 → hr−h,i = f(pi, TrH,i), (2.141)

where temperature TrH and TrC are the temperatures of gas �owing from the hot
and cold end of the regenerator respectively, calculated from the regenerator model.
After solving the equations, the mass and internal energy in the volumes is known,
allowing to calculate the temperatures for the next step as:

Tv,i+1 = f(pi+1, ρv,i+1) (2.142)

A �owchart for the algorithm is presented in a simpli�ed form in Fig.2.2.
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Figure 2.2: A simpli�ed �owchart for the algorithm used with the real gas model

One of the biggest issues for performing model computations was convergence
time due to regenerator solid mass temperature. As the heat capacity of this solid
mass is high compared to the overall heat capacities of the gasses, it will take a large

53



Figure 2.3: Simple regenerator model [79]

number of rotations for it to stabilize. Likewise is the case in the model. Mean cycle
pressure was also a problem, due to the algorithm allowing only for stating the initial
pressure (at initial crank angle) and bu�er pressure. Despite the implementation of
leakage losses, reaching equality between the mean cycle pressure and bu�er space
pressure (assumed constant) take a long time. For this reason, if the convergence
of pressure and regenerator solid mass temperature is not reached after a certain
number of cycles, these parameters are adjusted using the Levenberg-Marquardt
algorithm.

2.1.9 The simpli�ed regenerator model

The Urieli model [79], assumes that the temperature distribution in the regenera-
tor is linear, with the bounds on each end being the cooler and heater temperatures.
The regenerator e�ectiveness is then noted as:

εr =
Th1 − Th2
Th1 − Tc2

. (2.143)

The symbols being the same as on the �gure 2.3, the indices h signifying �ow
from the hot to the cold side, and k, the opposite direction.
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This regenerator model is utilized in this work, but with certain changes, that
is, the temperatures of the gas �owing from inlet and outlet of the regenerator are
assumed as the cycle weighted average of the temperature of the gas in the compressor
and expander volumes, where the weight factor is the mass change dm. Note, the
equation (2.144) is based on an assumption of a constant speci�c heat capacity, for
simpli�cation.

Tavg−v =

∮
Tdmv−r∮
dmv−r

. (2.144)

Another departure from the Urieli model, is the introduction of mean averaged
gas temperature. As the distribution of temperature is assumed linear both the in
gas, and the solid mass domains, it follows, that for each step the amount of heat
�owing from the gas to the solid mass and vice versa, is a function of their average
temperatures. This allows to introduce the regenerator mass and area into the model.
An e�ciency parameter is therefore used to �nd the ∆T as a function of the mass
averaged inlet and outlet temperature, and the mean regenerator gas temperature
as:

Tr−c = Tavg−r − εr(Tavg−r − Tavg−c), (2.145)

Tr−h = Tavg−r + εr(Tavg−h − Tavg−r). (2.146)

As can be seen, for a regenerator having a 100% e�ciency the temperature reaches
the averaged value of the respective cylinder, and for a 0% e�ective one, the regen-
erator looses its �counter�ow" characteristic.

The regenerator is evaluated using the Hausen method. The Hausen method is
based on the use of two parameters, the reduced length Λ and the reduced period Π
[76, 85]. Derivative methods also utilize those parameters. They are de�ned as:

Λ =
2αr(τ1 + τ2)Ar

mgCpg
, (2.147)

Π =
2αr(τ1 + τ2)Ar

mmrCmr
, (2.148)

where αr is the overall heat transfer coe�cient for the regenerator. The regenerator
can be classi�ed as either symmetrical or asymmetrical, based on the Λ being the
same or not for the hot and cold blast, therefore it can be classi�ed as balanced or
unbalanced based on whether the heat capacity of each blast is equal. An evaluation
of the mass �ows in the Stirling engine shows that the Stirling engine regenerator is
both asymmetrical and unbalanced. This is visible in the mass �ows from the cylin-
ders to the regenerator are shown as a function of the crank angle in Fig.2.4. These
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Figure 2.4: Mass �ows between the cylinder and the regenerator as a function of
crank angle

have been obtained as a result of a di�erential Stirling engine model calculations
described by the authors in [64, 14].

The Λ-Πmethod can be used for an asymmetrical, unbalanced regenerator if both
parameters are noted separately for the hot and cold blasts, and mean parameters
are calculated as:

Πm =
2

1
Πh

+ 1
Πc

(2.149)

Λm =
2Πm

1
ΠhΛh

+ 1
ΠcΛc

(2.150)

A value of εr can then be obtained by several methods outlined by Shah and Sekulic
[68]. For the analyzed engine (described in Section 3.1) for an example case, it has
been found that the values of the coe�cients were respectively Λm = 17.785 and
Πm = 0.0178. As many authors propose [76, 68], when the value of Π is low in
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relation to Λ, the regenerator e�ectiveness can be calculated from the asymptotic
expression multiplied by an empirical expression [76]:

εr =
NTUo

1 + NTUo

(
1− 1

9C∗1.93
r

)
, (2.151)

which comes from the well known ε−NTU method. As the two methods are inter-
changeable:

NTUo =
Λm

2
(2.152)

C∗
r =

Λc

Πc
(2.153)

If the value of Π is higher, the e�ectiveness can be calculated by a method
proposed by Baclic [10] or interpolated from tables available from sources such as
[76]. Low values of the reduced period can be reasonably expected when taking
into account the high frequencies of thermodynamic processes occurring in Stirling
machines. Furthermore, it should also be noted that when Π approaches 0, C∗

r

approaches in�nity, which in turn reduces the formula for regenerator e�ectiveness
to:

εr =
NTUo

1 + NTUo
(2.154)

This is also the same as the equation proposed by Urieli [79] for estimating regener-
ator e�ectiveness.

It has to be noted, that this method approximates the value of e�ectiveness for
an equivalent balanced and symmetrical regenerator, and further corrections have to
be applied to the value. The corrected value can be shown as:

εr−corr =
1− exp

(
ϕεr
1−εr

)
1−

(
ΛhΠc

ΠhΛh

)
exp

(
ϕεr
1−εr

) , (2.155)

where:

ϕ =

(
Λh
Πh

)2
−
(
Λc
Πc

)2
2
(

ΛhΛc

ΠhΠc

) . (2.156)
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2.1.10 Heat transfer inside the regenerator

To implement the Hausen method, the values of αr need to be calculated. The
regenerator of the analysed engine, and of many other Stirling machines is composed
of a matrix of thin, solid wire bundled up in the gas space so as that it forms a
porous matrix. Experimental research on the processes in this kind of regenerator
has been carried out by Gedeon and Wood [25], and the correlations elaborated by
them have been used in this work. Those correlations take into account the porosity
of the material, εpor, which is de�ned as the ratio of the gas volume to the solid
volume of the matrix.

Nu =
(
1 + 0.99[RePr]0.66

)
ε1.79por (2.157)

Re =
wrDrεpor
(1− εpor)ν

(2.158)

wr =
wg

εpor
(2.159)

Nu =
αrDrεpor

(1− εpor)λr
(2.160)

The characteristic diameter used in the numbers is the hydraulic diameter of
the regenerator. The internal geometry of the regenerator chamber and the porosity
being known, allows to, calculate the heat transfer area, the gas volume and the solid
matrix volume for any given diameter if wire. This is because:

εpor =
Vr
Vrv

, (2.161)

where the subscript rv indicates the overall volume and r the gas volume. Also, the
heat transfer area can be expressed as:

Ar =
4Vrv(1− εpor)

Dwire
, (2.162)

which can be derived from the assumption that the wire is a small diameter cylinder.

2.1.11 Regenerator di�erential model

The regenerator model described in the previous Section is highly simpli�ed. For
the purposes of more detailed analysis, a second regenerator model has also been
created to use in conjunction with the Stirling engine model. This model is used
for calculations in speci�ed cases in later Chapters, otherwise, the simpler model is
utilized.
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For this model of the regenerator, the assumptions are the same as for the pre-
vious, simpli�ed model, with the di�erence that:

� the wire mesh is treated by lumped analysis,

� the problem is one-dimensional (any temperature and other parameter varia-
tions across lines perpendicular to the regenerator axis are neglected).

The �rst assumption can be justi�ed due to the mesh being made from thin wire
of a cumulatively large length. The common condition for lumped system analysis
is:

Bi =
αrDwire

2kwire
≤ 0.1 (2.163)

For wiring in the considered diameter range (below 0.1 mm), made of steel, this
assumption is justi�ed.

The modelling of the working �uid as a real gas was necessitated by the fact that
such an assumption has been made for the engine model used in conjunction with the
presented regenerator calculations [64]. Using real gas parameters also has the bene�t
of providing necessary parameters for convective heat transfer calculations. Axial
conduction is neglected due to the wire dimensions. A one dimensional approach is
selected for simpli�cation.

The modus operandi of the model is the division of the regenerator space into
�nite volumes of gas, and �nite elements of the matrix for which equations of energy
and mass balance are solved. This is similar to the Andersen model [7], and likewise,
temperature of the matrix is allowed to �uctuate. The code in which this model
was implemented solves it as an initial value problem: in the initial iteration, the
distribution of temperatures within the regenerator matrix is assumed to be linear,
and the temperatures of the gas in the cells are identical to the temperature of the
solid matrix. When the �ow "starts" the temperatures start to change. The problem
is solved iteratively until the inequality between heat given out and taken in by
the matrix across the cycle approaches equal value with set accuracy. A simpli�ed
representation of the model and a single cell in particular is shown in Fig.2.5.

Note, that the amounts of �uid dm entering and leaving the cell in a given time
steps do not have to be equal - the mass can be accumulated to be discharged later.
The energy and mass balance equations are solved for each volume and for each time
step starting from the position of positive in-�ow. The indexes i and j denote time
step and volume respectably. The mass balance can be stated as:

mj,i+1 = mj,i +∆mj,i −∆mj+1,i, (2.164)

where dmj+1,i and dmj,i are the mass elements leaving and entering the volume
during the time-step. Note that for the sake of making a clearer code, the indices
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Figure 2.5: A schematic representation of the regenerator model

have been switched. The energy balance can be stated as:

mj,i+1 · uj,i+1 = mj,i · uj,i +∆mj,ihf,j,i −∆mj+1,ihf,j+1,i +∆Qj,i, (2.165)

and:
Tmr,j,i+1 ·mmrCmr = Tmr,j,i ·mmrCmr −∆Qj,i (2.166)

Pressure losses are not included, neither are sonic �ow e�ects, as even at high rota-
tional speeds of the engine the gas �ows with a low velocity [64]. The index f denotes
�ow of gas passing between the volumes. For gas �owing from the volume to the
direction against the �ow from the given volume, the speci�c enthalpy is evaluated
for its parameters at i. For the gas �owing out of the given cell, this is also calculated
for those parameters.

The solution for each time step and volume is reached by �rst calculating the
amount of heat, dQ exchanged in the previous time steps as:

dQj,i = dτ(Tmr,j,i−1 − Tj,i) ·Av · αj,i, (2.167)

and then solving the single unknown equation:

Vjρ(pi, uj,i)(uj,i − hf,j+1,i−1) =

= ∆Qj,i−1 +mj,i−1(uj,i−1 − hf,j+1,i−1) + ∆mj,i−1(hf,j,i−1 − hf,j+1,i+1).
(2.168)

Equation (2.168) is a restatement of equations of energy and mass balance for a given
and adjacent volumes in the given and adjacent time steps re-arranged in a manner
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which transforms it into a single-unknown equation. This equation can be solved in
an iterative process for each control volume and time step using di�erent algorithms
- the Levenberg-Marquardt method was found to work best. This is namely due to
the problem being non-linear for a real gas model.

The method of combining the regenerator model and the engine model [64] is as
follows- an engine simulation is run, with the previous method implemented. Then,
pressure, mass �ows and �ow temperatures are taken from this iteration and supplied
to the regenerator model. The regenerator model gives as a result the regenerator
e�ectiveness which is implemented back into the engine model under assumptions
given below for the next iteration. The �rst iteration could also use an assumed
regenerator e�ciency without the use of simpli�ed calculations, however this would
entail the need for more iterations to reach convergence.

2.1.12 Parametric study of the regenerator

Unlike CFD models, the proposed scheme is well suited for performing para-
metric calculations and optimization due to its short computation time. Therefore
a parametric study has been done, showing how the results vary with parameters
interesting in Stirling Engine analysis, such as regenerator porosity, heat capacity
and blast period. The results presented in this Section are also compared with the
results for the Hausen derived model. The in�uence of pressure �uctuations and lack
of time and mass symmetry between the blasts have been also analysed, though their
in�uence on the regenerator performance was found negligible.

For the parametric calculations τ and m are the time and mass characterizing
each blast. The inverse proportionality of the two is the consequence of the Stirling
engine being a sealed system. Parameters were varied for a speci�c case, that is a
regenerator with the base dimensions presented in table 2.1. Those di�er from the
case used in validation by the fact that the regenerator has the form of a tube instead
of an annular gap.

Table 2.1: Regenerator base parameters

diameter 10 mm
length 80 mm

wire diameter 0.09 mm
cycle time 0.06 s
porosity 0.8 -

matrix sp. heat capacity 450 J
kgK
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Using the presented methods, and the correlations for αr, values of the regener-
ator e�ectiveness have been plotted as a function of porosity values. This is shown
in Fig.2.6

Figure 2.6: Regenerator e�ectiveness for an example engine as a function of porosity.

It should be noted, that while the regenerator e�ectiveness goes down with poros-
ity, this has also a negative e�ect in reducing the �ow area [50]. It can be seen, that
the non-dimensional (NTU) method estimates somewhat smaller values of ϵr than
the di�erential model, however a similar trend is clearly seen.

The speci�c heat capacity of the material has also been independently varied,
for values between 100 and 900 J

kgK (within the range for most metals). It must be
noted, that the in�uence of this value on the regenerator e�ectiveness is negligible in
the case of Stirling Engine regenerators, as the mass of the solid matrix is many times
higher than the mass of the gas. Nonetheless, a slight downward trend is seen. The
di�erential model again returns lower values of the e�ectiveness though the trend
repeats in both models. Only if the calculations are carried out in a range of values
of the heat capacity below those of known regenerator materials, a drop can be seen.
This is shown in Fig.2.7.
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Figure 2.7: Regenerator e�ectiveness for an example engine as a function of matrix
heat capacity.

When the cycle time (inversely proportional to the engine rotational speed) is var-
ied, assuming the mass trapped inside the engine is constant, visible trends appear,
that is the e�ectiveness raising with the time period duration
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Figure 2.8: Regenerator e�ectiveness for an example engine as a function of the
engine cycle duration.

Again, a similar di�erence in values is visible between the models.
The biggest di�erence between models is visible when unequal �ows are assumed.

For this, a parameter ψ is introduced, de�ned as the ratio of time of cold and hot
blast (note that the overall mass �ow is still the same in this case). It is de�ned as:

ψ =
τhr
τrc

, (2.169)

where the indexes hr and rc refer to �ows from heater to regenerator and from
it to the cooler. If an analysis of the in�uence of this parameter on regenerator
e�ectiveness is done for the analysed engine, a wide discrepancy is found between
the models. This is shown in Fig.2.9
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Figure 2.9: In�uence of the unequality parameter ψ on regenerator e�ectiveness
according to the di�erential and Hausen models.

2.2 Model validation and tests, pre-experimental stage

Before the experimental stand (described in Chapter 3) was constructed, a certain
amount of validating exercises were performed connected with other ongoing research.
This included comparing the model results against CFD results and experimental
data obtained from other sources. The �rst comparisons were made with the results
of a model created by Buli«ski et al [15], and though not being proper validation,
they established that the authors model predicts similar trends and values as a CFD
model, despite a far shorter computation time. Secondly, the regenerator model
was validated against the data from the same CFD model, showing good agreement.
Finally, the engine model was compared to measurement data obtained from the
University of Zilina, during the authors internship with the Mechanical Faculty.

2.2.1 CFD comparison

The model evaluated in this work is of an α type engine, working in cryogenic
conditions and follows the dimensions of an engine modeled with CFD techniques by
Bulinski et al [16, 15, 14], dimensions of this unit are shown in table 2.2. A schematic
drawing of the engine is shown in Fig.2.10.

65



Figure 2.10: A schematic drawing of the evaluated engine

Table 2.2: Engine parameters

bore, D 0.04 m
stroke, s 0.02 m

clearance percentage ϵcl 10% -
phase angle, ϕ 90 deg

regenerative channel length, L 0.08 m
regenerative channel height, h 0.005 m

The source temperatures were set as 113 K and 293 K for both the CFD and the
0D model. The nominal speed was 500 rpm. This pre-eliminary comparison allowed
for the use of the 0D model as a tool for further analysis of LNG re-gasi�er systems,
for which Stirling engines were proposed.
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Figure 2.11: Stirling engine T-s diagram, as evaluated by CFD techniques by Bulinski
et al [16].

Figure 2.12: Stirling engine T-s diagram as evaluated with the 0D model.

Results can be compared on �gures 2.11 and 2.12. As can be seen, the 0D model
under predicts the power by a small amount. Importantly, the Woschni correlation
was used for heat transfer evaluation, and a lumped model of the regenerator was
used. Thermal e�ciency characteristics were also comparable (see �gure 2.13).
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Figure 2.13: Cryogenic engine e�ciency characteristics as plotted from the author's
model overlayed by cryogenic engine characteristics as plotted from the CFD model
by Bulinski et al

This preliminary exercise, despite not ful�lling the criteria of proper model vali-
dation, was considered encouraging for further model development.

2.2.2 Regenerator di�erential model validation

This Section concerns the engine described in table 2.2.
For the engine, the e�ciency is shown as a function of the regenerator e�ective-

ness (Fig.2.14). The dependence of the engine e�ciency on the e�ectiveness of the
regenerator is clearly visible. The sensitivity of engine e�ciency to the changes of
regenerator e�ectiveness increases with its value. Thus, it is clear that around those
values even small gains in regenerator performance are highly desirable.
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Figure 2.14: The evaluated engine's e�ciency as a function of the regenerator e�ec-
tiveness

A set of simulations of the regenerator have been carried out using the regen-
erator di�erential model in order to compare it with the CFD model as a form of
validation. The boundary conditions were an example of asymmetrical and unbal-
anced regenerator �ows. In regenerator theory, "balanced" and "symmetric" refers
to the parameters of reduced period and reduced length being equal for the hot and
cold blow. The parameters of mass �ow ˙mc−r, ˙mr−e and temperatures Tc−r, Tr−e

were taken from an engine simulation done in the zero-dimensional, real gas model.
The regenerator was divided into 12 cells, and there were 4000 time steps per cycle.
The crank rotational speed was 1000 rpm.A single cycle duration was therefore 0.06
s, and the regenerator dimensions were D = 4 cm, h = 0.05 mm, L = 8 cm, with the
porosity set at 0.7, 0.8 and 0.9, the �lament being steel wire 0.11 mm in diameter.
The results were then compared with ones obtained for the same engine dimensions
and conditions from the CFD model by Buli«ski et al [14]. The compared results
were namely the temperatures of the gas when its direction of �ow was to the out-
side of the regenerator. For the CFD model, this were averaged across the �ow cross
Section.
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Figure 2.15: Temperatures of gas �owing outside of the regenerator across time for
the proposed model and a CFD simulation, for the porosity of 0.7

Figure 2.16: Temperatures of gas �owing outside of the regenerator across time for
the proposed model and a CFD simulation, for the porosity of 0.8
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Figure 2.17: Temperatures of gas �owing outside of the regenerator across time for
the proposed model and a CFD simulation, for the porosity of 0.9

The model shows good agreement with CFD calculations, as is seen by the tem-
perature pro�les on �gures 2.15, 2.16 and 2.17. Due to the lack of experimental
results, this is considered to serve as a form of validation. Certain di�erences are
visible between the temperature pro�les, namely a slight shift in phase between the
hot and cold blast and the fact that the pro�les for the proposed model are less �at.
This is likely due to the mass �ows being slightly di�erent for the zero-dimensional
engine model and CFD calculations.

2.2.3 Cleanergy C9C engine data

The C9C engine is a commercially available Stirling engine based cogeneration
unit, producing useful heat and electrical power. The engine parameters are given
in table 2.3.
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Table 2.3: C9C engine parameters

Value
Operating pressure P [bar] 25 - 150
Expansion piston stroke E [mm] 44
Compression piston stroke C [mm] 44
Expansion piston bore E [mm] 68
Compression piston bore C [mm] 68
Displacement [cm3] 160
Maximum temperature [oC ] 740
Engine speed [1 / min] 1500
Working gas volume [L] 0,6
Electrical power of cogeneration unit [kW] 2-9
Heat output of the cogeneration unit [kW] 8-25
Burner power - heater [kW] 18-40
Usable fuel ZP, LPG, LFG

The machine is of an α type, and is of a semi-hermetic construction with an un-
pressurized crankcase. The working �uid is helium, and the engine contains its own
pressurized tank. An electronic control unit controls the power output by adjusting
the pressure in the bu�er space, which due to the un-pressurized crankcase is a
separate container.

The cooling tubes were ascertained to have an inner diameter of 3 mm, and a
length of 130 mm, with 14 of them in the bank. The heater tubes, which bend
around the burner have an inner diameter of 5 mm, and overall length of 120 mm,
with 24 of them in the bank. The regenerator design was not ascertained, due to it
being impossible to disassemble and no data was found in literature. It was assumed
to have a 95% porosity and treated as a lump model in calculations.

Measurement data was obtained thanks to the help of the Mechanical Engineering
Faculty of the University of Zilina, Slovakia, where the engine resides. Data from
modelling the engine with the use of the Adiabatic model of Urieli et al [79], has also
been obtained and is presented for comparison.
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Figure 2.18: Cleanergy C9C, cross-section. 1 - hot piston, with cap, 2 - hot heat
exchanger, 3 - regenerator, 4 - cooling tube bank, 5 - cold piston, 6 - crank mechanism
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Table 2.4: C9C measurements, data obtained by the courtesy of "UNIZA"

Measurement 1 2 3 4 5 6 7

Pressure 48,20 52,10 56,30 59,90 65,00 70,00 80,90 bar

Rotational speed 1504,80 1507,20 1507,20 1509,60 1512,00 1512,00 1514,40 rpm

Frequency 25,08 25,12 25,12 25,16 25,20 25,20 25,24 Hz

Temperature, coolant, in 28,60 32,60 33,60 33,90 35,20 35,40 39,30 oC
Temperature, colant out 46,70 50,30 49,10 48,70 50,70 50,20 55,20 oC
Burner temperature 1 764,50 776,30 784,90 785,60 790,70 792,30 804,40 oC
Burner temperature 2 770,30 783,70 719,90 792,80 796,30 799,30 810,90 oC
heat sink temperature 301,75 305,75 306,75 307,05 308,35 308,55 312,45 K

heat source temperature 1043,45 1056,85 993,05 1065,95 1069,45 1072,45 1084,05 K

Electrical power 2480,00 2730,00 2990,00 3240,00 3510,00 3820,00 4060,00 W

Heating power 7523,65 9074,00 9672,98 10118,57 10763,24 11003,29 11805,21 W

Adiabatic model el. Power 2646,47 2863,98 2893,72 3312,36 3596,68 3881,71 4485,17 W

Adiabatic model with losses 2786,52 3067,42 3359,55 3640,45 3943,82 4292,13 4561,80 W

Electrical e�ciency 0,24 0,22 0,23 0,24 0,24 0,25 0,25 -

Electrical e�ciency, adiabatic 0,66 0,66 0,66 0,66 0,66 0,66 0,66 -

Engine power and e�ciency was calculated for the data shown in table ?? using
the author's model, utilizing various heat transfer models. These included the models
of Adair, Toda, Woschni, Xhao and Zhao, the last two were however discarded due
to bad quality of �t. Engine power as a function of pressure for these and the
measurements is shown in Fig.2.19, while the e�ciency, including the electrical and
mechanical loss in 2.20.

Figure 2.19: C9C engine power, di�erent heat transfer models within the polytropic
model, Adiabatic model and measurements included for comparison
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Figure 2.20: C9C engine electrical e�ciency, di�erent heat transfer models within
the polytropic model, Adiabatic model and measurements included for comparison

Interestingly, the simple adiabatic model gives a very good quality of �t as far as
power is concerned, however it overestimates the e�ciency by a very large margin.
The polytropic model �ts reasonably well in regards to power, and far better than
the adiabatic model in regards to e�ciency. Likely, the selection of heat transfer
correlations is one of the main issues here, as the adiabatic model foregoes this
consideration completely. The hypothesis, that a far better quality of results could
be achieved by varying the heat transfer correlations is investigated in later Chapter
based on authors own measurements of the Genoastirling ML3000 engine.

75



Chapter 3

Experimental setup

In order to acquire data an experimental stand has been built. The stand consists
of a Stirling Engine (Genoastirling ML3000), the necessary auxiliary equipment, such
as a combustion chamber and cooling system. It was also equipped with measur-
ing equipment for engine indication and temperature measurement. The engine in
question was chosen due to its availability and its simple construction, which enables
modi�cations and lends itself well to measurement.

3.1 The Genoastirling ML3000 engine

The Genoastirling ML3000 engine is an α type machine, or rather an double α
engine, that is two power units within one chassis. A basic cross-Sectional image of
the engine, courtesy of the manufacturer is shown in Fig.3.1.

The engine is property of the Department of Thermal Technology, acquired for
research purposes in 2018 due to its availability, simple modular construction and
pricing consideration. The construction of a functional lab-stand incorporating the
engine has been one of the assumed deliverables of this work.

According to manufacturers data, the engine should have a power output of 3
kW, this has never been reached in practice. The data from the manufacturers
speci�cations can be seen in table 3.1. The machine uses no lubrication, instead
relying on roller bearings and friction resistant surfaces. The whole assembly together
with the generator is hermetically sealed and pressurized.
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Figure 3.1: A cross-Section of the Genoastirling ML3000 engine

Table 3.1: Engine nominal parameters

Working �uid nitrogen -
Bu�er pressure <30 bar
Hot heat exchanger temperature 850-950 oC
Minimum hot side temperature 700 oC
Coolant temperature 30 oC
Rotational speed (nominal maximum) 600 rpm
Cooling system water
Coolant �ow 4.5-6.5 l/min
Maximum electric power 3 kW
Weight 250 kg
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Figure 3.2: ML3000 engine crankshaft

In order to prepare data for use with the mathematical model developed in this
work, a detailed survey of the engine has been carried out. This was made easier by
the fact that the engine was in need of an overhaul (despite being new), as it has
immediately in its working life developed a series of knocks. This were found to be a
result of a badly selected axle key on the main gearwheel, and several minor issues.

3.1.1 Crankshaft and kinematics

The movement of the pistons is of utmost importance if one is to construct a
mathematical engine model. The mechanical elements of the engine were therefore
measured which allowed for a veri�cation of the data from the manufacturer. The
design of the crankshaft is fairly unconventional, as so far as it uses eccentrics instead
of conventional cranks. Though this design would usually result in excessive friction,
this is mitigated by the use of heavy duty roller bearings held with retaining rings.
For this reason, the engine does not include any crankcase lubrication, instead, the
crankshaft resides in a pressurized bu�er space.

The dimensions of interest are the eccentricity (equivalent to the crank radius
in a conventional design), as it determines the piston stroke, and the length of the
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Figure 3.3: A view of the connecting rod

connecting rod as this accounts for the distortions of otherwise sinusoidal volume
variations. The phase angle between cranks is also of interest.

Figure 3.4: Drawing of the eccentric with major dimensions
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It was found that all eccentrics are identical, with the hot and cold pistons being
exactly 90o out of phase, and the two "engine units" exactly 180 o out of phase likely
to minimize vibrations. The eccentricity is 27.5 mm, while the rod length is 157 mm.

Figure 3.5: Drawing of the connecting rod with major dimensions

3.1.2 The cylinders and pistons

A single engine-unit consists of two cylinders, in the form of a hot expander
cylinder and a cold compressor cylinder. The cylinders are formed of machined
liners inserted into the fabricated engine body.
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Figure 3.6: A crosSection of the engine working spaces

Cylinder liners are made of E355 steel, and the pistons are machined from AA7075
aluminum alloy, also known as Ergal, that is aluminum alloyed with zinc and traces
of copper. The pistons are anodized and covered in a layer of molybdenum on the
sliding surfaces. No piston rings are present, nor any kind of a seal, instead, the
sealing is provided solely by the high quality of �t, and three cut groves in the piston
throttling the �ow. This allows the engine to work without lubrication, at the cost
of signi�cant blow-by losses. For this reason, blow-by loss cannot be ignored as is
often the case when modelling Stirling engines.
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Figure 3.7: Side view of the piston. Sealing groves visible in detail B.

The piston diameters are both 108 mm. The hot piston is extended by a hot cap,
�tted with a Heylandt crown. The use of a hot cap is conventional in α type engines,
as it prevents the sliding surface from being exposed to high working temperatures,
which could have adverse tribological e�ects. It is important to mention, that the
body into which the cylinder liners are inserted facilitates the �ow of coolant, which
cools the liners. This does not serve as the main cold heat exchanger, rather the
reasoning behind it is mostly mechanical in nature. The liner of the hot cylinder
being cooled leads to signi�cant losses, which will have to be considered in the model.

3.1.3 Heat exchange surfaces

The working �uid has to be repeatedly heated and cooled within the engine in
order to produce work. This is made possible by the three heat exchangers, the
cooler, the regenerator and the heater. A certain amount of heat also �ows through
the cylinder liners, which is bene�cial in the case of the compressor cylinder and
thermodynamically adverse in the expander. The gas path of the engine might not
be intuitive at �rst glance, which is why it is necessary to explain it in detail. If one
imagines the part of the cycle when gas �ows from the compressor to the expander,
one can look to drawing 3.8; the gas �ows from the compression A cylinder into the
cooler through a small opening B, into an annular space C. The annular space is
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part of the hot cylinder assembly D, containing all the three heat exchangers and
the extension of the hot cylinder. The gas �rst encounters the cooling coils E, made
from stainless steel. After �owing between the coils, it enters the regenerator F,
made of a stainless steel mesh inserted into the annular space. From this annular
space, the gas travels through the heater tubes G, made from heat resistant stainless
steel alloy into the expansion cylinder H. The heater tubes are �lled with insertions
made from steel bolt stock, identi�ed as M12, I. Likely those were installed as a way
of minimizing the clearance volume.

The cooler tubes have a diameter of 8 mm, and they form a double coil for each
power unit. They are shown in Fig.3.9. There are two winding diameters, one within
the other, with the outer having a diameter of 168 mm. Overall, from measurement,
the coil heat exchange area is 0.2388m2, while its volume is 5.07 ·10−4m3. The heater
tubes are arranged into nine "u" shaped elements, 16 mm inner diameter, resulting
in an overall surface area for heat transfer of 0.1244m2. The heater tubes are shown
in Fig.3.10.The regenerator is made from a stainless steel wire mesh, inserted into
the remaining annular space.
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Figure 3.8: One of the cylinder pairs in crosSection. A - compression cylinder, B -
gas opening, C - annular space, D - heat exchanger assembly, E - cooling coils, F -
regenerator space, G - heater tubes, H - expansion cylinder, I - heater tube �llaments,
J - Heylandt crown, K - hot cap, L - expansion cylinder liner, M - expander piston,
N - compressor piston, O - comression cylinder liner, P - engine body
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Figure 3.9: The engine cooling coils
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Figure 3.10: Outside view of the heater tubes
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3.1.4 Engine dimensions

For convenience, the parameters of the engines, such as the geometrical dimen-
sions of various components that are used in the model are shown in table 3.2. The
heat exchange surfaces include the aforementioned tubing and additional surfaces,
such as annular space wall, which is subject to cooling, or the hot cylinder head,
subject to heating. These were lumped together for modelling purposes.

Table 3.2: Engine dimensions

Cooling surface area 0.284 m2

Heating surface area 0.1303 m2

Clearance volume, compressor 3.1644 · 10−4 m3

Clearance volume, expander 3.8958 · 10−4 m3

Regenerator porosity 0.9 -

Regenerator wire diameter 0.1 mm

Regenerator mass 0.5 kg

Crank radius 27.5 mm

Crank rod length 157 mm

Piston diameter 108 mm

It is also important that the engine survey necessitates the modi�cations of cer-
tain initial model assumptions, namely in regards to the mass conservation - leakage
has to be taken into account, and heat transfer - heat losses through cylinder liners
have to be taken into account. In modelling the engine it is assumed, that the cooler
temperature is equal to the arithmetical average of cooler inlet and outlet tempera-
ture from the coils and the heater temperature as the average of all measurements
on the outside of the hot cylinder for the heater. That is, conduction of metal walls
is neglected.

3.2 Auxiliary equipment

The engine is not a self contained power unit. An external heating and cooling
system had to be implemented. This equipment is not of scienti�c interest, however
for clarity it is important to provide a description. The heating system consists of
a combustion chamber with two independent oil burners, one for each engine unit.
The objective has been to reach the engine operating temperatures. The burners
are Lamborghini ECO 3R models, with a power output between 14.23 to 35.60 kW,
designed for light fuel oil. The burners are �tted with forced air fans and pressure
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pumps. Power is regulated by selecting fuel nozzles. Nozzles 0.5 in diameter were
selected for the experimental runs based on the burner characteristics. Continuous
regulation of the power output is possible only through regulating a pump bypass
valve within the range of 16.22 to 24.41 kW. The cooling system is a simple closed
loop, with water circulation provided by a domestic circulator pump. Two hot water
air heaters are used as heat sinks.

3.3 Measurement system

The experimental stand had to accommodate several diverse kinds of measure-
ments. The main objective was to enable the construction of pressure-volume di-
agrams for di�erent operating conditions. Second, temperatures and coolant �ows
had to be measured.

In order to perform engine indication, it is imperative to have a fast data acqui-
sition system and sensors able to react to quick changes of the measured parameters.
The nominal engine rotational speed is around 450 rpm, which corresponds to the
period of a single rotation being 0.13s. A su�cient number of readings has to be
taken during a single rotation to reliably draw a p − V diagram. Although various
indication systems exist on the market they are dedicated for IC engines. Due to the
engine's hermetic construction their implementation would be considerably di�cult.
Therefore a system had to be built by the author, using o�-the-shelf components.
It was decided, that a minimum sampling rate of the system is to be 1000 Hz, as it
corresponds to taking 130 samples per a nominal rotation.

3.3.1 Volume and shaft angle measurement

Due to the hermetic construction the engine volume had to be measured indirectly
using the shaft angle. The piston positions can be then derived from the equations
of motion based on the geometric parameters of the mechanism. Though many shaft
encoders are available on the market it was decided to adapt the existing motor
encoder already built into the PMAC motor used as a generator.

This device, known as the "RMB29AC01SS1" is a sin/cos encoder, meaning that
it provides two analogue signals in the form of a sine and cosine wave, where the
angle of the sine functions corresponds to the angle of rotation, thus:

φel = arctan
sin

cos
(3.1)
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Figure 3.11: The RMB29AC01SS1 sin/cos engine encoder

The device was powered by a 5V line from the SEVCON gen4 motor controller.
To enable the operation of the encoder with the controller switched o� (as is done
when the motor works as a generator) an external power supply has been connected.

In the decoding of signals and their translation to the electric motor (and later
Stirling engine) shaft angle, one period of the sine wave corresponds with a single
rotation of the electrical machine, which due to the planetary gear corresponds to
�ve Stirling engine shaft rotations. If the starting position of the Stirling shaft is
said to be zero degrees, this will correspond to a certain angle of the electrical motor
rotation as read from the encoder signal. Though this angle can be noted down,
in later measurements the question of which of the �ve electrical revolutions is the
starting one would be open, unless all the experimental work was done as a single,
continuous data acquisition process. Due to the impracticality of this, a separate
sensor was used as a marker. As its only function is to indicate for which electrical
rotation the Stirling engines passes through its "zero" point, it did not have to be of
particularly high quality. A simple hall e�ect sensor was therefore utilized, with its
magnet mounted on the engine �ywheel.

3.3.2 Pressure measurement

The pressure sensors had to ful�l the following objectives:

� pressure range 0 to 50 bar,

� sampling rate of 1000 Hz or higher,
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� response time of 1 ms or lower,

� tolerate high gas temperatures.

Based on these considerations and economic factors DMP 320 pressure transduc-
ers manufactured by BD Sensors were chosen, the variant selected being one designed
for a 0-60 bar pressure range, producing a standard voltage signal (0 − 10 V). Gas
temperatures up to 125oC [1] are tolerated by those devices, therefore the sensors
were mounted on the cold cylinder heads. Due to the proximity to the combustion
chamber, a separate sensor cooling system has been implemented.

Figure 3.12: The DMP 320 pressure transducer

3.3.3 Data acquisition and processing

A PCIe6353 National Instruments card has been used for data acquisition. This
is due to its ability to process analogue signals (48 analogue inputs) with a maximum
sampling rate of 1.25 MS/s and the presence of an internal timer. Signals from the
encoder and two pressure sensors were connected as analogue inputs in a di�erential
con�guration. Acquisition was carried out using the "Data acquisition toolbox"
implemented in the MATLAB environment. A dedicated script for data processing
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was also implemented. First, data is read and a time window is selected in which a
periodic steady state has been reached.

An example time plot of the electric angular velocity is shown in Fig.3.13. As
was noted during the �rst measurements, the angular velocity is varying across the
cycle.

Figure 3.13: Time plot of the angular velocity for example engine measurements

This is to be expected, due to the fact that forces acting on the engine cranks
are periodically varying, and also due to the small size of the �ywheel. The angular
velocities are then divided by 5, corresponding to the gear ratio.

φi,j = φi,j−1 + ωen,j∆τ, (3.2)

where the j index denotes the time step, and the i index the given cylinder. The
volumes can be then calculated based on the equations of motion (eq. 2.2).
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Chapter 4

Measurements and model

validation

4.1 Sensitivity of the ML3000 engine model to heat trans-

fer coe�cients

To show how the engine output depends on the internal heat transfer coe�cient,
a parametric analysis was carried out. The heat transfer coe�cients were varied
from 0 to 1000 W

m2K
. The engine dimensions were those for the Genoastirling ML3000

engine, for a single set of cylinders. The heater temperature was assumed as 980.94
K and the cooler temperature as 295.83 K. The mean bu�er pressure was set at 5.44
bar. The engine was assumed to rotate with the rotational speed of 501.4 rpm. It
was assumed that the heat transfer coe�cient is the same throughout the engine,
that is both in the cooler and heater.

The dependence of the engine indicated power on this value is shown in �gure
4.1. As one can see, up to reaching the value of circa 200 W

m2K
the sensitivity to this

parameter is extremely high. After this value the engine power plateaus, though
there is still a degree of dependence.
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Figure 4.1: An illustration of engine power dependence on internal heat transfer
coe�cients for the Genoa ML3000 Stirling Engine

To further illustrate the point, indicator diagrams can be shown. This is shown
in �gure 4.2.

Figure 4.2: ML3000 engine simulated indicator diagrams for selected values of the
heat transfer coe�cients

As can be seen, the indicator diagram shape depends signi�cantly on the heat
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transfer coe�cient. Though the maximum and minimum pressure values can change,
the model forces the mean pressure to be constant to correspond with the bu�er
pressure (this is an e�ect of leakage). The pressure amplitudes stay roughly the
same, as they are dependent mostly on the compression ratio.

4.2 Model validation methodology

Based on the aforementioned considerations, it is important that the model val-
idation procedure is carried out several times for di�erent heat transfer correlations
used. For validation using experimental measurements, the �rst step was to process
the raw data. This was done according to the method presented in Chapter 5, Sec-
tion 3. Measurements were carried out with the sampling rate set at 3000 samples
per second for crank angle and pressure, and noted down from manual readouts for
temperature. Bu�er pressures in the engine were varied from 6 to 13 bar, using
nitrogen as the �uid. With every pressure change, readouts were only made after
the temperatures and rotational speed stabilized themselves, reaching a steady state,
with the engine under load. For each working "point" pressure readouts were done.
From the readouts, a window of 300 seconds was selected, and indicated power was
calculated as an integral of pressure over volume for these rotations. Mean pressure
has also been calculated as an arithmetic average of the working space pressure.

Measurements have been carried out for two working �uids, nitrogen, argon. For
nitrogen, the bu�er space pressure was varied between 5 and 13 bar. For argon
the pressure range was narrower and con�ned to higher values, as in other case
the engine would not start. The pressures were between 10 and 14 bar. For the
purposes of this particular analysis the measuring was done in 300 second windows,
after reaching a steady state. The quality evaluated was the indicated power in the
right set of cylinders. As it was found technically di�cult to keep any of the engine
parameters stable, for the purposes of comparison, it has been elected to calculate
the Beale and West numbers for the engine. By their de�nition, the numbers being
relatively constant across a set of measurement implies that they have been done
correctly. By their de�nition, the numbers being relatively constant across a set
of measurement implies that they have been done correctly. The Beale number is
de�ned as follows[83]:

Be =
N

pmnsVsw
, (4.1)

where N is the engine shaft power, pm is the mean cycle pressure, and Vsw is the
swept volume. This number has been ascertained by Beale to have the value of
Be = 0.15 for engines evaluated by him. It should generally have a constant value for
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a given engine and be independent of rotational speed and pressure. As the engines
evaluated worked in a similar temperature range, the in�uence of temperature can
be added, forming the more universal West number:

We = Be · Tin + Tout
Tin − Tout

, (4.2)

where Tin and Tout are the heat source and sink temperatures respectively. This
number will be used illustratively for the purpose of this evaluation due to signi�cant
temperature variations in measurements.

Table 4.1: Measurements for argon, part I

Tin, K 898.75 880.10 875.99 872.62 890.57 894.68

Tout, K 294.69 295.43 295.36 295.68 295.04 295.19

p, bar 11.59 14.18 14.84 15.30 12.99 12.84

n, rpm 480.12 505.57 516.17 525.69 514.77 510.71

N, W 560.83 666.49 666.94 689.26 678.43 621.93

Be, - 0.0818 0.0755 0.0707 0.0696 0.0824 0.0770

We, - 0.1616 0.1517 0.1425 0.1409 0.1640 0.1527

Table 4.2: Measurements for argon, part II

Tin, K 896.98 879.88 875.88 904.19 900.42 884.43

Tout, K 294.51 294.90 295.09 293.69 294.28 295.06

p, bar 10.51 10.92 11.22 9.61 10.68 12.13

n, rpm 526.25 578.32 549.73 579.84 526.38 546.94

N, W 587.87 655.65 648.22 600.04 598.05 674.54

Be, - 0.0863 0.0843 0.0853 0.0874 0.0863 0.0825

We, - 0.1706 0.1693 0.1719 0.1715 0.1701 0.1651

Table 4.3: Measurements for nitrogen, part I

Tin, K 980.94 975.94 961.26 948.60 944.60 933.52 921.33 918.11

Tout, K 295.83 296.23 296.67 297.29 298.37 298.09 299.02 302.07

p, bar 5.44 6.37 7.13 8.09 8.32 9.79 11.28 14.02

n, rpm 501.40 490.82 514.43 526.78 665.22 544.85 553.01 629.61

N, W 340.23 387.80 427.44 543.26 741.62 497.20 663.34 978.69

Be, - 0.1012 0.1007 0.0945 0.1035 0.1087 0.0757 0.0863 0.0900

We, - 0.1887 0.1885 0.1789 0.1980 0.2091 0.1467 0.1693 0.1783
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Table 4.4: Measurements for nitrogen, part II

Tin, K 925.75 953.72 953.86 947.33 947.03 955.78 953.74 947.59

Tout, K 300.15 297.15 297.51 297.98 298.14 298.32 299.99 300.83

p, bar 12.42 7.08 6.94 8.58 9.29 8.81 10.31 12.74

n, rpm 593.10 515.73 552.78 534.51 506.46 574.57 623.84 620.60

N, W 824.28 387.32 387.32 609.57 611.96 636.26 746.81 920.02

Be, - 0.0908 0.0861 0.0819 0.1079 0.1056 0.1021 0.0942 0.0944

We, - 0.1780 0.1640 0.1562 0.2070 0.2026 0.1947 0.1807 0.1823

Table 4.5: Measurements for Carbon Dioxide

Tin, K 841.05 887.86 873.00 840.19 842.84 912.88 951.39 994.75

Tout, K 294.92 294.77 296.47 296.59 296.74 294.34 293.85 292.51

p, bar 8.87 8.60 11.67 14.26 13.81 7.35 5.86 3.76

n, rpm 561.04 479.77 513.52 518.29 560.39 553.92 497.44 416.46

N, W 523.84 508.78 646.89 709.00 740.24 534.77 419.96 176.04

Be, - 0.0854 0.1000 0.0876 0.0778 0.0776 0.1067 0.1170 0.0911

We, - 0.1776 0.1995 0.1777 0.1628 0.1620 0.2082 0.2217 0.1671

4.3 Evaluation of heat transfer correlation validity

For the purposes of Stirling Engine modelling, a narrower selection of heat trans-
fer correlations should be made (from within the correlations in Chapter 2). As is
evident, some of the later formulas were created to provide improvement upon previ-
ous formulas, making them practically obsolete. Second of all, care has to be taken
with whether the experimental setup from which the formulas were formulated is
similar to the experimental Stirling machine in question. From this point of view
however not many options are available. The Genoa ML3000 engine is equipped
with tubular heat exchangers and cooling coils. The tubular exchangers would at
�rst glance point towards the Zhao and Cheng [91, 92, 93] and Xiao [88, 89] for-
mulas, especially as these were derived speci�cally for Stirling Machines. The other
correlation directly based on the Stirling Engine results is the one of Toda et al [77],
however it refers technically only to the heat losses through cylinder walls and not
to the main heat exchange processes. The formula of Kanzaka et al [30] is promising
as the only one derived for the heat exchangers in a kinematic Stirling machine -
though at much higher pressures than in the machine available to the author. To
widen the selection, it was also elected to use the formulas of Woschni - due to its
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ubiquitousness, despite it being an IC engine formula, without using the formulas
for the combustion phase, also, the formula of Annand and Pinfold [9] to investigate
the in�uence of the time derivative term, the formula of Adair [3], as compressors
for which it was derived can be considered similar to Stirling Engines through the
lack of combustion and �nally the formula of Lekic and Kok [44, 43, 45] in order to
investigate the in�uence of its complex terms. The selected formulas are thus:

� Kanzaka (1992),

� Annand (1980),

� Adair (1972),

� Woschni (1967),

� Toda (1991),

� Zhao (1996),

� Lekic and Kok (2011).

As can be seen, this narrow selection does not feature any formula that would �t
the experimental case with any accuracy - indeed to the authors best knowledge, no
such correlation is available.

Model calculations were carried out utilizing the temperatures, bu�er pressure
and rotational speed as input data. The model results are shown on a chart (Fig.
4.3) where the x-axis are the measured values of indicated power and the y-axis is
the indicated power as calculated with the losses subtracted. Models should ideally
follow the y = x line, shown in red. This can also be shown for nitrogen and argon
separately (Fig. 4.4 and 4.5).
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Figure 4.3: Model �t quality with di�erent heat transfer models used
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Figure 4.4: Model �t quality for nitrogen

Figure 4.5: Model �t quality for argon

As one can notice from �gures 4.5 and 4.4 the quality of �t for all models is
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somewhat good for lower power levels and drops signi�cantly for higher levels of
power. This is especially visible for argon, where the measurements were all carried
out in a high pressure range, where the engine should have a larger power density.
As the level of power is mostly correlated with pressure for Stirling engines, noting
that other parameters did not vary as signi�cantly, we can hypothesise that the
correlations underestimate heat transfer at higher gas pressures. Thus, it can be
proposed that they be adjusted. Before this is carried out however, a narrower
selection of correlations is sought. For this, it was decided to calculate the overall
root mean square error of estimated power, de�ned as:

RMSE =

√∑n
1 (Nmeas,i −Nmodel,i)2

n
(4.3)

The values of RMSE are shown in Fig. 4.6.

Figure 4.6: Root mean square error of indicated power for di�erent heat transfer
models

Interestingly, the model with losses included (this concerns pressure and �nite
time losses) is not necessarily more accurate.
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Table 4.6: RMSE values for di�erent heat transfer models, with and without losses,
for nitrogen and argon, values in Watts

nitrogen argon

Kanzaka, with loss 100.89 253.94
Kanzaka 91.73 155.74
Annand, with loss 118.02 288.47
Annand 80.55 189.25
Adair, with loss 128.79 254.45
Adair 88.83 155.78
Woschni, with loss 138.66 306.25
Woschni 87.05 207.21
Toda, with loss 123.24 196.25
Toda 212.77 158.93
Zhao, with loss 369.96 667.33
Zhao 269.01 567.95
Lekic, with loss 317.46 612.99
Lekic 222.67 513.88

4.3.1 Investigation of model discrepancies

According to literature [67] the West number is a characteristic parameter of the
engine, it should be constant across measurement points. Tables 4.2, 4.3, 4.4 show
that in the experiment this is the case. For argon, the standard deviation of the
West number is 0.011, for nitrogen 0.017 and shows no visible correlation with any
of the working parameters.Contrary to measurement results, where the We number
is constant, the values for the model results show variations. Notably, they seem
to be underpredicted for points characterized by a higher power output and higher
charge pressure. Based on the this, a hypothesis can be formulated that the

discrepancies correlate with pressure. To verify this, the West number values
(model calculated) can be shown as a function of pressure. Also, their covariance
with pressure can be calculated.

From �gures 4.7 and 4.8 it can be seen, that for the Kanzaka and Annand (1980)
models, the West number seems to inversly correlate with pressure. For the Toda
model, the opposite is the case. For the set of measurements with argon, the correla-
tions fail, which is expected in line with this, as that set of measurements was carried
out in a narrower range of higher pressures. Covariance values calculated from this
data are shown in table 4.7. These values are in agreement with the �gures. Fur-
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Figure 4.7: West numbers, model calculated and measured, with lines of the mea-
sured mean +/- standard deviation, sorted by pressure for nitrogen.

Figure 4.8: West numbers, model calculated and measured, with lines of the mea-
sured mean +/- standard deviation, sorted by pressure for argon.
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Table 4.7: Covariance values for di�erent heat transfer models, for nitrogen and
argon

nitrogen argon

measured -0.00496 -0.01764
Kanzaka -0.03510 -0.01913
Annand -0.03224 -0.01607
Adair -0.04330 -0.01734
Woschni -0.03929 -0.01748
Toda 0.02109 0.03264
Zhao -0.06394 -0.02107
Lekic -0.07036 -0.02363

thermore, it can be seen that the agreement for lower pressure values is quite decent
for the Kanzaka and Annand models.
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Chapter 5

Measurement based model tuning

5.1 Fine-tuning of correlations

5.1.1 Selection of correction method

Based on the assessment of error values it was elected to carry out the adjustment
or validation on the correlations of Kanzaka and Iwabuchi [31], Annand and Pinfold
[9] and Toda [77]. The method used, was as follows; �rst the engine parameters,
that is hot and cold heat exchanger temperatures, bu�er pressure, and rotational
speed, together with the �uid used are made into a data vector X, likewise the
power measurements are formed into a result vector N. The engine model is treated
as a black box function, where for the selected heat transfer models its parameters
xi are adjusted as in a curve �tting problem, so that the RMSE is minimized.

For the adjustment process, the data for nitrogen and argon has been lumped
together, and then divided into two separate sets, a validation set and a veri�cation
set. The �rst comprising of 2/3 of the measurement points. Several routes for the
adjustment were considered, these being either the varying of the coe�cients in the
correlations or adding a separate correction factor. Parameter adjustment did not
yield meaningful results.

It is proposed that the correction factor should have a form that would compen-
sate for the pressure values, ideally to keep We constant, as is the case in reality.
Therefore, the proposed form is:

Cf =

(
ρ(pi, Ti)

ρ(pref , Ti)

)a

, (5.1)

where the index i refers to instantaneous values, and ref to a reference value of 1
bar. The exponent a is the subject of search.
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5.1.2 The adjustement process

The data for both argon and nitrogen has been �rst separated into two sets,
2/3 as a data set for the calculation (set 1), and 1/3 for veri�cation (set 2). As
the Stirling Engine model is not particularly computationally heavy, it was decided
that �rst, for illustrative purposes, and to avoid falling into local minima during
subsequent optimization, to calculate the values of the RMSE and also the mean
relative error and mean absolute error between the model results and measurement
while varying the coe�cient a in equation 5.1 as applied to the di�erent correlations.
The value was varied between 0 and 1 for the Kanzaka and Annand models and
between −1 and 1 for the Toda model (as the Toda model shown the opposite error
at higher pressures). To speed up the computations, they were carried out using
parallel computing. Also, to further speed up convergence, the data vector for the
model included the starting crank angle and starting pressure.

Figure 5.1: Root mean square and mean relative error for the Kanzaka correlation
with correction factor, for di�erent values of correction factor exponent
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Figure 5.2: Root mean square and mean relative error for the Annand (1980) corre-
lation with correction factor, for di�erent values of correction factor exponent
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Figure 5.3: Root mean square and mean relative error for the Toda correlation with
correction factor, for di�erent values of correction factor exponent, positive range
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Figure 5.4: Root mean square and mean relative error for the Toda correlation with
correction factor, for di�erent values of correction factor exponent, negative range

It can be seen from the charts ( 5.1 to 5.4 ) that the use of the correction factor
has a small, but noticeable e�ect for the Kanzaka and Annand models, reducing the
RMSE by about a third in the optimum range. The e�ect with the Toda model is
more striking, though the initial hypothesis of the exponent falling in the negative
range was not con�rmed and the values reached are still higher than for the previous
relations.

5.1.3 Adjustement results

The values of the exponent for the correction factor were �nally adjusted to the
measured data using the Levenberg-Marquardt method.

As a result of this calculation, the values obtained of the exponent a were 0.4013,
0.4214 and 0.586 for the Kanzaka, Annand and Toda correlations respectively. The
quality of �t for the set used in calculation and the set used for veri�cation can be
seen in �gures 5.5 and 5.6.
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Figure 5.5: Fit quality for adjusted models for validation set (set 1)

Figure 5.6: Fit quality for adjusted models for veri�cation set (set 2)

109



Figure 5.7: Root mean square error of indicated power for di�erent heat transfer
models, including the adjusted correlations.

Table 5.1: Root mean square error for selected and adjusted correlations, separated
for the veri�cation set and overall

RMSE, Unadjusted, Unadjusted, Adjusted, Adjusted,

W veri�cation set all data veri�cation set all data

Kanzaka 187.262 182.903 88.73 119.277

Annand 215.410 124.571 119.884 118.617

Toda 173.310 189.792 114.361 124.604

The adjusted correlations show a decent quality of �t, both for high and low
power measurement points. To further ascertain their quality, the RMSE value was
calculated for them as for the unadjusted versions. These results are shown in table
?? and in Fig.5.7.

The formulas tested gave the 0D model a decent quality of �t when compared with
experimental results, however this quality was lost at higher pressures. The proposed
adjustment based on experimental data decreased the root mean square error in
indicated power, shown in table 5.1. Those gains are however not as signi�cant
as could have been expected. If one looks at the overall data set, considerable
improvement can be seen for the adjusted formulas. A closer look at the data however
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reveals a minimal raise in error for nitrogen and signi�cant drop for argon. As the
argon measurements were all carried out at higher pressures, this means that the
previously noted high pressure range error was compensated, but at some cost to the
error in the low pressure ranges. Based on this, it can be deduced that the Kanzaka
and Iwabuchi, Annand and Toda formulas with correction factors can be of use
coupled with 0D models of Stirling engines, and for machines working at the same
ranges of pressure, temperature and rotational speed as the authors experimental
rig, and provided the engine has a similar design.

The adjusted Kanzaka formula has the following form:

Nu = 0.21Resc
0.8Pr0.4

(
Tw
Ti

)−0.5

C ′
(

ρi
ρref,i

)0.4013

, (5.2)

The Annand and Pinfold formula:

Nu = 0.3Re0.7 +

(
1 + 0.27

D

V∆T

dT

dt

)(
ρi

ρref,i

)0.4214

. (5.3)

For the Toda formula: for heating and expansion:

Nu = 0.70Re0.58
(

ρi
ρref,i

)0.586

, (5.4)

for cooling and compression strokes:

Nu = 0.63Re0.53
(

ρi
ρref,i

)0.586

, (5.5)

where ρi is the �uid density in the given engine volume at a given instance, and ρref,i
is the �uid density at 1 bar pressure and at the instantaneous temperature.

5.2 In�uence of correlation selection on local, instanta-

neous heat transfer

5.2.1 Comparison of pressure-angle signals for selected measure-

ments

Using the three chosen correlations (Toda, Annand and Kanzaka et al.) a study
of in�uence of heat transfer models on the shape of p−V diagrams have been carried
out. As the correction factors were derived for power measurement, it is of interest
to see whether this adjustment method has any discernable in�uence on the validity
of the model for predicting not just the power output but the shape of the cycle
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itself. Indicator diagrams were drawn on the basis of measurement data and model
calculations. They were compared visually, with special emphasis on comparing
based and adjusted models, but also several quantities were evaluated to quantify
the comparison, this being:

� the overall Root Mean Square Error between the calculated and measured
points,

� phase di�erence between the crank-angle pressure data sets,

� the relative error of pressure amplitude.

These values were considered, as the cycle pressure is in essence a periodic signal.
The data used comes from the measurement points shown in table 5.2.

Table 5.2: Measurements for individual comparison

I II III IV V VI

Tin, K 898.75 894.68 875.88 980.94 961.26 925.75

Tout, K 294.69 295.19 295.09 295.83 296.67 300.15

p, bar 11.59 12.84 11.22 5.44 7.13 12.42

n, rpm 480.12 510.71 549.73 501.40 514.43 593.10

�uid argon argon argon nitrogen nitrogen nitrogen

N, W 560.83 621.93 648.22 340.23 427.44 824.28

Be, - 0.0818 0.0770 0.0853 0.1012 0.0945 0.0908

We, - 0.1616 0.1527 0.1719 0.1887 0.1789 0.1780

For the purposes of visual comparison, the p − V diagrams, both modeled and
calculated are shown for the six measurement points and three correlations with and
without adjustment. This can also serve as a general, visual validation of the model.
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Measurement point I:

Figure 5.8: Comparison between the p− V diagrams for measurement point I, with
the base and adjusted Toda model calculations
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Figure 5.9: Comparison between the p− V diagrams for measurement point I, with
the base and adjusted Annand model calculations
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Figure 5.10: Comparison between the p−V diagrams for measurement point I, with
the base and adjusted Kanzaka model calculations

Measurement point II:
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Figure 5.11: Comparison between the p−V diagrams for measurement point II, with
the base and adjusted Toda model calculations
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Figure 5.12: Comparison between the p−V diagrams for measurement point II, with
the base and adjusted Annand model calculations
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Figure 5.13: Comparison between the p−V diagrams for measurement point II, with
the base and adjusted Kanzaka model calculations
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Measurement point III:

Figure 5.14: Comparison between the p − V diagrams for measurement point III,
with the base and adjusted Toda model calculations

Figure 5.15: Comparison between the p − V diagrams for measurement point III,
with the base and adjusted Annand model calculations
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Figure 5.16: Comparison between the p − V diagrams for measurement point III,
with the base and adjusted Kanzaka model calculations

Measurement point IV:

Figure 5.17: Comparison between the p − V diagrams for measurement point IV,
with the base and adjusted Toda model calculations
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Figure 5.18: Comparison between the p − V diagrams for measurement point IV,
with the base and adjusted Annand model calculations

Figure 5.19: Comparison between the p − V diagrams for measurement point IV,
with the base and adjusted Kanzaka model calculations
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Measurement point V:

Figure 5.20: Comparison between the p−V diagrams for measurement point V, with
the base and adjusted Toda model calculations
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Figure 5.21: Comparison between the p−V diagrams for measurement point V, with
the base and adjusted Annand model calculations
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Figure 5.22: Comparison between the p−V diagrams for measurement point V, with
the base and adjusted Kanzaka model calculations

Measurement point VI:
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Figure 5.23: Comparison between the p − V diagrams for measurement point VI,
with the base and adjusted Toda model calculations

Figure 5.24: Comparison between the p − V diagrams for measurement point VI,
with the base and adjusted Annand model calculations
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Figure 5.25: Comparison between the p − V diagrams for measurement point VI,
with the base and adjusted Kanzaka model calculations

The pressure signal, taken as a function of angle, is a periodic one. Due to this,
for additional comparative purposes, we can compare the model and measurement
outputs in the form of vector plots, drawn from the bu�er pressure as their starting
point, with length de�ned by signal amplitude and the phase de�ned in relation to
the measured signal. This form can serve as a convenient visual comparison - full
agreement between the measurement and model would imply that the vectors fully
align and are equal in length. An example signal, illustrating this property is seen
in Fig.5.26. The vector plots are shown in �gures 5.27, 5.28, 5.29, 5.30, 5.31, 5.32.
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Figure 5.26: Illustration of the pressure as a signal approach, for measurement I.
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Figure 5.27: Pressure vec-
tor plot for measurement
point I

Figure 5.28: Pressure vec-
tor plot for measurement
point II

Figure 5.29: Pressure
vector plot for measure-
ment point III
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Figure 5.30: Pressure vec-
tor plot for measurement
point IV

Figure 5.31: Pressure vec-
tor plot for measurement
point V

Figure 5.32: Pressure vector
plot for measurement point
VI

Furthermore, to avoid relying only on visual comparisons, the values of the phase
error are shown in table 5.3. A relative amplitude error (relative to the measured
amplitude) was also calculated, and this is shown in table 5.4. Root mean square
error values, expressed in bar, are shown shown in table 5.5.

Table 5.3: Phase di�erences between model and selected measurements, for the
pressure signal

phase di�erece, rad models:
measurement: Toda Kanzaka adj, Annand adj Toda adj Annand Kanzaka

I 0.053 -0.062 -0.037 -0.029 0.043 0.016
II 0.030 -0.096 -0.072 -0.063 0.020 -0.008
III 0.100 -0.019 0.006 0.016 0.092 0.064
IV -0.022 -0.097 -0.079 -0.074 -0.029 -0.052
V 0.083 -0.022 -0.002 0.004 0.075 0.050
VI -0.015 -0.078 -0.060 -0.056 -0.020 -0.043
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Table 5.4: Relative pressure amplitude error for selected measurement points

Amplitude
error (relative)

models:

measurement: Toda Kanzaka adj, Annand adj Toda adj Annand Kanzaka

I 0.077 0.119 0.106 0.067 0.005 0.056
II 0.086 0.151 0.138 0.099 0.015 0.091
III 0.097 0.129 0.115 0.072 0.005 0.069
IV 0.147 0.236 0.231 0.208 0.188 0.216
V 0.049 0.091 0.085 0.053 0.011 0.057
VI 0.076 0.024 0.017 0.012 0.027 0.002

Table 5.5: Root mean square error of the pressure signal in bar

RMSE, bar models:
measurement: Toda Kanzaka adj, Annand adj Toda adj Annand Kanzaka

I 0.325 0.252 0.203 0.171 0.194 0.215
II 0.293 0.561 0.534 0.429 0.256 0.310
III 0.593 0.210 0.175 0.136 0.297 0.224
IV 0.152 0.145 0.149 0.131 0.107 0.096
V 0.364 0.197 0.194 0.144 0.205 0.168
VI 0.117 0.128 0.146 0.128 0.130 0.096

Based on these metrics, we can conclude, that at least for the six random measure-
ment points selected the correction factor has negative e�ect on the reconstruction
quality as far as the shape of the pressure signal is concerned. In other words, there
is a negative e�ect, often an increase of RMSE values between the measured and
modelled pressure signals. This however only applies to situations where the model
user actively seeks the shape of the p − V diagram rather than the more useful
external engine metrics. Furthermore, this loss of �delity is not signi�cant as the
visual comparison shows. Only in the Toda correlation is a signi�cant drop of RMSE
visible, however on average the error does not go below the base value calculated for
the Kanzaka correlation.

Interestingly, even though the phase di�erences between the models and measure-
ments vary, the overallall direction of model phase angles stays relatively constant.
This unfortunately points to there being random errors in the phase measurement
system of the lab stand.

5.2.2 Investigation of possible further adjustment

The possibility of further adjustments was investigated based on the p − V di-
agrams of 14 selected measurement points, belonging to the former validation set.
The number of points was reduced for the sake of computational cost, bearing in
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mind, that the new selection should entail measurements representative of the full
range of bu�er pressures. The values considered for adjustment were �rstly the cor-
rection factor exponents for the selected correlations, but also the Reynolds number
exponents. The root mean square error, previously de�ned, was used as a metric,
calculated for all the 14 measurements for di�erent exponent values.

Before attempting any optimization, much like with the previous process, it was
elected to �rst illustrate the in�uence of the value on the RMSE in charts. The
in�uence of the correction factor exponent on the Kanzaka and Annand correlations
is shown in �gures 5.33 and 5.34. It can bee seen, that for the Kanzaka formula,
the correction factor has a minor negative e�ect on the error in regards to diagram
shape. The Annand correlation demonstrates an existence of some optimum, close
to the previously found value, though likely lower. The charts show a certain level of
oscillations, likely due to model errors. As the Toda correlation shows improvement
in the shape related errors with the correction factor application, no analysis was
carried out.

Figure 5.33: RMSE for the selected measurements for varying correction factor ex-
ponents, Kanzaka correlation
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Figure 5.34: RMSE for the selected measurements for varying correction factor ex-
ponents, Annand correlation

The investigation of the Reynolds factor exponents shows that the optima are
close to the original values. As such, no possibility of improvement is seen in this
regard. This is shown in �gures 5.35 and 5.36 .
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Figure 5.35: RMSE for the selected measurements for varying Reynolds exponents,
Kanzaka correlation

Figure 5.36: RMSE for the selected measurements for varying Reynolds exponents,
Annand correlation
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Chapter 6

Summary and conclusions

In the course of the presented research, investigation has been carried out into
the question whether Stirling engine modelling by simpli�ed, second order methods
can be improved in terms of accuracy by employing a more in depth focus on heat
transfer formulas, that previously done in other work. The review of literature has
shown that this issue is indeed often "hand-waived" or outright neglected. On the
other hand, it was also found that correlations be�tting the problems are scarce. A
thorough review of formulas concerning heat transfer in piston-cylinder systems has
been performed and summarized for use in this work and other possible future use.

In order to analyse the problem in question, a model of Stirling cycle engines,
known as the di�erential, real-gas model. The model has been created by employing
the assumptions and methods previously coined by other researchers, though the
assumption of using a real gas as the working �uid is novel. This model has been
validated before employment by comparison to CFD data, and experimental data
kindly shared by other researchers, that being the data for the Cleanergy engine
from the Zilina University of Technology.

Improvement of the model by implementing a more complex model of the regen-
erator was considered. As shown in Fig.2.14, the small gains in regenerator e�ective-
ness with the high value range have a tremendous in�uence on engine e�ciency. Due
to this, it is imperative that those values are accurately estimated when modelling
engines, or in the design phase. It should also be noted, that a model should provide
the ability to test many variants in a relatively short time. CFD models, as the one
mentioned in the paper provide high accuracy, however the calculation is counted
in days, even using a powerful, computational cluster. The di�erential model, while
showing good agreement with the CFD, allowed to make the calculations on a much
less powerful PC computer within two hundred seconds or less. Therefore it is much
more suited for parametric analysis and design optimization.

134



In the course of parametric analysis using both models it was shown, that the
heat capacity of the material has small in�uence on regenerator performance within
the range of heat capacities of commonly used materials. However, the porosity of
the material has a tremendous in�uence due to a�ecting both the heat transfer area,
convective heat transfer coe�cients and the solid mass of the regenerator.

The rotational speed of the engine, being inversely proportional to the time dura-
tion of a full working cycle of the regenerator is likewise important. The e�ectiveness
of the regenerator shows itself to be higher at lower engine speeds. Which further
con�rms that Stirling Engines cannot optimally run at high rotational speed, due to
both this fact and the reduction of the time periods for heating and cooling of the
gas within the heat exchangers.

In later course of the work, a research stand has also been constructed based on
the Genoastirling ML3000 engine. This enabled to perform engine indication and
carry out a validation of the engine model with di�erent heat transfer correlations
employed.

Using the created model, it was shown that using the engine data there is quite
a signi�cant dependence of the engine power output on heat transfer coe�cient
values. This further corroborated the thesis that it is this parameter that demands
further investigation. Based on the measurement results, and the literature review
conducted, the selection of heat transfer correlations was narrowed.

Analysis in regard to the heat transfer correlation validity has been carried out
using the experimental data. It has been found that the correlations of Kanzaka
and Iwabuchi [30], Annand and Pinfold [9] and Toda [77] lead to the most accurate
results. Furthermore, it was found that an inclusion of a pressure based correction
factor can improve the result accuracy in regards to the power output characteristics.
The hypothesis which lead to this �nding has been formulated based on the West
number as applied to the model results and measurements, which is understood to
be a novel approach.

For engines of similar designs as the employed Genoastirling engine, it is recom-
mended to use the Kanzaka, Annand and Toda correlations for this purpose, with
the proposed correction factors.

The adjusted Kanzaka formula has the following form:

Nu = 0.21Resc
0.8Pr0.4

(
Tw
Ti

)−0.5

C ′
(

ρi
ρref,i

)0.4013

, (6.1)

The Annand and Pinfold formula:

Nu = 0.3Re0.7 +

(
1 + 0.27

D

V∆T

dT

dt

)(
ρi

ρref,i

)0.4214

, (6.2)
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And the Toda formula:

Nu = 0.70Re0.58
(

ρi
ρref,i

)0.586

. (6.3)

For cooling and compression strokes:

Nu = 0.63Re0.53
(

ρi
ρref,i

)0.586

, (6.4)

where ρi is the �uid density in the given engine volume at a given instance, and ρref,i
is the �uid density at 1 bar pressure and at the instantaneous temperature.

An investigation has been carried out into the model quality in terms of shape
of the pressure-volume diagram. This has shown a decent representation compared
to the measurements with the root mean square error values

Overall, it can be concluded, that Stirling engine modelling can be accurately
performed by the use of relatively simple di�erential models, provided that the heat
transfer is modelled properly. This is understood to con�rm the initial thesis pro-
posed at the work set out.
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