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Abstract

Abstract

In recent years, technologies that capture energy from mechanical vibrations have
advanced, offering an alternative for continuously powering small electronic devices and those
with low power requirements. The energy harvested from mechanical vibrations is quite limited
compared to other energy generation techniques. Utilising waste energy from environmental
vibrations around a system presents a promising approach for creating self-powered electronic
devices, which currently rely on batteries. This method can also be compactly integrated at the
MEMS design level, ensuring high sensitivity to mechanical vibrations of low amplitude.
The primary objective of this thesis is to designa model, then validate and optimise
the performance of converting mechanical vibrations into electrical energy using non-classical
Macro Fiber Composite (MFC-P2) piezoelectric materials for powering small electronic

devices.

The key scientific contribution is an integrated framework that combines analytical
modelling, finite element simulations, experimental verification, and numerical optimisation
for vibration-based piezoelectric energy harvesters employing non-classical MFC materials.
The first objective was to develop an analytical model of a unimorph aluminium cantilever
beam that includes MFC piezoelectric material using Euler—Bernoulli beam theory together
with the constitutive relations of piezoelectric materials. This model was used to determine the
mode shapes, fundamental natural frequency, harvested voltage amplitude, and power output of
the harvester, yielding a resonance frequency of 10.69 Hz, a maximum voltage of 0.265 V, and
a corresponding power output of 0.00291 mW. The result of the analytical model was then
verified through finite element modelling in COMSOL Multiphysics; by finite element
modelling, the maximum output voltage was 0.28 V and a power output of 0.0032 mW at a
resonance frequency of 10.96 Hz. After all, the model was validated against experimental tests.
From the experimental validation, the maximum output voltage of 0.245 V and a power output
of 0.00272 mW at a resonance frequency of 10.2 Hz were obtained. The result obtained from
the theoretical, numerical, and experimental models shows that the energy harvester model has
confirmed the validity of the developed modelling approach. The simulated and model-
developed energy harvester results were compared with previously reported work; the results

are highly correlated.

After experimental validation, the first improvement in harvester performance was through

geometric variations of the energy harvester. For the tapered beam geometry, the FEM model
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obtained a voltage of around 0.45 V compared to 0.28 V for the conventional rectangular beam,
which was an increase of 60.71%. The maximum output power of 0.0065 mW as compared to
the conventional rectangular beam of 0.0032 mW. This is a 103.13% increase in power output

at the first natural frequency of 12.42 Hz.

Another model considered a tapered beam with a tip mass and MFC patches attached at
different locations, which gave a higher voltage and power for the same applied force compared
to the rectangular beam-with-tip-mass configuration. The improvement was attributed to a
larger bending moment near the clamped end and a more uniform strain distribution over the
tapered region. The configuration generated 40.6% more voltage at an input point force of 0.5
N, and the maximum power near the root was improved by 131.57% compared to a rectangular
beam harvester with tip mass. An additional important aspect in improving the harvesting
efficiency was the parametric optimisation of the MFC patch placement, along with the tip mass
and beam thickness. The combined optimisation of the MFC placement, tip mass and beam
thickness resulted in maximum power outputs of 0.0095 mW and 0.022 mW for the rectangular
and tapered beam configurations, respectively. Across all configurations modelled, the
combination of tapered beam geometry with optimised MFC patch placement consistently
produced the highest harvested energy compared with the conventional rectangular cantilever
energy harvester, a result that held across all three optimisation criteria: beam geometry, tip

mass, and MFC patch placement.

In the last phase of the work, algorithm-based optimisation was carried out over the entire
range of the geometric and electromechanical parameters that influence the performance of the
harvester: shape of the beam (rectangular versus tapered rectangular), position of the MFC patch
from the fixed support (Xp), thickness of the beam (#), size of the tip mass (fm), value of the
load resistance (Rr.ad) and magnitude of the applied force (F), all of which influence the mode
shape, natural frequency, voltage and power output. The electromechanical coupling behaviour
was simulated in COMSOL Multiphysics, and the BOBYQA (Bound Optimisation BY
Quadratic Approximation) algorithm was used to optimise. The first optimisation algorithm
(BOBYQA) modelled a rectangular beam with an MFC, yielding a maximum power of 0.028
mW and a voltage of 0.95 V, with a resonant frequency of approximately 10.61 Hz. The MFC
patch was placed about 5 mm from the fixed support, where the bending strain is maximum.
The corresponding beam thickness and tip mass dimension for the parametric optimisation were

2.2 mm and 1.26 mm, respectively.
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The same BOBYQA algorithm optimisation applied to the tapered rectangular beam
resulted in a peak harvested power of 0.065 mW, an output voltage of 2.3 V and a resonant
frequency of 12 Hz. Compared with the rectangular beam harvester, this configuration resulted
in a twofold increase in the output voltage and a 2.4-fold increase in the harvested power. The
corresponding design optimum parameters were Xp = 5.46 mm, #, = 2.17 mm, fm = 1.12 mm,
Rioad = 12 kQ, and F = 0.26 N. The mechanical advantage of the tapered geometry is that it
distributes the bending strain more uniformly along the beam, thus increasing the average strain
experienced by the MFC patch and therefore the overall electromechanical energy conversion

efficiency.

As a whole, the combined effect of tapered geometry and systematic algorithm-based
optimisation of MFC patch placement, tip mass, beam thickness and load resistance is
significantly more effective than relying on geometric modification or parametric variation
alone. Future work should extend this work to bimorph configurations, the effects of
temperature, nonlinear deformation and novel machine-learning or surrogate-modelling
approaches to reduce the computational cost of exploring large design spaces covering material

composition, geometry, and circuit parameters.
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Streszczenie

W ostatnich latach nastgpit postep w dziedzinie technologii pozyskujacych energi¢ z drgan
mechanicznych, co stanowi alternatywe w odniesieniu do cigglego zasilania matych urzadzen
elektronicznych oraz tych o minimalnym zapotrzebowaniu na energi¢. Chociaz energia
pozyskiwana z drgan mechanicznych jest do$¢ ograniczona w poréwnaniu z innymi technikami
wytwarzania energii, zastosowanie energii odpadowej pochodzacej z drgan otoczenia wokot
systemu stanowi obiecujgce podejscie do tworzenia urzgdzen elektronicznych z wiasnym
zasilaniem, ktore obecnie opieraja si¢ na bateriach. Metode t¢ mozna rowniez kompaktowo
zintegrowa¢ na poziomie projektowania uktadow MEMS, zapewniajac wysoka czuto$¢ na
drgania mechaniczne o matej amplitudzie.Gléwnym celem niniejszej pracy jest opracowanie
modelu, a nastgpnie weryfikacja 1 optymalizacja wydajnosci systemu przeksztalcania drgan
mechanicznych w energi¢ elektryczng z zastosowaniem nieklasycznych materiatow
piezoelektrycznych typu Macro Fibre Composite (MFC-P2) w celu zasilania niewielkich
urzadzen elektronicznych. Kluczowym wktadem naukowym pracy jest zintegrowana struktura
taczaca modelowanie analityczne, symulacje metodg elementow skonczonych, werytikacje
eksperymentalng oraz optymalizacje numeryczng piezoelektrycznych urzadzen pozyskujacych

energi¢ z drgan, w ktérych zastosowano nieklasyczne materiaty MFC.

Gtownym celem byto opracowanie modelu analitycznego jednorodnej aluminiowej belki
wspornikowej zawierajgcej materiat piezoelektryczny typu MFC z zastosowaniem teorii belek
Eulera—Bernoulliego w pofaczeniu z zaleznosciami konstytutywnymi materiatlow
piezoelektrycznych. Model ten uzyto do okre$lenia postaci drgan, czgstotliwosci drgan
wlasnych, amplitudy napigcia pozyskanego oraz mocy wyjsciowej urzadzenia pozyskujacego
energi¢, uzyskujac pierwsza czgstotliwo$¢ rezonansowg wynoszacg 10,69 Hz, maksymalne
napiecie 0,265 V oraz odpowiadajaca mu moc wyjsciowa 0,00291 mW. Wyniki modelu
analitycznego zweryfikowano nastgpnie za pomoca modelowania metoda elementow
skonczonych w programie COMSOL Multiphysics. Modelowanie to wykazato maksymalne
napigcie wyjsciowe wynoszace 0,28 V oraz moc wyjsciowa 0,0032 mW przy czestotliwosci
rezonansowej 10,96 Hz. Ostatecznie model zweryfikowano w oparciu o testy eksperymentalne.
W wyniku walidacji eksperymentalnej uzyskano maksymalne napigcie wyj$ciowe wynoszace
0,245 V oraz moc wyjsciowg wynoszaca 0,00272 mW przy czgstotliwosci rezonansowej 10,2
Hz. Wyniki uzyskane z modeli teoretycznych, numerycznych i eksperymentalnych wskazuja,

ze model urzadzenia do pozyskiwania energii potwierdzil stuszno$¢ opracowanego podejscia
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modelowego. Wyniki symulacji i opracowanego modelu systemu do pozyskiwania energii

porownano z wynikami opublikowanymi wczesniej, wykazujac wysoka korelacje.

Po walidacji eksperymentalnej, pierwszg poprawe wydajnosci harvestera zaobserwowano
dzigki zmianom geometrycznym w jego konstrukcji. W przypadku analizowanej belki
stozkowej (o zmniejszajacej sie szeroko$¢i), w wyniku analizy MES uzyskano napigcie 0,45 V
w poréwnaniu z 0,28 V w przypadku konwencjonalnej belki prostokatnej, co stanowi wzrost o
60,71%. Maksymalna moc wyj$ciowa wyniosta 0,0065 mW w poroéwnaniu z konwencjonalng
belka prostokatng o mocy 0,0032 mW. Stanowi to wzrost mocy wyjsciowej o 103,13% przy

pierwszej czestotliwosci drgan wlasnych 12,42 Hz.

W kolejnym modelu uwzgledniono belke stozkowa z masg skupiong na swobodnym koncu
1 przetwornikiem MFC przymocowanym w réznych pozycjach, przez co uzyskano wyzsze
napigcie 1 moc przy tej samej przytozonej sile w pordwnaniu z konfiguracja belki prostokatne;j
z masg skupiong na swobodnym koncu. Poprawe przypisano wigkszemu momentowi
zginajagcemu w poblizu utwierdzonego konca i bardziej réwnomiernemu rozktadowi
odksztatcen w obszarze stozkowym. Konfiguracja wygenerowata o 40,6% wigcej napigcia przy
sile wzbudzajacej 0,5 N, a maksymalna uzyskiwana moc uktadu zostata poprawiona o 131,57%
w poréwnaniu z belkg o statym przekroju prostokatnym i z masg skupiong. Dodatkowym
waznym aspektem poprawy wydajnosci systemu byla parametryczna optymalizacja
rozmieszczenia przetwornika MFC, masy skupionej i grubo$cig belki, w wyniku ktorej
uzyskano maksymalng mocg wyjsciowg uktadu wynoszaca 0,0095 mW i 0,022 mW
odpowiednio w przypadku prostokatnej i1 stozkowej konfiguracji zastosowanej belki
wspornikowej. We wszystkich modelowanych konfiguracjach, stosujac potaczenie stozkowe;j
geometrii belki ze zoptymalizowanym rozmieszczeniem przetwornika MFC uzyskiwano

najwyzsza energi¢ w porownaniu z konwencjonalnym uktadem belki prostokatne;.

W ostatniej fazie prac przeprowadzono optymalizacje oparta na algorytmie w calym
zakresie parametroéw geometrycznych i elektromechanicznych majacych wptyw na wydajnos¢
systemu odzysku energii z drgamechanicznych: ksztalt belki (prostokatny kontra zwezajacy
si¢), odlegtos¢ przetwornika MFC od utwierdzonego konca belki wspornikowej (Xp), grubos¢
belki (#), wymiary masy koncoéwki (z,), warto§¢ oporu obcigzenia (Rroad) oraz wielkos$¢
przylozonej sity (F) — wszystkie te parametry maja wplyw na postacie drgan, czgstotliwose
drgan wilasnych, napigcie oraz moc wyj$ciowa. Zachowanie sprz¢zenia elektromechanicznego
zasymulowano w programie COMSOL Multiphysics, a do optymalizacji zastosowano algorytm

BOBYQA (Bound Optimisation BY Quadratic Approximation). Poczatkowo algorytm
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optymalizacyjny (BOBYQA) zastosowano do prostokatnej belki z ogniwem MFC, co dato
maksymalng moc 0,028 mW 1 napigcie 0,95 V przy czestotliwosci rezonansowej wynoszacej
okoto 10,61 Hz. Przetwornik MFC umieszczono w odlegtosci 5 mm od utwierdzenia belki,
gdzie odksztalcenie zginajace jest najwigksze. Odpowiednie wartos$ci grubosci belki 1 masy
skupionej dodanej na jej koncu po optymalizacji parametrycznej wynosity odpowiednio 2,2 mm
i 1,26 mm. T¢ sama metode optymalizacji zastosowana do zwezajacej si¢ belki, otrzymujac
szczytowg moc pozyskang wynoszacg 0,065 mW, napiecie wyjsciowe 2,3 V oraz czestotliwos¢
rezonansowa 12 Hz. Prowadzi to do wzrostu napigcia 1 mocy — dwukrotnego w przypadku
napigcia i 2,4-krotnego w przypadku mocy — w poréwnaniu z ukadem odzysku energii opartym
na belce prostokatnej. Odpowiednie parametry projektowe tej konfiguracji to: Xp = 5,46 mm,
th=2,17 mm, tm = 1,12 mm, Rioad = 12 kQ oraz F' = 0,26 N. Zaletg zastosowanej geometrii
stozkowej jest to, ze rozktada ona odksztatcenie zginajace bardziej rdwnomiernie wzdhuz belki,
zwigkszajac w ten sposob $rednie odksztalcenie odczuwane przez ptatek MFC, a co za tym

idzie ogdlng sprawno$¢ konwersji energii elektromechaniczne;.

Zastosowanie geometrii stozkowej oraz systematycznej optymalizacji pozycji przetwornika
MFC, masy skupionej, grubosci belki i nosnosci jest znacznie skuteczniejszy niz poleganie
wytacznie na modyfikacjach geometrycznych lub zmianach parametrow. W zakresie dalszych
prac nalezy rozszerzy¢ niniejsze badania o konfiguracje bimorficzne, uwzgledni¢ wptyw
temperatury oraz odksztatcen nieliniowych, a takze zastosowa¢ podejécia oparte na uczeniu
maszynowym lub modelowaniu zastepczym w celu zmniejszenia wymaganego naktadu czasu
1 mocy obliczeniowe] zwigzaneych z badaniem rozleglych przestrzeni projektowych,

obejmujacych rodzaj materiatow, geometri¢ i parametry obwodow elektrycznych.
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Introduction

Chapter 1 Introduction

This chapter outlines the introductory section of the thesis, which focuses on a piezoelectric
mechanism for harvesting energy from mechanical vibrations. It explains the motivation behind
the research and identifies the existing gap in the literature. Then the objectives of the thesis

and concludes with original contributions and overall significance of the thesis.
1.1. Piezoelectric energy harvesting and modelling mechanism

Recent developments in wireless sensor networks, wearable electronics, biomedical
devices, smart infrastructure, structural health monitoring systems, the Internet of Things (IoT),
and microelectromechanical systems (MEMS) have significantly increased the demand for
compact, durable, and self-powered energy sources. However, these devices rely on batteries as
their power supply [1-3]. Batteries have a finite lifetime and must be replaced periodically.
Battery replacement can be exceedingly difficult because many wireless sensors are installed in
remote or difficult-to-reach locations. This limitation disrupts the operation of wireless sensors
and restricts their broader deployment [1,4—6]. Battery maintenance requirements limit the

long-term operation of devices, especially in inaccessible or hazardous environments [1,7,8].

Energy harvesting (also known as 'energy scavenging' [9,10]) has emerged as a promising
alternative for powering low-power electronic devices by converting ambient energy into usable
electricity. Different environmental energy sources such as solar, thermal, radiofrequency, wind
and mechanical vibrations can be harvested using suitable energy conversion mechanisms.
Among these sources, mechanical vibration is of particular interest due to its omnipresence in
industrial machines, vehicles, civil infrastructure, and human motion, which makes it a reliable
source to power autonomous electronic devices [2,11-13]. Each source requires specific
conversion mechanisms to efficiently convert that energy into usable electrical power for
powering a wide range of applications, from small sensors and wearable devices to large-scale

power generation [2,4].

There are three main transduction methods for converting mechanical vibration energy into
electrical energy: electromagnetic, electrostatic, and piezoelectric. Among these, piezoelectric
energy harvesting (PEH) has attracted much attention due to its simple structure, small size,
high energy density, and the ability to directly convert mechanical strain to electrical energy

without an external power source. Therefore, piezoelectric energy harvesters are widely used in
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wireless sensor networks, structural health monitoring, biomedical devices, wearable

electronics, and industrial monitoring systems [1,12,14,15].

Usually, piezoelectric energy harvesters use brittle piezoceramic materials, such as lead
zirconate titanate (PZT). However, these materials are not flexible and tend to crack under
repeated mechanical loading. To address these limitations, macro fibre composite (MFC)
piezoelectric materials have been developed. MFC is made of piezoelectric fibres embedded in
an epoxy matrix and protected with a flexible Kapton layer, which gives better flexibility,
durability and electromechanical performance. These features make MFC materials particularly
suitable for harvesting energy from low-frequency vibration and structures with complex

geometry.

Piezoelectric energy harvesting has made great progress, but there are still some challenges.
Most current harvesters output low electrical power and are efficient only around their resonant
frequencies. Moreover, the influence of structural geometry, tip mass and piezoelectric patch
location on the overall energy harvesting performance is not well understood, especially for
harvesters based on non-classical piezoelectric materials, such as MFCs. However, complete
studies including analytical modelling, finite element analysis, experimental validation, and

structural optimisation are still not available.

The aim of this PhD research is thus to model, test and optimise the efficiency of electrical
energy harvesting from mechanical vibrations using non-classical Macro Fibre Composite
(MFC-P2) piezoelectric materials. Macro-Fiber Composites (MFC) are characterised by their
flexibility of large deformation. However, the energy generated by MFC is still far smaller than
that required by electronics at present. It is designed to take advantage of the d31 mode of
vibration. In this thesis, a vibration energy harvesting system using MFC patches bonded to an
aluminium cantilever beam is modelled and simulated. First, an analytical electromechanical
model is developed based on Euler-Bernoulli beam theory and validated by finite element
modelling in COMSOL Multiphysics and experimental measurements, respectively. Then the
effects of beam geometry, tip mass and MFC patch placement on voltage output, power
generation and resonant frequency are studied to find an optimal harvester configuration. The
results will help to design and optimise high-performance vibration energy harvesters for self-

powered sensing and other low-power electronic applications.
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1.2. Research gaps

Piezoelectric energy harvesting (PEH) is commonly utilised as a power source for small
electronic devices because of its high energy density and ease of integration into different
systems. It produces small amounts of electrical power for applications in remote or
inconvenient locations such as wireless sensor networks (WSNs) and microelectromechanical
systems (MEMS) without causing disruptions of operations and maintenance [16]. However,
the conventional electrochemical battery is used as an energy storage unit; however, there are
limited capacity, life cycle, weight, and size limitations, as well as the leakage of chemical
solutions [17]. An important aspect in the design and development of piezoelectric energy
harvesters is the optimisation of the output power. Energy harvesting and power management
units must be compact enough to be integrated into the host device, as small electronic devices
typically consume power in the mW or uW range. There are several ways to convert the
mechanical energy of vibrating or moving structures into electrical energy to power electronic
devices, such as electrostatic induction, piezoelectric effect and electromagnetic induction [17—
19].The increasing application of piezoelectric energy harvesting materials in different
industrial fields has made the correct design and optimisation of these devices ever more
important. Piezoelectric devices are widely used for actuation and sensing in applications like
precision positioning systems [20]. Among available piezoelectric materials, monolithic
piezoceramic materials such as lead zirconate titanate (PZT) are the most widely used materials
for energy recovery. However, classical PZT material patches are very fragile and cannot
support large vibration amplitudes [5,13]. Piezoelectric polymers are robust and flexible to
damage; however, piezoelectric polymer materials have poor actuation capability, which limits
their application [21,22]. Therefore, to overcome these limitations, a piezoelectric composite
material has been developed by integrating piezoceramic fibers into a polymer matrix, such as
epoxy. Such composites with high piezoelectric properties of ceramic materials combined with
the flexibility and mechanical durability of polymers are suitable for energy harvesting
applications. These advances in mechanical reliability, flexibility and electrical output have
given a boost to the interest in piezoelectric composite materials and have spurred further
studies in this field. As a result, the energy harvester's efficiency depends not only on the
piezoelectric transducer but also on how well it is integrated into the electrical circuit [23—
29].The development of more efficient piezoelectric transducers, such as non-classical
composite and functionally graded designs, offers new opportunities to harvest electrical energy

from mechanical vibrations. These developments are particularly promising for the
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improvement of the electromechanical conversion efficiency and the overall performance of the
piezoelectric energy harvesting systems. For energy harvesting, modelling is essential because
modelling represents both forward and reverse piezoelectric effects and is integrated within a
hosting geometry [30]. While piezoelectric materials can generate relatively high power density,
the absolute power generated by especially MFC harvesters under low-frequency and low-
amplitude excitation can still be limited. To enhance problems, different PE materials,
electromechanical coupling, and electrical circuit design and modelling are interesting area
[31]. Macro Fiber Composite is a new piezoelectric material; its capability of harvesting energy
has not been fully investigated [32]. There are limitations to using single-phase piezoelectric
materials such as PZT and PVDF in vibration energy harvesting. The monolithic piezoelectric
materials have good piezoelectricity, but they are brittle. Harvesters with large vibration
amplitude and large deflection may easily damage piezoelectric ceramics since they lack the
required flexibility. The piezoelectric polymers are quite flexible, but they also have very weak
piezoelectricity. Therefore, piezoelectric composites, which have better flexibility than
monolithic materials and better piezoelectricity than polymers, are widely studied and used for
vibration energy harvesting [33]. Hence, this thesis addresses a gap by investigating the MFC-
P2 mode of PE transducers for energy harvesting by analytical modelling, numerical simulation,
experimental validation and optimisation of MFC-based geometric configurations for energy
harvesting systems. In particular, an integrated approach comprising mathematical modelling,
finite element analysis, experimental investigation, numerical optimisation and sensitivity
analysis is required to identify the impact of mechanical parameters on the harvested power.
Filling this gap may contribute to a better understanding of the electromechanical behaviour of
non-classical composite piezoelectric transducers and to the development of more efficient

vibration-based energy harvesting systems for low-power electronic applications.
1.3 Objective

This thesis aims to address some fundamental gaps in research observed within the field of
Macro Fiber Composite piezoelectric vibrational energy harvesting. The main objective of this
thesis is to model, experimentally validate, and numerically optimise parameters for enhancing
the efficiency of non-classical MFC-P2 piezoelectric materials in recovering electrical energy
from mechanical vibrations, with a particular focus on determining the main parameters that

affect its energy-harvesting efficiency.
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The specific objectives of this doctoral thesis are as follows:

e To review the piezoelectric materials used for energy harvesting from mechanical

vibrations.

e To develop mathematical models of the Macro Fiber Composite (MFC) piezoelectric

transducer electromechanical coupling using constitutive equations.

e To develop a finite element model and perform numerical modelling using COMSOL
Multiphysics based on geometric configuration, shape, size, boundary conditions, and

material properties.

e To experimentally validate the analytical and numerical models through laboratory
testing and investigate the effect of operating conditions on the performance of the

energy harvesting system.

e To analyse the results from analytical and numerical simulation model and experimental

testing.

e To determine the key parameters that affect the performance of the energy harvester and
to optimise the finite element model to maximise the energy harvesting efficiency from

mechanical vibration systems.
1.4 Motivation

Macro Fiber Composite (MFC) are smart materials widely employed in vibration control,
energy harvesting, and structural health monitoring because of their high mechanical flexibility,
enhanced strength, environmentally sealed construction, and strong blocking force [27]. They
provide excellent performance, durability, and adaptability while remaining a cost-effective
solution [27]. It was developed by NASA in 1996. Smart. Since then, the MFC has been
continuously improved and tailored to the specific needs of clients. MFC technology enables
the fabrication of small, perfectly matched Fiber actuators with a thickness of only
a few tenths of a millimetre. Today, power-wireless and portable electronic devices are
becoming an integral part of our living environment in applications ranging from environmental
control, energy harvesting, and structural health monitoring to factory automation. As these
devices decrease in size and increase in number, batteries are no longer a practical energy source
due to the costs of installation, replacement, and disposal. An affordable and sustainable
alternative energy source for small electronic solutions is urgently needed to achieve fully self-

contained and maintenance-free systems. With the advancement of autonomous, low-powered,
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self-powered electronic devices, energy consumption has been reduced [15]. The first
motivation of this research is to power small electronic components by converting the waste
vibration energy available in their environment into electrical energy using a non-classical
piezoelectric material which is called Macro Fiber Composite transducer. Vibration energy
exists everywhere, and this type of energy can be converted into electrical energy through
piezoelectric, electromagnetic, and electrostatic transducers. Compared with electromagnetic
and electrostatic approaches, piezoelectric materials offer high electromechanical coupling,
high energy density, high energy conversion efficiency, flexibility in system integration, and
well-developed micro- and macro-scale manufacturing techniques. In addition, they can
generate electrical charge directly when subjected to mechanical strain. Research and literature

reviews have demonstrated the effectiveness of this approach [5,7,34,35].

These materials have been effectively used as actuators and sensors in recent years, in
addition to energy harvesting and structural health monitoring. The direct piezoelectric effect is
widely used for sensing and energy harvesting. However, the coupling between these two effects
is often omitted in analyses. Due to their ease of use in creating thin-layer structures, composites
based on PZT fibers are among the most extensively researched materials for mechanical energy
harvesting, wireless sensor technology, and low-power portable electronics that operate without
an external power source. The term "non-classical piezoelectric materials" is used here to
describe piezoelectric materials that extend beyond conventional bulk lead zirconate titanate
(PZT) ceramics. These materials include lead-free ceramic families such as barium titanate,
potassium sodium niobate, sodium bismuth titanate-based ceramics, and bismuth ferrite-related
compositions; polymer-based materials such as polyvinylidene fluoride (PVDF), PVDF
copolymers, and polylactic acid; polymer-ceramic composites; nanostructured thin films;

Macro Fiber Composites; and flexible piezoelectric nanogenerator materials.

The growing interest in these non-classical materials is driven not only by environmental
sustainability considerations but also by their advantageous properties, including mechanical
flexibility, low density, conformability, ease of processing, biocompatibility, and suitability for
curved, flexible, and wearable surfaces. If the efficiency of MFC is further improved, they may
become more suitable than lead zirconate titanate (PZT) for real-world applications because of
their attractive flexibility. Additionally, in real industrial energy-harvesting scenarios, it is
advantageous to use an off-resonance approach with MFC patches directly attached to areas of
maximum stress. MFCs are particularly suitable for this approach because of their flexibility,

conformability, and anisotropic force coupling characteristics.
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The limitations associated with conventional power supply systems and -classical
piezoelectric materials have motivated increasing research into energy harvesting from non-
classical materials, also referred to as energy scavenging. In this approach, insignificant
amounts of ambient energy are converted into useful electrical energy for powering low-power
electronic devices. The primary motivation of this thesis is to investigate the harvesting of
mechanical vibration energy from waste or unused ambient sources and convert it into electrical
energy capable of powering small wireless electronic sensors using Macro Fiber Composite
(MFC) piezoelectric materials. Advances in conventional battery technology have not been
rapid enough to meet the long-term power requirements of portable wireless electronic systems.
Therefore, energy harvesting using MFC materials represents a promising and sustainable

energy solution for wireless and portable electronic devices.
1.5. Original contribution and significance of the thesis

This PhD thesis contributes to the field of non-classical piezoelectric materials (MFC)
energy harvesting through the development and validation of an integrated modelling,
experimental and numerical optimisation framework for harvesting electrical energy from
mechanical vibrations. The work addresses the problem of improving the electrical output and
the conversion efficiency of piezoelectric vibration energy harvesters for self-powered low-
power electronic devices. So far, the literature on piezoelectric energy harvesting has focused
on conventional or PZT materials, with some mathematical and experimental models, while
finite element analysis (FEA) studies on non-classical energy harvesters remain limited. The
Macro-Fiber Composite (MFC), used as a sensor, actuator, or energy harvester, is a new
piezocomposite developed at NASA Langley Research Centre. The thesis undertaken as part of
the PhD programme aims to harvest energy and optimise the efficiency of a non-classical
piezoelectric material and a system capable of scavenging vibrational energy under realistic
environmental conditions. The original contributions of this thesis can be summarised as

follows:

The first stage involved defining the thesis topic, entitled "Modelling, testing, and
optimisation of vibration-based electric energy harvesting using MFC non-classical
piezoelectric materials". The research methodology was developed based on this stage. Material
selection focused on the MFC-P2 as an energy harvester and the MFC-P1 as a vibration actuator.
Material characterisation, including dielectric, piezoelectric, elastic, and damping properties,
was obtained from reliable datasheets. Therefore, one contribution of this work was to

demonstrate that the MFC can be used not only as a sensor and actuator but also as an energy
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harvester. The second stage of the research focused on developing analytical and finite element
models for a cantilever beam integrated with non-classical MFC-P2 piezoelectric materials for
low-power vibration energy harvesting. The proposed system was designed using flexible
piezoelectric composites that can be easily bonded to structural substrates. These models are
applicable not only to sensing and actuation systems but also to energy-harvesting applications
involving flexible and easily integrated vibrating structures. This stage enabled the prediction
of the natural frequency, mode shape, harvested voltage, and electrical energy output of a non-
classical piezoelectric energy harvester operating at low frequencies under transverse
excitation. The third stage involved experimental testing of a unimorph cantilever beam with
MFC-P2 as the energy harvester and MFC-P1 as the vibration actuator providing external
excitation for beam vibration. The tests measured the frequency response and open-circuit
voltage, calculated power output as a function of load resistance, and assessed durability under
repeated cycles at exceptionally low frequencies. For most power-harvesting systems using
Macro Fiber Composites, the energy generated by the piezoelectric material is usually
insufficient to power most electronic devices. Therefore, optimising the efficiency of the MFC
to make it suitable for use as a power-harvesting device for wearable electronics was an

important aspect of this research.

The experimental and FEA models of the harvester showed good agreement, indicating the
applicability of the proposed modelling approach for energy-harvester design. This work
provides useful reference for the design and study of energy-harvesting systems operating in
low-frequency vibration environments based on both experimental results and simulation
models. The output voltage of the MFC harvester is experimentally evaluated and compared
with the finite element method model. Another important contribution of this thesis is to
improve the efficiency of different cantilever beam geometries with an MFC piezoelectric
energy harvester, compared to conventional piezoelectric structures. Enhancing the efficiency
of linear PEHs by optimising the geometric parameters, such as beam length, thickness,
piezoelectric patch placement, proof mass, load resistance, and excitation frequency, should be
varied through simulation work on the maximum strain induced in the piezoelectric material
(MFC). Developing a parametric study performed for cantilever beam energy harvesting by
varying the beam geometry, proof mass, and MFC patch placement to find the best
configuration for the PEH while keeping the maximum strain on the MFC below the failure
limit. In general, the first contribution of this thesis is the modelling of the MFC for energy
harvesting, which is important for powering small electronic devices in the system. Another

significant contribution of this work is the optimization of the efficiency of the MFC
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piezoelectric material to efficiently recover electrical energy from mechanical vibrations
through the parametric design of the mechanical geometry. The results of this research provide
useful design guidelines for the design of efficient vibration energy harvesters for powering
wireless sensor networks, structural health monitoring systems, Internet of Things (IoT)
devices, biomedical sensors, wearable electronics, and other autonomous low-power systems.
The developed analytical, numerical, and experimental framework serves as a foundation for
future research into nonlinear behaviour, advanced optimisation methods, machine learning and

the design of next-generation piezoelectric energy harvesting systems.
1.6. Outline of the thesis structure

This thesis consists of seven chapters, which are organised as flows.

Chapter 1. Introduction: This chapter introduces mechanical vibration energy harvesting,
particularly focusing on piezoelectric energy harvesting. It presents the research gaps,
objectives, motivation, and research approach of the dissertation, and finally, contributions and

significance of the dissertation are highlighted.

Chapter 2.Literature review: This chapter states the state-of-the-art in mechanical
vibration energy harvesting techniques with a focus on piezoelectric transduction. The different
types of piezoelectric materials and transducers, their working principles, mathematical

modelling approaches, optimisation methods and applications are reviewed.

Chapter 3. Analytical modelling: This chapter describes the theoretical background and
analytical modelling of a unimorph cantilever beam integrated with an MFC piezoelectric
transducer for energy harvesting. The mathematical model is formulated on the basis of the
Euler-Bernoulli beam theory and the linear constitutive equations of piezoelectric materials.
The governing coupled electromechanical equations are obtained from the energy equations and
the corresponding linear constitutive relations. Using the model, the resonance frequencies,
mode shapes, frequency response, voltage output and harvested power are identified. The
analytical model is coded in MATLAB to simulate the system and assess its electromechanical

performance.

Chapter 4. Finite element modelling: In this chapter, the finite element modelling of the
MFC-P2 piezoelectric energy harvester is presented using COMSOL Multiphysics. A coupled
electromechanical finite element model is presented to investigate the performance of the MFC-

P2 harvester and to predict its resonance frequency, output voltage and harvested power. The



Introduction

influences of relevant material and geometry parameters on the performance of the energy

harvesting system are also studied.

Chapter 5. Experimental validation: In this chapter, a prototype of an aluminium
cantilever beam integrated with the MFC-P2 piezoelectric transducer is developed and
experimentally evaluated. The experimental setup and measurement procedures are described,
and the experimental results are compared with the analytical and numerical results presented
in Chapters 3 and 4. Experimental investigation is employed to verify the proposed analytical
and finite element models and to evaluate the performance of the MFC-based energy harvesting

system under different operating conditions.

Chapter 6. Optimisation of the energy harvesting system: This chapter presents the
optimisation methodology used in COMSOL Multiphysics to improve the performance of the
MFC-based energy harvesting system. The optimisation is performed to maximise the harvested
voltage and electrical power and to minimise the operating resonant frequency. The effects of
some key design and operating parameters are investigated, including geometric configuration
of the harvester, substrate thickness, MFC patch position, tip mass, excitation force and
electrical load resistance. The BOBYQA optimisation algorithm is adopted to get the optimal

combination of design parameters to improve the energy-harvesting performance.

Chapter 7. Conclusion and future work: This chapter provides a summary of the key
findings and contributions of the thesis. Results of the analytical modelling, numerical
simulations, experimental investigation and optimisation are presented. Recommendations and

possible directions for future research are also discussed.
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Chapter 2 Literature review

In this chapter, a comprehensive review of the literature concerning energy harvesting from
mechanical vibrations is presented. It begins by exploring the fundamental mechanism for
ambient vibration energy harvesting, followed by an overview of harvester designs and
strategies for enhancing performance. The following part deals with piezoelectric materials,
their properties, constitutive behaviour and integration in energy harvesting systems. The
limitations and open problems in the existing modelling frameworks, experimental
characterisation methods and efficiency enhancement techniques have been consistently
pointed out throughout the chapter, thereby specifying the research gap that this thesis intends

to model.
2.1. Vibration energy harvesting mechanism

Energy harvesting refers to the process of capturing energy from the surrounding
environment and converting it into electrical energy, which can be used immediately to power
small electronic devices or stored for future use. This concept has existed for more than a
century in forms such as windmills, watermills, and solar power. Over the past four decades,
mechanical vibration energy harvesting from ambient sources has emerged as a highly
promising approach, not only because it is environmentally friendly and cost-effective but also

because it helps overcome the limitations associated with conventional batteries [1,5].

In many practical applications, electronic devices do not require substantial amounts of
power; however, they are expected to operate continuously for prolonged periods without
human intervention. Although conventional batteries remain widely used as power sources, they
present several limitations, including limited lifetime, maintenance requirements, additional
weight, environmental concerns, and difficulties associated with replacement in embedded or
remotely located systems [36].Vibration-based energy harvesting is now an important research
area because most engineering structures and mechanical and machine systems, when operated,
have dynamic motion. These mechanical vibration energies are in the form of waste. Using
piezoelectric materials to convert this energy to electrical energy is a modern technology. The
energy harvesting using any piezoelectric material can follow three procedures to convert
mechanical vibration to electrical energy. Piezoelectric energy harvesting systems have a wide
variety of applications, ranging from human wearable devices, the aerospace industry, civil

infrastructure, and biomedical devices.

11



Literature review

Figure 2-1 shows the steps of converting energy from piezoelectric materials. The complete
energy harvesting process involves four main stages: mechanical input energy from ambient
vibrations, mechanical strain energy developed within the structure, electrical energy generated
and stored in the piezoelectric capacitance through electromechanical conversion, and finally

the useful electrical power delivered to an external load or energy storage system.

Mechanical Energy
Ambent vibration
Dynamic motion
Applied load/ force
Structural deformation.
l voltage/output Power
Mechanical stress,strain and Piezoelectric materials: aC volt.age gener.ated across
dynamic deformation. || PZT ceramics — plezoieeminaly
Bending, Compression Composites(MFC) Power extractloFl via rec.tlﬁer
and Tension Energy stored in capacitor/
supercap/battery.
|
Electrical energy
DC regulated output,

Usable power for sensors,
wireless nodes, or
microelectronics.

Figure 2-1 Block diagram for EH from mechanical vibration of piezoelectric materials

This chapter is devoted to the review of ambient energy harvesting, sources of mechanical
vibration, piezoelectricity, piezoelectric materials, piezoelectric constitutive equations,
modelling optimisation of piezoelectric energy and application of harvested energy from
piezoelectric materials. Another method of harvesting energy from mechanical vibrations is by
using piezoelectric materials, as mentioned in the introduction. Piezoelectric energy
transduction is particularly attractive for wireless sensors and electromechanical systems
because it is compact, has a high energy density, requires little maintenance, is easy to integrate

into small-scale systems, and is well-suited for high-frequency vibrations.

Ambient energy harvesting method

As early explained, energy harvesting (or energy scavenging) is the process of capturing
and converting energy from various ambient sources into usable electrical energy. such as high-
level ambient energy sources like wind, solar, biomass, hydropower, geothermal, and tides, and
low-level energy sources, like vibration, noise, and heat, are captured and stored. It is becoming
an attractive clean energy alternative to conventional battery-powered systems using

environmentally ambient energy sources. The energy from low-level sources may not seem like
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much, but it is enough to power low-energy electronic devices. They include wireless sensor
networks (WSNs), remote sensing systems, structural health monitoring (SHM) systems,

wearable electronics, and microelectromechanical systems (MEMS).

Today, every task relies on electricity for communication in our daily lives, manufacturing,
light, housekeeping, entertainment, etc. Most conventional energy harvesting causes
environmental pollution and natural resource depletion from the earth. As a whole, energy
harvesting has three main parties: the energy source, from which the initial power is harvested
and converted to usable electrical energy (mechanical energy, thermal energy, light energy,
electromagnetic energy, etc.); the second energy harvesting mechanism, which converts
ambient energy to electrical (piezoelectric, thermoelectric, photovoltaic cells, etc.); and the load

(where output electrical energy is stored) [2,19].

Researchers are finding alternative sustainable green energy by using technology with high
energy efficiency conversion that is friendly to the environment. From this, energy harvesting
from mechanical vibration nowadays has more attractive research for small electronic devices
[37]. Many different methods are available to obtain electrical energy from mechanical
vibration [5]. Among the three types of vibration energy harvesting mechanisms (electrostatic,
piezoelectric, and electromagnetic), piezoelectric energy transduction is preferable for wireless
sensors and electromechanical systems due to compact size, high density, minimal maintenance,

easier small-scale system integration, and high-frequency fluctuation [5,22,38,39].

The energy from piezoelectric materials is the most efficient for applications due to their
simple structure and the high robustness to external/internal electromagnetic waves [40].
Therefore, piezoelectric vibration-based energy harvesting can be an alternative to powering
those devices because the piezoelectric energy harvester generates voltage under mechanical
deformation [41]. The common and simple method for vibration energy harvesting is to use the
direct piezoelectric effect [14]. Piezoelectric energy harvesters are smart materials for sensing
mechanical vibrations and converting them into usable energy to empower low-power
electronic materials [42]. Electromagnetic energy harvesting is based on the theory of Faraday
law. The induction of electromagnetics typically involves coils, springs and magnets, which
describe when a conductor (wire) is moved in a magnetic field or vice versa. Voltage is
generated by mechanical vibration between the relative motion of the coil and magnet [43—45].
The electrostatic method of energy harvesting is relative movement between charged capacitor
plates that are electrically isolated via air, vacuum, or dielectric insulator (capacitor) to produce

energy. The structural vibration influences the capacitance distance between the parallel plates

13



Literature review

or their effective overlap area [44]. For this work, the cantilever beam integrated with the Macro
Fiber Composite transducer base was selected. This piezoelectric energy harvester consists of a
mechanical substrate, piezoelectric material, and electrical interface. The mechanical structure
is used as an input vibration sensor, which creates stress in the piezoelectric layer due to input

vibrations. This stress is converted into voltage and power by the piezoelectric material.
2.2. Mechanical vibration-based energy harvesting mechanism

The energy harvesting mechanism consists of a structure that converts the ambient energy
into electrical energy [1,2]. The fundamental aim of a vibration energy harvester (VEH) is to
transform kinetic energy from a moving source into electrical energy through an
electromechanical coupling mechanism. A vibration energy harvesting mechanism is one of the
most promising approaches to extend the functionality life of wireless sensors and low-power
electronic devices, powering an electronic watch, an accelerometer inside the tyre tread, and
wireless temperature sensors, demonstrating great promise as a substitute for batteries and other

portable power source devices [46—48].

Mechanical vibration-based energy produced by all manmade structures and human beings
during natural activity is used for wide applications. Mechanical energy is one of the most
investigated forms due to its abundance, accessibility and ubiquity in the environment, in
addition to multiple possible transduction types [49,50].These sources of vibration can be
diverse forms such as machine vibration, flowing water, wind, human motion, shock waves,
vibrations from household appliances such as air conditioners or from rotating machines, rolling
element bearings and shafts to achieve self-powered sensor networks [50,51]. Example wireless
sensor networks where the battery replacement is a crucial issue. Of the three vibration energy
harvesting mechanisms, piezoelectric energy harvesting (PEH) has the advantage of a simple
device structure, high power density, and the ability to be integrated into a wide range of
systems, from small-scale wearable devices to large-scale infrastructure or dynamic systems, to
capture ambient vibrations and convert them into usable electrical power, and it has no need for

an extra power supply and thus has attracted extensive investigations [52,53].

The techniques for mechanical vibrations energy harvesting are commonly classified into
three categories: piezoelectric, electrostatic, and electromagnetic, applied in various energy
harvesting applications [1,4,8,16,36,49,54]. Each of these methods leverages distinct principles

of physics to efficiently harness energy from various sources, enabling a wide range of
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applications in renewable energy systems and electronic devices. The choice between the three

mechanisms is highly dependent on the application [1,2,11] .

1 Piezoelectric energy harvesting mechanism

The piezoelectric energy harvesting mechanism converts mechanical strain or stress applied
to certain materials into an electrical charge via the direct piezoelectric effect [1,54,55]. It can
be achieved by directly bonding piezoelectric elements or by installing harvesters as add-on
systems (usually cantilever configurations with bonded piezoelectric elements) on a vibrating
host structure. Piezoelectric energy harvesting technology, with its advantages of simple
structure, no electromagnetic interference, and easy miniaturisation and integration, provides
an effective pathway for the conversion of this type of vibration energy into electrical energy.
However, the core challenge of vibration energy harvesting lies in the insufficient strain of
piezoelectric elements under low-frequency micro-vibration and the limited energy conversion
efficiency under low-amplitude excitation, making it difficult for traditional piezoelectric
energy harvesters to achieve efficient electromechanical coupling. One common and simple
method for energy harvesting is to use the direct piezoelectric effect. The effectiveness of
piezoelectric vibrators, which transform impact vibration energy into electrical energy, has been
extensively studied. When comparing piezoelectric energy harvesting mechanisms to the other
energy harvesting techniques, the transduction capacity, the preservation of efficiency, the
higher power density, scalability, and the capacity to function in high-frequency environments
are very high [56]. It is also important to note that the lifetime of a piezoelectric harvester can
be almost unlimited if the applied force and working temperature are kept within the material's

operational range [8,36,57].

2 Electrostatic vibration energy harvesting mechanisms

The basic concept for electrostatic energy conversion is to use variable capacitors. The
variable capacitor configuration consisting of dual parallel conductive plates, which are
interspersed with dielectric materials or air. When the conductors are moved relative to each
other, the capacitance is varied, and then the mechanical energy is converted into electrical
energy [33,48].While these devices are highly compatible with micro-electro-mechanical
systems (MEMS) fabrication, they generally exhibit lower power output efficiency than
piezoelectric or electromagnetic counterparts and are limited by the need for a priming source
[48,58]. The main advantage of this energy harvesting mechanism configuration is that it is very
easy to scale down to a very small size, which facilitates seamless integration into micro-

electro-mechanical systems (MEMS). Nevertheless, the limitation of this mechanical energy
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conversion mechanism is that an external power source is required to start the harvesting
process, and the power output efficiency for energy harvesting using electrostatic conversion is

relatively low compared to the other transduction mechanisms [5,59].

3 Electromagnetic vibration energy harvesting mechanisms

The electromagnetic principles governing the process of vibration energy harvesting are
fundamentally grounded in Faraday's law of electromagnetic induction, which asserts that "an
electric current will be generated in any closed circuit when there is a variation in the magnetic
flux through a surface enclosed by the conductor" [11]. In 1831, Michael Faraday discovered
that when a wire and magnet move relative to one another, the cutting of the magnetic flux
results in a current being induced to the wire, in turn producing a voltage [60]. Electromagnetic
energy harvesters produce electricity when batches of metallic coils are cut across a magnetic
field according to the law of induction [48]. These systems typically produce higher current but
lower voltage less than 1V, compared to piezoelectric harvesters [61]. The advantage of the
electromagnetic mechanical vibration energy harvesting mechanism is its scalability and the
suitability for large or multi-directional energy harvesting. For instance, gravitational
electromagnetic energy harvesters (GVEH) optimised for low-frequency applications (4 Hz)
have achieved power levels of up to 32 mW under 0.5 g excitation [62]. Recent designs also
focus on "springless" architecture or tenable magnet positions to improve performance in low-
frequency ranges. Another advantage of electromagnetic energy harvesters is their good
scalability, low maintenance requirements, and stable performance over extended periods of
time [45,63]. This kind of conversion mechanism requires a permanent magnetic field.

However, permanent magnets are usually bulky and difficult to scale into MEMS size [62, 64].
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Table 2-1 Summary of mechanical vibration energy harvesting mechanism

Type of Operational Advantages Limitation Application
Mechanical EH principle
Mechanical High energy Low efficiency at Structural health
strain/stress to density, simple low frequency monitoring (SHM)
electrical charge configuration, high Very hard and Sensors, aerospace
due to the direct conversion brittle or rigid & automotive, civil
piezoelectric effect efficiency, and [47]. infrastructure,
Wlt}.'l th.e precise control [8]. Classical PEM is a 1nd1.15tr.1al
Piezoelectric constl.tutlve Compact toxic, insufficient . mor.utorlng,.
equation of integration with strain of biomedical devices,
D= dT + ¢E electronic and piezoelectric wearable
[1,64]. MEMS structures, elements under electronics, and
direct energy orno | |ow-frequency marine energy
need for an outside | hicro-vibration. [2,50].
source conversion
mechanism.
Simple for
fabrication,
customisable
shapes, and little
mechanical
damping [65].
The relative motion | High efficiency in bulky and Marine and Blue
between the converting complicated Energy Harvesting.
magnet and coil, mechanical-to- mechanisms, not | 1arger motions and
according to electrical energy, compatible with | |ower frequencies.
Faraday’s law, No voltage source fabrication at the
Electromagnetic produces voltage needed, microscale level,
V= ‘;_‘f Matured higher current but
lower voltage, and
[47,66]. technology. magnetic
interference.
The distance very easy to scale | An initial external MEMS,
between down to a very voltage or a pre- Wireless sensor
capacitances small size. charged electret networks,
changed due to Easier to integrate material to structural health
. mechanical into microsystems, | Maintain abias, monitoring,
Electrostatic vibration. The No smart materials lower power industrial
capacitance needed. output efficiency machinery and
variation produces when compared | aerospace [67,68].
electrical energy. to other
with initial voltage mechanisms.
or current.
Table 2-1 summarises the comparison of three major mechanical energy harvesting

mechanisms (piezoelectric, electromagnetic and electrostatic) in terms of working principle,
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advantages, limitations and applications. Piezoelectric harvesting relies on direct strain-to-
charge conversion, offering high energy density and high accuracy control in simple and
compact designs. However, it suffers from low efficiency at low frequencies and material
brittleness/toxicity. Electromagnetic harvesting is based on the relative motion between a
magnet and a coil (Faraday’s law) to achieve high conversion efficiency without the need for a
voltage source, but it requires bulkier, more complex mechanisms that are poorly suited to the
fabrication at the microscale. Electrostatic harvesting exploits capacitance changes from
mechanical vibration, is readily miniaturised and integrated into MEMS, but requires an initial
bias voltage and typically provides lower power output. In general, the choice of between these
mechanisms is a matter of compromise between efficiency, scalability, material properties, and
intended use, from structural health monitoring and wearables (piezoelectric) to marine/blue

energy systems (electromagnetic), and MEMS-based wireless sensors (electrostatic).
2.3. Sources of vibration

Mechanical vibration energy serves as a useful environmental source for energy harvesting,
otherwise lost as heat or sound [7,69]. Vibration sources can be captured in various
environments, ranging from bridges, buildings, home appliances or industrial equipment.
Mechanical vibrations are widely present in rotating machinery, vehicles, railways, bridges,
industrial equipment, buildings, aircraft, human motion, and structures excited by wind or ocean
waves [70] Rather than allowing this mechanical energy to dissipate completely as heat through
damping mechanisms, vibration-based energy harvesters capture a portion of the available
vibrational energy and convert it into electrical energy. The generated power is typically within
the microwatt-to-milliwatt range, which is insufficient for high-power devices but highly
suitable for low-power applications such as wireless sensors, data loggers, low-duty-cycle
transmitters, and structural or condition-monitoring systems. Early studies on low-level energy
scavenging demonstrated that ambient mechanical vibrations could serve as a practical power
source for wireless sensor nodes when the energy harvester is appropriately designed and tuned

to the characteristics of the surrounding vibration environment [11,71].
2.4. Piezoelectricity

Piezoelectricity was first discovered in 1880 by Jacques and Pierre Curie [59]. The name
“piezo” is derived from the Greek, meaning “to press"; hence, piezoelectricity is the generation
of electricity because of a mechanical pressure [1,15,72]. This means generating electricity

when external pressure or stress is applied to it, or the coupling between mechanical and
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electrical fields when pressure or stress is applied to them, or the coupling between mechanical
and electrical fields [19,42].When strong electric fields are applied and the temperature of the
piezoelectric materials is higher than the cure temperature, the electric dipole is aligned with
the direction of the applied electric field. Piezoelectric materials commonly display anisotropic
traits; therefore, the material's properties [34,53]. The transduction mechanism itself can
generate electricity by exploiting the mechanical strain, which is the direct piezoelectric effect
from Figure 2-2(a). In another way, the piezoelectric materials are also capable of converting
the electrical energy into mechanical strain energy, which is known as the converse piezoelectric

effect (see Figure 2-2 (b)) [1,73].
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(a) Direct piezoelectric effect (b) Converse piezoelectric effect
Figure 2-2.Mechanism of piezoelectric effect [1,73]

Figure 2-2 (a) shows the application of a mechanical compressive force in the vertical
direction to the piezoelectric material. The spontaneous polarisation vector represents the
electrical polarisation of the material. Compression of the material results in a change of the
relative positions of the positive and negative charges in the piezoelectric domains. This
deformation induces an electric displacement and charge separation at the electrode [74]s. This
results in a potential difference developing between the two electrodes. In the second figure,
Figure 2-2 (b), the mechanical loading is reversed, and the piezoelectric material is stretched.
The tensile force alters the internal polarisation and charge distribution of the piezoelectric
domains. This results in an electric potential being generated between the electrodes and
a charge flowing through the external circuit. What is important is that the direction of the
generated electrical response depends on the direction of mechanical stress relative to the
direction of polarisation of the material. Thus, an alternating mechanical load, such as vibration,

produces an alternating electrical output [7,55].
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2.4. Piezoelectric Materials

Piezoelectric materials are a type of smart material. Smart materials change their physical
properties in a specific manner in response to an external strain or voltage applied. These
materials can capture energy from ambient vibration and convert it into electrical energy, which
can be stored in batteries or used to power small electronic devices which utilise the direct
piezoelectric effect [50,75] batteries or to power small electronic devices which utilize the direct
piezoelectric effect [75].When an external strain is applied, they generate an output voltage [76—
79].These materials have a wide range of applications, including sensors, actuators, energy

harvesters, artificial muscles, etc. [80—82].

Small-scale energy harvesting devices have become more viable due to the growth,
development, and applications of smart materials. Smart materials function as transducers,
converting one form of energy to another, making them useful for the purposes of harvesting
energy. These materials are commonly utilised in applications such as energy harvesting, health
monitoring, structural damage detection, and vibration damping owing to their pronounced
electromechanical coupling, substantial blocking force, elevated stiffness, and rapid response
characteristics [83]. These materials have been known for more than a century. They are smart
materials because they exhibit unique coupling between mechanical and electrical energy and
are capable of being sensors and actuators [1]. This material has two effects: direct and converse
piezoelectric effects. Direct effects were discovered in 1880 by Pierre Curie and Jacques [84].
As a strain or external mechanical load, the electric voltage is applied due to a change in the
polarisation of these materials, and the degree of polarisation is proportional to the externally
applied load. The charge generated by mechanical stress input on the surface of piezoelectric
materials. This effect in piezoelectric materials, which are used for PEHs, is a direct
piezoelectric-effect method [43,53]. Similarly, in 1881, Gabriel Lippmann discovered the
converse effect of external voltage or electric field applied across the surface of piezoelectric
materials that induced stress across the surface. Figure 2-2 (b) below shows the converse and
direct piezoelectric effect [§5—87]. The direct piezoelectric effect is the primary method used
for sensors and energy harvesting mechanisms [88]. Most smart wireless electronic devices
exhibit energy consumption in milliwatts or microwatts. More than 200 diverse types of
piezoelectric materials have been created with various piezoelectric constants. These materials
are smart because they can produce mechanical and electrical energy when an external force or
electric field is applied. It can be found in nature or synthetically. Naturally, materials such as

quartz, Rochelle salt, and some natural organic materials such as silk, wood, rubber, dentin,
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bone, hair, and enamel. The second classification is synthetics, such as polymers, ceramics, and
composite materials. Under this topic, the study focuses on piezoelectric materials such as
single crystals (e.g., Rochelle salt, lithium niobate, and quartz crystals); piezoelectric ceramics
(e.g., barium titanate (BaTiOs), lead-zirconate-titanate (PZT), and polyvinylidene fluoride
(PVDF)); and piezoelectric fibers and their characteristics for energy harvesting, which can be

summarised.

1. Single-crystal piezoelectric materials

Single crystals (barium titanate (BaTiOs)) with the highest piezoelectric properties have an
ordered orientation of positive and negative ions. The piezoelectric property depends on domain
size, which significantly increases with decreasing domain size [89]. Great promise as a
candidate sensor element from which to develop low-noise, high-sensitivity accelerometers
when used in a novel, high-gain bandwidth, flexural accelerometer structure. crystal
piezoelectric material to succeed; however, in industrial applications, future research will need
to be focused on reducing the variance in the piezoelectric properties over the surface of the

crystal [90].

2. Lead-zirconate-titanate (PZT) or piezoceramics

Lead zirconate titanate is a widely used piezoelectric substance. To this point, lead zirconate
titanate (Pb(Zr, Ti1)Os, PZT)-based piezoelectric materials are, nonetheless, the most versatile
and the most universally used piezo ceramics. Nevertheless, the volatilisation of toxic lead and
its associated compounds during the high-temperature sintering process of PZT contributes to
environmental contamination and poses significant health risks. Despite its excellent
piezoelectric properties, the environmental and health implications of lead-based piezoelectric
materials like PZT have prompted a search for alternative materials that offer comparable
performance without the use of toxic elements. This quest has led to significant research into
lead-free alternatives to address environmental concerns while maintaining or approaching the
performance characteristics of traditional lead-based materials [1].In addition, they have a very
poor ability to conform to curved surfaces and are very dense and stiff, causing mass loading
and localised stiffness to be a factor when working with very flexible or lightweight structures.
This material is very brittle and can crack under high-frequency cyclic load. The use of lead-
based piezoceramics is common in many industrial applications but is accompanied by certain
limitations, such as the inherent resistance of ceramic materials, the reduced flexibility, and the

limited adaptability to curved geometry [72,86].
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In terms of material systems, traditional piezoelectric ceramics (such as PZT) have high
piezoelectric coefficients, but they are brittle and difficult to adapt to bending deformation;
piezoelectric polymers (such as PVDF) have good flexibility, but their piezoelectric activity is
low. Piezoceramics have large electro-mechanical coupling constants and provide a high energy
conversion rate, but they are too brittle to use as a general-shape energy transducer.
Furthermore, based on piezoelectric polymers (PVDF and its co-polymers), researchers have
attempted to develop alternative, suitable piezoelectric materials to circumvent the toxicity
issue. By employing a phase-inversion technique to create the GdsSis--PVDF nanocomposite.
The PE strain constant for polymers is much less than that of piezoceramics. However, the stress
constant for polymer piezoelectric is better than that of ceramics, which makes polymers more

stable than ceramics.

3. Piezoelectric polymers

Piezoelectric polymers are mechanically flexible and can endure high strain; they are
a superior alternative for piezoelectric energy harvesting applications. In addition, despite their
low power density, they produce a suitable voltage with adequate power output and can
withstand higher driving fields due to their high dielectric breakdown and maximum functional
field strength. They are also less expensive to fabricate and process faster than ceramic-based
composites [84,91-93]. Due to their molecular structure and orientation, polymers are carbon-
based materials that demonstrate a piezoelectric effect. They exhibit moderate strain
coefficients (d33) and voltage coefficients (g33) and are significantly softer than ceramics.
However, due to their special qualities, including design versatility, low density, and ease of
processing, they are suitable for a variety of energy-collecting applications, but they have very

weak piezoelectricity [94,95].

Piezoelectric polymer-based energy harvesters are particularly suitable for low-frequency
and large-deformation applications, where conventional ceramic piezoelectric materials are
more prone to cracking or brittle failure. Thanks to their high flexibility and biocompatibility,
polymer materials are appealing for use in wearable electronics, biomedical systems, and smart
textile applications. However, compared to ceramic piezoelectric materials, polymers have
lower dielectric constants and smaller piezoelectric coefficients, which can limit the electrical

power output achievable.

From a modelling perspective, polymer-based piezoelectric harvesters require careful
consideration of viscoelastic behaviour because the mechanical properties of polymers vary

with frequency, temperature, and strain rate. As a result, simple linear elastic models may not
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accurately predict the dynamic response or harvested power. Such simplified models may
neglect important effects such as hysteresis, energy dissipation, and phase differences between
mechanical deformation and electrical response [93,96,97].To balance piezoelectricity and
good toughness, NASA proposed Macro Fiber composite, which are composed of piezoelectric
ceramic fibers and a continuous-phase polymer matrix. This retains the advantages of high
sensitivity and high activity of the original piezoelectric materials while improving the

brittleness of piezoelectric ceramics.

4. Macro Fiber Composite Piezoelectric Materials

Traditional piezoelectric materials (PZT) are widely used in the fields of energy harvesting.
However, the ceramic properties of the monolithic piezoelectric material are very fragile, so
they are susceptible to accidental breakage during the handling and bonding process. Therefore,
as classical piezoelectric materials are brittle and lack flexibility, these materials are exposed to
cracking and cannot conform to curved surfaces despite their strong piezoelectric effect. In
general, single piezoelectric crystals and ceramics have better piezoelectric-constant properties
but are also rigid and hard to withstand high stress, making them unsuitable for some energy
harvest applications. The MFC is the leading low-profile actuator and sensor that offers high
performance, flexibility on large deformation, easy handling, durability, shape, easy integration
into composite laminates, and reliability in a cost-effective device. However, the energy
generated by MFC is still far smaller than that required by electronics at present [28,98—101].
The MFC actuator or sensor package employs piezoceramic fibers locked in an epoxy resin
matrix and sandwiched between two arrays of interdigitated electrodes. MFC has rectangular
cross sections and an assembled MFC package with regular spacing and precise parallel
alignment. The rectangular fiber geometry of the MFC guarantees consistent, appreciable
contact between the IDEs and piezoceramic fibers, reducing attenuation of the IDE electric field

due to the low dielectric constant of the epoxy matrix [14,24,47,102,103].

From a piezoelectric fibre/epoxy resin functional layer, then, interdigitated electrodes (IDE)
are covered on the upper and lower surfaces of the functional layer by processes such as
magnetron sputtering. First, processing piezoelectric ceramic (lead zirconate titanate PZT-5H)
into millimetre-long strip fibers, arranging them in an orientation, and bonding them with epoxy
resin to form a piezoelectric fibre/epoxy resin functional layer; then, covering the upper and
lower surfaces of the functional layer with interdigitated electrodes (IDE) through processes

such as magnetron sputtering and extracting electrical signals from inside; finally, covering the
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top and bottom of the overall structure with a flexible polyimide (PI) film as an insulating

encapsulation and substrate [100,104—107].

The high-volume fraction of piezoelectric fibers can enhance the overall piezoelectric and
dielectric constants of the material, but excessive fiber content may lead to material brittleness
or uneven electric field distribution, thereby limiting energy harvesting efficiency [108].
Composites with transversely orientated piezoelectric fibers in an epoxy matrix are developed
as a means for large-scale structural actuation and sensing, as well as for energy harvesting. It
has rectangular piezo ceramic rods sandwiched between layers of adhesive, electrodes, and
polyimide film. The flexibility of PZT composites can realise the mechanical impedance
matching easily, and recently, advanced experimental results demonstrated that MFC has
a high energy conversion transducer [50]. The Macro Fiber composite was invented in 1996 by
NASA [1,19,32,83,91,94,106,109] as 10°° cycles as an actuator and 101° cycles as sensors
[110,111]. In 2002, Smart Material started commercialising this invention worldwide as
NASA’s licensed manufacturer and distributor. MFC allows for easy non-resonant and resonant
energy harvesting applications through the integration of electronic components. The
development of transducers has enabled new applications of piezoelectric materials, including
solutions such as the recovery of electrical energy from mechanical vibration (energy harvesting
systems), and has improved the operation of existing equipment [32]. In 2002, Smart Material
began promoting the invention worldwide as a licensed manufacturer and distributor of NASA.
Since then, MFC has constantly improved and been customised to meet specific customer needs
and new application requirements. In 2021, more than 1,300 MFC publications worldwide
documented various applications, MFC characteristics, and reliability, which can solve the
problems of the application of classic, monolithic piezoelectric transducers that are heavy and
fragile [8]. However, the energy generated by MFC is still far smaller than that required by
electronics at present [112]. As a new piezoelectric material, the MFC energy harvest capacity
has not been fully studied [51]. Macro Fiber Composites (MFCs) of the P> type operate based
on the d3; piezoelectric effect, where the material is polarised along the z-axis and the resulting
strain occurs along the x-axis. This configuration allows P> MFCs to produce substantial
actuation, reaching strains of up to 750 parts per million (ppm) under an applied voltage

between —60 V and +360 V.

Because of their high flexibility and efficiency, P» MFCs are well-suited for energy
harvesting and strain-sensing applications. In energy harvesting, they convert ambient

mechanical vibrations into usable electrical energy, making them a reliable source for powering

24



Literature review

low-energy electronic devices. For strain sensing, their high sensitivity enables the detection of
very small structural deformations, which is crucial for structural health monitoring in
engineering systems. Their combination of mechanical robustness, sensitivity, and adaptability
makes P> MFCs valuable in a wide range of technologies, including aerospace systems, civil
infrastructure, and wearable electronics, where precision, reliability, and energy efficiency are

essential.

There are several excitation conditions and operating environments in which monolithic
piezoceramic configurations cannot be used due to their extremely brittle nature. The Macro-
Fiber composite (MFC) piezoelectric configuration is an alternative because of its flexibility
and robust nature [44,81,113]. It consists of rectangular piezoceramic rods sandwiched between
layers of adhesive, electrodes, and polyimide film, primarily used in industrial and research
applications for vibration monitoring and dampening; noise control, health monitoring,
morphing of structures, directional actuation, and conforming to curved surfaces or irregularly
shaped surfaces, and it can generate power at the mW level [83,114—117]. The structure and
components of MFC are detailed in Figure 2-3. As a conclusion, MFC piezoelectric composites,
which have better flexibility, robustness, and reliability than monolithic materials and better

piezoelectricity than polymers, are widely used for vibration energy harvesting [47,100].

Polyimide film

Structural epoxy

Figure 2-3 Macro Fiber Composite Material (type P2) structural component [117]

Figure 2-3 illustrates the layered structure of an MFC piezoelectric transducer, comprising
aligned PZT fibres embedded in a structural epoxy matrix sandwiched between patterned

electrodes and polyimide films.
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2.5. Piezoelectric mode of operation

Piezoelectric transducers have two coupling modes of operation (polling direction); these
are modes ds3 and dsi. Their difference is the polarisation direction with a corresponding
resonant frequency. P2-type using the d3; effect (bending mode), which is the transverse mode,
the direction of mechanical pressure T is perpendicular to the direction of electric or polaris
ation [102]. Figure 2-4 (a) [94,100,102]. All piezoelectric fibers are poled in the through-
thickness direction, and it is assumed that in-plane electric fields vanish in the direction E; =
E, = 0.This mode, d31 [103,114] was evaluated under a small mechanical vibration source to
generate enough current for battery charging. Nelson [115], who was the first to investigate the
bending mode of piezoelectric energy harvesting, suggested using a small piezoelectric element
on the underside of the rail. The optimised average power was about 0.053 mW at a load
resistance of 387 k(). Then, a cantilever beam with a proof mass at its free end and attached
piezoelectric material was used and extensively studied. A classical PZT material was proposed
to be clamped at the rail track with a cantilever. The maximum output power of 4.9 mW was
achieved for a load impedance of 100 kQ under rail acceleration of 5 g, displacement of 0.2-0.4
mm, and frequency of 7 Hz, which also confirmed the potential of the piezoelectric energy

harvesters for railway applications [110,118]. Mode 3-3 is 3 to 5 times greater in power
generation than mode 3-1. With an equivalent ds: parameter calculated as 1.87 x 10710410 % ;

however, this mode is difficult to manufacture (fabricate) and too stiff to couple
[14,100,101,112]. Mode 3-1 has greater material efficiency with uniform electric potential
through it but has too low a piezoelectric constant and output voltage, which is still too low.
Mode d33 (compression) type or P1 (longitudinal mode, the direction of the mechanical stress,
T, is parallel to the direction of the current or polarisation) as shown Figure 2-4 (b), the d33
mode has a stronger piezoelectric coefficient, which gives greater actuator and sensor functions
than the d31 mode (transverse mode). However, because of the non-uniform electric field in the
direction of fibers these materials cannot be used to their full potential, and this mode did not
produce a high current due to its construction even if a high value of voltage was generated
[47,114]. Therefore, Mode d31 Macro Fiber Composite is well-suited to harvest energy directly
from waste vibration present in the environment without additional mechanical fixtures due to
its flexibility, robustness, and long lifetime [110,112,119]. In addition, mode d3; is transverse,
primarily applied in sensor measurement and vibration energy capture, while mode d5 is the

longitudinal operation focused on achieving precise displacement actuation [79,108].
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The MFCs with item numbers M2814P2, M8514P2, M8528P2, M&8557P2, and M8585P2
are the preferred components used in many vibration energies harvesting applications. The P2
type MFCs feature a high electric source capacitance and increased electric charge generation.
The MFCs are based on piezoelectric fibres and are environmentally sealed, which yields
increased flexibility and robustness compared with standard, monolithic piezoceramic
harvesters. The MFC-P2 cantilever PEHs allow for energy harvesting from bending motions &
vibrations. The MFC cantilevers are comprised of a glass fiber composite (FR4, which is PZT
fibers with top and bottom electrodes obtained by dicing metallised PZT wafers) as the base
material with an integrated P2-type MFC. The P1-type MFCs use the dss effect for actuation
and will elongate up to 1800 ppm if operated at the maximum voltage rate of from -500V to
+1500V [102]. The P1-type MFCs are also overly sensitive strain sensors. The P> uses the ds;
effect for actuation and will contract up to 750 ppm if operated at the maximum voltage rate of
minus (-) 60V to +360 V. The P> and P; type MFCs are mostly used for energy harvesting (PEH)
and as strain sensors. In general, MFC has the potential for use in intelligent clothing with a
flexible piezoelectric energy harvesting system aiming at a general power source for charging
portable equipment such as a health monitoring unit, cellular phone, or medical drug delivery
device; to model this device, a detailed description of the layer sequence and thickness and
homogenous mechanical, piezoelectric, and dielectric properties of the layer is needed [1,114].
In general, the overall summary of common piezoelectric materials, advantages, disadvantage

and applications is listed in Table 2-2.

l Polarization Stress
| L
4
4
T
Stress l
y l Polarization

(a) d31 mode (b) d33 mode
Figure 2-4 PEH mode: a) piezoelectric mode 3-1, (b) piezoelectric mode 3-3

d31 modes: Polarisation is applied in the thickness (Z-direction), and stress/force is applied in
the longitudinal axis (X-direction), perpendicular to the direction of polarisation. The resulting
voltage is generated along the polarisation axis, which gives a lower coupling coefficient but a

larger strain for a given force.
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d33; modes: Polarisation and applied stress are on the same axis (X-direction, according to the

interdigitated electrode pattern), so the direction of mechanical loading is the same as the

polarisation direction. d3; mode: Polarisation and applied stress are on the same axis (X-

direction, according to the interdigitated electrode pattern), so the direction of mechanical

loading is the same as the polarisation direction. This alignment leads to a higher

electromechanical coupling coefficient of dss-mode transducers (e.g., MFC-P2) than dsi-mode

devices, which makes them more efficient for energy harvesting. This alignment leads to a

higher electromechanical coupling coefficient of ds3-mode transducers (e.g., MFC-P2) than d3:-

mode devices that makes them more efficient for energy harvesting.

Table 2-2 The common PEM and their advantages, disadvantages, and applications

Materials

Example

Advantages

Disadvantages

Application

Ceramics

PZT

Good piezoelectric,
mechanical, and
thermal properties;
easy fabrication;
easy shaping; good
stability; and low
cost.

However, PZT is
brittle, which
causes limitations
in the power
harvesting
applications. When
subjected to large
deflections and
high-frequency
cyclic loading, the
piezoelectric
ceramics are
susceptible to the
initiation and
growth of cracks
and fatigue failure.

Widely used in harvesting
applications in recent
years. The cost of a PZT is
relatively low in
comparison with other
piezoelectric materials.
It is highly
manufacturable; bulk, film,
or composite with
different dimensions and
shapes can be fabricated
relatively easily and at a
reasonable cost [120]
characterised by large
electromechanical
coupling factors, dielectric,
and piezoelectric
coefficients.

Polymers

PVDF

Good mechanical
flexibility; higher
chemical resistance.
Mechanically
flexible and can
withstand high
strain.

They have a low
fabrication cost, and
the processing is
faster compared
with ceramic-based
composites.

One order lower
piezoelectric
coefficient than
PZT. narrow
working
temperature range.

Low power density.

Wearable, biocompatible:

*The most popular
piezoelectric polymer
materials.

ePolymers are different
from PZT, with lower
piezoelectric coefficients
(strain coefficients (ds3)
and voltage coefficients
(g33)), larger mechanical
flexibilities, lower
stiffness, and higher
chemical resistance, which
makes polymers have high
fatigue resistance and a
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good service lifetime
[2,20].
o]t can be used as a sensor,
actuator, and energy-
harvesting device.

Comparable piezo-

suitable for smart
structures, curved
surfaces, thin
beams, and
vibration energy
harvesters.

Overall, lower Environmentally
BT, BNT, electric property piezoelectric compatible; diverse
Lead-free KNN with PZT in the property than PZT, application.
same composition. lower thermal
stability, and more
difficulties in
processing.

Nanomaterials Zn0 Easy to form Lower Nano generator
nanostructure, no piezoelectric compatible
poling is required, properties.
chemically stable,
biologically safe,

and low cost.
Very good Toxic lead: lower Single-crystal materials
piezoelectric mechanical provide much better

Single crystals PMT-PT performance. properties, .hi.gher piezoelectric pr.operties

cost, and difficult than the conventional PZT
PZN-PT to fabricate and materials. More expensive
process. and not applicable for
energy harvesters[114].
PTZ+PVDF Possibility to have Complicated Composite materials are
Composites (Composite | theadvantages of processing studied for energy
materials) both phases in the required. harvesting and health
[121]. compounds. monitoring. Macro Fibre
Composites (MFCs)
consist of thin,
unidirectionally aligned
Pb(Zr-Ti)03 (PZT) fibres
embedded between
printed electrode patterns
on a polyimide film.
Macro Fiber MFC-P2, The structure of Their anisotropies Macro Fiber composite
Composite MFC-P1 MFCs is more and electrode piezoelectric materials are
Piezoelectric flexible than that of geometries make effective applications in

Materials monolithic them more vibration control, noise

piezoceramic. complex. suppression, precision

alignment control, energy
harvesting, sensing, and
damage detection.

29



Literature review

BFlexibility EPiezoelectric Coefficient MMechanical Strength
BEnergy Harvesting BCost Effectiveness

()]

N
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Ceramics Single Crystals Polymers Composites
Piezoelectric Material Category

Figure 2-5 The basic summary of piezoelectric categories based on different properties

As shown in Figure 2-5, the choice of a piezoelectric material depends not only on its
piezoelectric properties and the functionality of the application sector but also on parameters
such as design flexibility, application frequency, available volume, cost-effectiveness, and

mechanical strength.
2.6. Fundamentals of piezoelectricity

Piezoelectricity is the property of certain materials to generate an electric charge in response
to mechanical stress. There are two types of piezoelectric effects: these are the direct and the
converse piezoelectric effects. The ability of a piezoelectric material to convert mechanical
strain into electrical energy is defined by the direct piezoelectric effect, whereas the converse
effect describes the ability to convert applied electrical potential into mechanical strain energy,
as shown in Figure 2-4. Once the piezoelectric material is chosen for a particular application, it
is important to set the mechanical and electrical axes of operation. These axes are set during
"poling", the process that induces piezoelectric properties in the piezoelectric material. This
polarisation generates an electric field that can be used to transform the mechanical energy used
in the material’s deformation into electrical energy. Polarisation generates an electric field
which in turn causes the flow of the free charges existing in the conductor. Figure directions

and orientation axes of the piezoelectric material. Axes X, Y and Z represent an orthogonal
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coordinate system, and axes 4, 5 and 6 are axes of rotation. There are two commonly known
piezoelectric modes of operation to harvest energy, i.e., 3-1 loading mode (P2) and 3-3 loading
modes (P1). In the 3-1 loading mode, the direction of the electric field is perpendicular to the
direction of force applied, and in the 3-3 mode, the external stress direction generates a voltage
in the same direction. In the 3-1 loading mode, the direction of the electric field is perpendicular
to the direction of force applied, and in the 3-3 mode, the external stress direction generates a

voltage in the same direction [1,116].

Piezoelectric parameter coefficient
Piezoelectricity has a physical property of anisotropy (a physical property which has
a different value when measured in different directions). The constants depend on both the
direction of applied mechanical or electric force and the direction perpendicular to the applied

force. Each constant has two subscripts to indicate the direction of the two related quantities,
such as stress (F/A) and strain ( AL—L), and elasticity. The directions X, Y and Z are represented by
1, 2 and 3, respectively [1,78,122—124].

Piezoelectric charge constant (d;;)

The piezoelectric constant coefficient is a fundamental parameter in piezoelectric materials
that describes the relationship between mechanical stress and electrical charge generation (or
vice versa). The polarisation obtained per unit of mechanical stress (o) applied to a piezoelectric
material or the mechanical strain (S) experienced by a piezoelectric material per unit of electric
field applied. External voltage is applied to the piezoelectric transducer polarised along the
direction of Z (3), electric field along the thickness (¢) and strain produced along the direction
of X (1). voltage is directly proportional to electric field, and thickness along the direction of
the harvester can be described by the equation (2.1):

V= Est. (2.1)

From Hook’s law, strain (S) is given by the following:

§==, (2.2)

and the magnitude of the induced strain € by an external electric field E5 is represented by (2.1)

into (2.2):
v
S=dz,E3 = d3; 7 (2.3)

(2.4)
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When an external force (F) is applied to the transducer and the generated electric field is in
the longitudinal direction, which is Z (3), it generates the stress and electric change (direct
piezoelectric effect, d33) respectively:

Q = DA = d330-A,F = oA. (2.5)
Therefore
Q = d33F = d330-A. (26)

Piezoelectric Voltage Constant (g;)

The piezoelectric voltage constant, g, is the mechanical strain experienced by piezoelectric
materials per unit electric displacement applied or the electric field generated by piezoelectric
materials per unit mechanical stress applied. It describes the electric field or voltage generated
per unit of mechanical stress applied to the material. Electric field E is related to an external
stress o through the piezoelectric voltage constant g (an important figure of merit for sensor
applications) [116].

E =go. (2.7)

Considering the relation, P = d o, we obtain an important relation between g and d.

Permittivity or dielectric constant (€)

Permittivity is the piezoelectric property of dielectric displacement per unit electric field.
ET electric field at constant stress and £ permittivity and constant strain.

Elasticity and Compliance
Elastic compliance, s, is the strain produced in a piezoelectric material per unit of stress applied
and, for the 11 and 33 directions, is the reciprocal of the modulus of elasticity (Young's modulus,
Y).sP Is the compliance under a constant electric displacement; s& is the compliance under a
constant electric field. The first subscript indicates the direction of strain; the second is the

direction of stress.

Electromechanical Coupling Factor (k)

Electromechanical coupling is the indicator for which piezoelectric materials effectively
convert the conversion of mechanical energy to electrical or the conversion of electrical to

mechanical energy by piezoelectric materials.

The IEEE standard assumes that piezoelectric materials are linear. When a poled

piezoelectric material is mechanically strained, it becomes electrically polarised, producing a
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fixed electric charge on the surface of the material (piezoelectric transducer). In piezoelectric
materials, the energy density generated is directly proportional to the external applied force.

The fundamental equations delineating the piezoelectric characteristics are predicated on
the premise that the aggregate strain within the transducer is the cumulative result of the
mechanical strain elicited by the applied mechanical stress and the modifiable actuation strain
instigated by the exerted electric voltage.

Ppe = do, (2.8)

where P . is the piezoelectric polarisation vector (piezoelectric material under stress polarised

and surface charge appears), d is the piezoelectric strain coefficient and o is the stress to which

the piezoelectric material is subjected.
For the indirect piezoelectric effect, the strain produced by the reverse effect is given by:
Spe = dE, (2.9)

where S, is the mechanical strain produced by the reverse piezoelectric effect, and what E is

the magnitude of the applied electric field.
The direct and reverse piezoelectric effects can alternatively be formulated as:
Py = do = dSY, (2.10)

Ope = YSpo=YdE = e-E, (2.11)

when piezoelectric materials are subjected to strain, they will have two effects. The first will

generate elastic stress (o, = Y.5) and the second will generate piezoelectric polarization
(Pe = e -S), Polarisation creates an internal electric field in the material Epe.
The stress 0, = e - Ep, 1s produced by the electric field Ep,.

The total stress generated by strain, S, is given by the following:
Epe = =, (2.12)

where € is the dielectric constant of the material.

The constitutive equations of the piezoelectric materials assume that the total strain in the
transducer is the sum of mechanical strain induced by the mechanical stress and the controllable

actuation strain caused by the applied electric voltage.

From Hooke's law, stress causes strain (S):
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s=12, (2.13)

g
Y
in special materials such as piezoelectric materials (reverse piezoelectric effect), electric field

E causes strain as well:

S = dE, (2.14)
from the linear electrical behaviour of the material [2] electric displacement is given by:

D = SE, (2.15)

when stress is applied to piezoelectric materials, charge is developed on the surface; therefore,

the polarisation is directly proportional to both strain (§) and piezoelectric constant (d).
P =doao, (2.16)
normally, polarisation(P) = Q. A and stress are %

Q = dF. (2.17)

Piezoelectric materials have a coupled electromechanical response in which a mechanical
deformation induces an electric response and vice versa an electric field induces a mechanical
deformation. The behaviour of a piezoelectric material can be described by a linear constitutive
theory for small strains and electric fields. The constitutive equations relate the mechanical
stress, mechanical strain, electric field and electric displacement via material dependent
coefficients. The constitutive equations for the linear piezoelectric material can be written in a
number of equivalent forms, depending upon the choice of the independent variables. The usual
forms are strain-charge, stress-charge, strain-voltage and stress-voltage [125,126].In the

following, S;; is the strain tensor, oy;is the stress tensor, while the electrical behaviour is

described by the electric field vector E; and D; is the electric-displacement vector. The
assumption that the strain, stress and electric field are aligned along the one direction. Which is
the strain-charge or the stress-charge form. Now add equation (2.15) to equation (2.14) and

equation (2.17) to equation (2.16).
The strain-charge equation [115,116,127]:

S = sto + d"E, (2.18)
D = do + €’E. (2.19)

The equation (2.18) represents the converse piezoelectric effect, i.e., the strain of the sample

under the electric field load. This corresponds to the device being used as an actuator, and
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equation (2.19) deals with the opposite case when the transducer is being used as a sensor (direct

piezoelectric effect).
Strain voltage from or sensor/energy-harvesting form:
S =sPo + g™D, (2.20)
E = g°+ (¢°)71D. (2.21)
Where s is a 6 X 1 mechanical strain (m/m), o is a 6 X 1 mechanical stress (Pa), Eisa3 X 1
electric field (V/m), D is a 3 X 1 electric displacement field (C/m?), g is a 6 X 3 piezoelectric
voltage or pressure constant matrix ( m? or VTm ), €7 is a 3 X 3 dielectric permittivity matrix (%),

2
sEis a 6 x 6 elastic compliance coefficient matrix (mT), d is a 3X6 piezoelectric strain (charge)

m

. c .
coefficient (ﬁ or V), and T denotes the transposed matrix.

Sij = $%ijki Ot + diij Exe (2.22)
D; = dyj + €7;Ey, (2.23)

in the stress-charge form:
Oij = CEijlekl — exijEr (2.24)
D; = ejjiSix + €°ixEx, (2.25)

stress voltage form

0ij = CPijiaSi = huij Dy (2.26)
E = _hiijjk + (ES)_le. (227)

Equitation 2.18 and 2.19 in matrix form are the following:

S1 [dy; dip diz ] 5115 5125 s13" s14F s157 5167 04
S, dy1 dyy dyz E Sa1” S22" S23" S24" Sp5F 56" o,
Sz| _ |d31 dsz ds3 El n 531E 532E 533E 534E 535E 536E 03 (2.28)
Sa|  |dar dap dys E2 Sa1® Sa® S43® saa® sus® s | |0 | '
Ss dsy dsp dsz | ° Ss1E sgpl S53F sguf s osceF | |95
Se o1 dez des - 5617 S62” Se3” Sea® Ses® sest 1 7
Dy £11° €12° €3° E,4 dyy dyp di3 dyg dys dis][Eq
Dy = 18217 €227 €23° | |E2 |+|d21 daz dpz day dos dzs] [Ezl (2.29)
D3 €31° €32° €33° E; d3; dsp d33 d3s dzs dzelLE3

Where cE/P is a 6x6 elastic stiffness coefficient matrix (for % = 0) in %, hisa3x6

piezoelectric deformation coefficient matrix in zor V/m (the matrix for the direct piezoelectric
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effect), and d'is the matrix for the converse piezoelectric effect. The superscripts E, T, and t
indicate a zero or constant electric field, stress field, and the transposition of a matrix,
respectively. dij represents the polarisation generated by applied mechanical stress or strain
developed in piezoelectric materials per electric field applied. Equation 2.28 and 2.29 are the
core general for piezoelectric modeling as they are used for comprehensive, multi-axis, high-
fidelity simulations where 1D approximations are insufficient. But for one dimension equation,
the 2.18 and 2.19 or 2.24 and 2.25 are the appropriate. In an Euler-Bernoulli cantilever beam
model (the standard approach for MFC harvesters, e.g., Erturk & Inmanstyle formulations
[77,125]), the strain is given by the bending kinematics of the beam. At any point strain is
directly prescribed by the beam curvature and the distance from the neutral axis, and once a

mode shape is assumed or the beam PDE is solved it is a known function.
2.7. Piezoelectric Energy Harvesting working mode and Configuration

Piezoelectric energy harvesting facilitates the advancement of eco-friendly, complete,
battery-free devices and apparatuses that are energised through microwatt-scale energy
conversion and low-frequency movements within the body system. The main target of this
innovative technology enhances the sustainability of small electronic devices and electronic
medical equipment and opens new avenues for continuous health monitoring and data collection
without the need for frequent battery replacements. The configuration of a piezoelectric energy
harvester can be broadly classified into classical and non-classical structures. The classical PEH
structure is based on well-defined regular shapes, such as trapezoids and triangular shapes, and
the non-classical PEH structure is based on specific applications and is largely influenced by
irregular shapes [128]. Various strategies exist to improve the performance of energy harvesting
systems, such as selecting piezoelectric materials, their structural modifications, hybridisation,

selecting proper substrates, and selecting preparation methods for piezoelectric materials [1,86]

In the design of piezoelectric energy harvesters, the creation layer of the piezoelectric
structure is critical. Mechanical structures and geometries that have been employed for energy
harvesting, including cantilever beams, stacks, cymbals, and diaphragms, are designed to
capture energy from stress and frequency vibrations [50]. The cantilevered PEH has attracted
the most attention of the researchers, as the ambient vibrations occur at a low frequency (below
200 Hz), and a cantilever beam has the lowest stiffness for a given size; thus, it is easier to
design a low-frequency PEH by using a cantilever beam [1,129].The power output is
proportional to the average strain in the PEH, and the cantilever beam generates the highest

average strain for a given mechanical load. MFC patches were typically bonded to cantilever
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beam structures in various configurations. A piezoelectric transducer on the rectangular beam
could be either a unimorph [112,127] that is, the substrate covered with a piezoelectric patch on

its lower or upper surface, or a bimorph, which has two surfaces layered with the smart material.

The unimorph configuration can be designed in 31-mode or 33-mode, depending on
electrode arrangements concerning the piezoelectric layer. In the 31-mode, the layered
piezoelectric material is sandwiched between two electrodes, while in the 33-mode, the
electrode is on top of the transducer with an inter-digital electrode pattern. Mode 31 simplifies
manufacturing because piezoelectric materials are easier to polarise in the thickness direction
than along the length. On the other hand, the bimorph configuration is commonly designed to
operate in the bending mode to have the top layer in tension and the bottom layer in
compression, or vice versa, when the system vibrates, hence generating an electric charge under
the piezoelectric effect. The charge poling of the top and bottom layers can be made in the same
direction or in the opposite direction, which is commonly known as parallel or series poling.
The essence is to induce an accumulated current in parallel poling or voltage in series poling
from each layer. The bimorph configuration has the advantage of producing higher output when
implemented in an energy harvesting scenario. However, the unimorph configuration is
preferable for MEMS applications due to the lower cost incurred for production [128]. Itis a
piezoelectric material perfectly bonded to a lower substrate layer. In the figure below, x> refers
to the piezoelectric material length, x; is the offset distance of the piezoelectric material from
the clamped end, and x3 is the distance from the end of the piezoelectric material to the

cantilever tip.

Cantilever beam

Piezoelectric vibration energy harvesters are commonly designed in the form of beams,
plates, membranes, or shell structures. Among these configurations, cantilever beams are the
most widely used because they generate relatively high strain under low-frequency vibration
[12]s. In addition, their dynamic characteristics can be effectively tuned by adjusting parameters

such as beam length, thickness, proof mass, materials' stiffness, and boundary conditions.

The rectangular cantilever beam is among the most used structures in piezoelectric energy
harvesting, as it experiences large deflections under vibration and is therefore well-suited for
power generation. This structure also has relatively low working frequency, suitable for low-
frequency energy harvesting. There were also other novel geometric designs, but their
manufacturing complexity increases the costs and probability of failure; hence, the rectangular

cantilever configuration is often used [37,100,130].
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It can be deformed by force due to external vibration to achieve different vibration states
and produce matching outputs. An electrode layer, a piezoelectric layer, and an epoxy are
substrate layers that are easy to integrate into this type of energy harvester [50,131]. In addition,
piezoelectric energy-harvesting devices use a cantilever beam structure because they can
operate in both the d33 and d31 modes and achieve the maximum deflection among other beam
boundary conditions. This configuration has wide applications in the field of sensors, actuators,
structural health monitoring systems, and energy harvesters [132,133] . The un-morph, Bimorph
series, or Bimorph parallel are types of cantilever configurations that can be used for energy

harvesting.

In Figure 2-6 the MFC unmorphed configuration is modelled based on the Euler-Bernoulli
beam theory, and it is assumed to be excited by the translation of its base in the transverse
direction with a superimposed small rotation. A resistive load is considered in the electrical
circuit for simplicity. After deriving the governing differential equations, closed-form solutions
for the coupled vibration response and the voltage response are obtained for harmonic base
excitations. Model predictions are first verified for an MFC unmorphing with an Al substrate,
and then validations are given for MFC unmorphing with numerical simulation and
experimental model [29].The strain generated on the substrate is transferred to the piezoelectric
layers as the cantilevered harvester oscillates around the natural frequency. The configurations
include the piezoelectric cantilever harvesters that follow the piezoelectric direct effect, i.e.,
mechanical input results in electrical output. When these harvesters are subjected to mechanical
loading, i.e., vibrations, the charge is collected on the surface of the MFC, causing a voltage
difference across the thickness of the patch [128]. To save energy, harvesters are generally
designed to operate in the first resonant mode. The resonant frequency of the cantilever beam
structure is often much higher than the frequency of external excitation from the local
environment [47]. The strain is at maximum in the clamped end of the cantilever, and when the
piezoelectric element goes further away from the clamped end, the voltage decreases. Thus, not
the entire length of the piezoelectric element participates in power generation, and the power
output also depends on the location of the MFC placement and applied force. Therefore,
cantilever beam energy harvesters faced the challenge of relatively low energy conversion
efficiency, which can be improved by modifying their shape and structure. Figure 2-6, the
rectangular-type cantilever is a common type of structure, but this design has an important level
of stress at the fixed end and uneven strain distribution along the length. These issues not only
lead to low energy extraction efficiency of the device but also cause material fatigue-induced

damage at the cantilever root. Standing on this structure, researchers have developed a
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cantilever beam energy harvester with various configurations, including trapezoidal, tapered,
and bionic structures. This type of shape and structure has optimised stress distribution and
enhanced power output performance; simultaneously, it poses challenges regarding mass

distribution and overall structural integrity [1,2,50].

Clamped end
MFC-P2 Al beam
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Figure 2-6 Schematic of the MFC piezoelectric with rectangular cantilever beam EH

Cymbal type

Cymbal-type energy harvesters have been developed for applications involving high-impact
forces. Typically, this energy harvesters consist of a piezoelectric disc sandwiched between two
metallic end caps, which are bonded using epoxy. The feasibility of energy harvesting from
asphalt pavement using a traditional piezoceramic cymbal has recently been demonstrated. The
results showed that a single piezoceramic cymbal can recover up to 16 uW of power from the
passage of one heavy-vehicle wheel [134]. The author of this work explored a new type of
radially layered cymbal piezoelectric energy harvester by combining cymbal metal end caps
with a radially layered piezoelectric structure for energy harvesting from road traffic-induced
low-frequency vibrations. The cantilever beam configuration has several disadvantages
compared with the cymbal type in terms of efficient stress transfer. Furthermore, the maximum
displacement of the cantilever beam is limited by the maximum force applied to the beam, and
the generated voltage is also limited and lower than that of the cymbal type. Repeated bending
over time weakens the piezoelectric element and, consequently, reduces its lifetime [1,2].The
most important disadvantage of the cymbal type, despite their ability to generate high voltage,

is their low sensitivity to ambient sources due to their low vibrations.
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Circular Diaphragms

The piezoelectric circular diaphragms are very similar to the cantilever beam
configurations. A thin circular disc of the piezoelectric crystal is manufactured and then bonded
to a metal shim. Then it is clamped to an edge so that the vibration of the edge can supply the
required vibration for the piezoelectric material to get excited. Chen and Yang [135] designed
power up to 12 mW across a 33 kQ resistor using piezoelectric circular diaphragms with a
prestress of 1.2 N at 113 Hz. Some applications of MEMS and wireless sensors can be satisfied
with this amount of power. The study shows that increasing the proof mass increases the
interaction between the mass and the piezoelectric disc, which results in the enhancement of the
harvested power. This design reached an increment of about 2 mW of the maximum power
output when compared with previous research where the maximum output power ranged from
2 to 10 mW [2,135]. To increase the output power even more, multiple circular diaphragms can
be connected in series. However, the relationship between the number of connected harvesters
and the output power is nonlinear. Another key factor influencing the output power is the
thickness of the piezoelectric material. Like in the case of cantilever beam and cymbal
configurations, the energy harvesting ability depends on the bending behaviour of the
piezoelectric element. The thicker the piezoelectric material, the more resistant it is to bend and
the lower the deflection. Thus, power conversion efficiency is reduced. Thus, the thickness of
piezoelectric material should be matched to the required deflection for optimum power

generation.

Stack geometric configuration

The stacked energy harvesting structure is formed by stacking piezoelectric sheets in either
series or parallel [136]Stacked piezoelectric transducers are formed by stacking multiple
piezoelectric layers on top of each other so that the poling direction of the layers is aligned with

the applied force and are used in applications where high pressure is required [1,136,137].

Consequently, there has been a significant increase in research focused on enhancing the
efficiency of piezoelectric energy harvesting. Enhancing the efficiency of piezoelectric energy
harvesting, including material composition, innovative mechanisms for more efficient motion
conversion, amplifier frame structural (mechanical) designs, the frequency tuning method, and
improvements in electronic components such as electrode polarisation methods and energy

storage methods [23,51,138].

To design efficient harvesters, it is essential to establish accurate mathematical and

computational models that couple the mechanical vibration behaviour of the host structure with
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the electrical output of the piezoelectric element. Analytical models based on Euler—Bernoulli
beam theory and linear piezoelectric constitutive equations are often used to predict the voltage
and power output under harmonic or random excitations [139,140].However, analytical
formulations are limited to simple geometries and boundary conditions. Despite a significant
reduction in the power consumption of electronic devices, the power generated from the energy
harvesting solutions is not sufficient for replacing the batteries in WSNs. Moreover, the
conventional linear harvesters suffer from a narrow operational bandwidth while the ambient
vibrations are scattered over a frequency range. Many research attempts have been reported for
the performance and efficiency enhancement of harvesters, which can be categorised into four
groups: (1) advanced piezoelectric and structural configurations; (2) sophisticated energy
harvesting circuits; (3) frequency up-conversion in ultra-low-frequency scenarios; and (4)

broadband energy harvesting [141].
2.8. Modelling mechanical vibration based piezoelectric energy harvesters

The modelling of piezoelectric energy harvesters based on mechanical vibration is
necessary to understand and predict the coupled mechanical and electrical behaviour of the
harvesting system. Typically, the modelling approach couples the dynamic response of the host
structure with the piezoelectric constitutive relations to describe the conversion of the
mechanical strain into electrical energy. Depending on the purpose of the analysis, analytical
models based on beam theory can be used to determine the natural frequencies, mode shapes,
displacement, voltage and harvested power. Finite element models provide a more detailed
representation of the geometry, material properties, boundary conditions and electromechanical
coupling. The harvester's electrical behaviour can be coupled also to an external load so that it
can evaluate the voltage and power produced under different excitation conditions. Thus, an
appropriate electromechanical model is the basis for analysing the influence of structural,
material and electrical parameters and for identifying optimal operating conditions to improve

the energy-harvesting performance [142].
2.8.1Analytical modelling of piezoelectric based energy harvesting

Mathematical equations are used in analytical models to describe the dynamics of
piezoelectric systems. These models often employ electrical analogies to represent mechanical
systems, providing the ability to analyse voltage and power output under different operating
conditions. However, these modelling approaches are limited by assumptions and

simplifications, which may not capture all the complexities of real-world systems [10].
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Nevertheless, analytical models are valuable for the initial design and optimization of energy
harvesters, providing insights into the influence of parameters such as electrical load on energy
conversion efficiency [143].

Finite element modelling piezoelectric energy harvesting

While analytical models are highly effective for simple geometries, such as uniform
rectangular structures, practical engineering applications often involve more complex
geometries, non-uniform material layers, and localised stress concentrations that cannot be
accurately captured using simplified analytical approaches. Finite element modelling (FEM)
provides a full simulation of piezoelectric energy harvesters, considering the material

properties, geometry, and boundary conditions [100,144,145].

It is a powerful method for accurately predicting the behaviour of complex piezoelectric
systems, including the influence of proof mass and substrate materials on resonance frequencies
and energy harvesting performance parameters [144]. In addition, advanced FEM techniques,
such as monolithic mixed-hybrid formulations, enable the simulation of strongly coupled
electromechanical systems and provide deeper insight into the interaction between the
mechanical and electrical domains [42,145]. Among the commercially available software
packages for simulating piezoelectric energy harvesters (PEHs), ANSYS and COMSOL
Multiphysics are the most widely used. COMSOL is widely preferred because its built-in
Piezoelectricity Multiphysics interface provides seamless coupling between the Solid
Mechanics and Electrostatics modules, enabling efficient and accurate modelling of the
electromechanical behaviour of piezoelectric energy harvesters. Analytical models are
attractive due to their simplicity and ease of implementation, but they often fail to capture all
the complexities of piezoelectric systems. Finite element models, on the other hand, are more
detailed and accurate in their predictions, though at the cost of increased computational effort
and specialised expertise. Thus, the two approaches are complementary: analytical models are
useful for the initial design and understanding of the system behaviour, while finite element
modelling is used to refine the design and validate its performance by means of detailed
numerical simulations. In the next chapter these methods are detailed with their model

assumptions.
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2.9 Optimizing performance of energy harvesting systems

Energy harvesting converts ambient mechanical, thermal, or any other form of energy into
usable electrical energy for low-power -electronics. Among the various transduction
mechanisms, piezoelectric harvesters stand out because of their strong electromechanical
coupling, compact form factor, and straightforward integration into lightweight or miniaturised
systems [1,23,131,138]. Despite their material advantages, piezoelectric harvesters rarely reach
their theoretical output potential. The intrinsic properties of the piezoelectric materials such as
electromechanical coupling coefficients, compliance, dielectric permittivity, and loss factors
directly determine the achievable energy conversion. However, material quality alone is not
enough. Without an optimised structural configuration, the usable strain in the piezoelectric
layer remains low, resonance frequencies are mismatched with ambient excitation, and
electrical power output is severely limited. Real performance gains come from tuning geometry,
boundary conditions, electrode configuration, placement, and mechanical electrical load
matching. Only when the material properties and structural configuration are jointly optimised

can the harvester deliver power close to its physical limits.

Structural optimization plays a critical role in determining how effectively vibration energy
is converted into mechanical strain within the piezoelectric material. In cantilever-based energy
harvesters, beam geometry strongly influences the natural frequency, strain distribution,
concentration of stress, and overall structural durability. In addition to the geometry of the
harvester, the maximum achievable voltage amplitude is obtained by optimising several key
system parameters, including the attachment position, attachment mass, mass moment of

inertia, external excitation force location, and piezoelectric patch placement [146].

Increasing the beam length generally reduces the natural frequency, which is advantageous
for harvesting low-frequency ambient vibrations; however, excessively long beams may
decrease mechanical stability and robustness. Similarly, the addition of a tip mass can lower the
resonant frequency and increase bending strain, thereby improving electrical output, although
it may also lead to excessive deflection and higher stress levels. Beam shape also affects energy
conversion efficiency. For example, tapered cantilever beams can produce a more uniform strain
distribution along the structure, leading to improved utilisation of the piezoelectric material.
The resonance frequency of these shape harvesters has been extracted using modal analysis, at

which the harvester can achieve maximum power efficiency. In this paper [41] shows that
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triangular-shaped bimorph piezoelectric energy harvesters generate more power than
trapezoidal harvesters. Also, the lower resistance is required for the triangular bimorph
harvester to achieve maximum power at resonance, leading to higher efficiency and lower loss
in sensing applications than the rectangular harvester. In addition, the length and placement of
the piezoelectric patch can be optimised so that the active material is positioned in regions of
maximum strain. Therefore, the triangular and trapezoidal cantilever beam is the optimum

design compared to the rectangular harvester.

Recent analytical, numerical, and experimental studies have therefore focused on
optimising cantilever thickness profiles, piezoelectric patch placement, and proof-mass
configurations to enhance power output and achieve improved resonance matching with
ambient vibration sources [1,129,138,146—148]. Since vibration energy harvesters typically
operate near resonance, matching the natural frequency of the harvester to the dominant
environmental excitation frequency is essential for maximising energy conversion efficiency.
Several tuning approaches have been developed for this purpose, including adjustment of the
proof mass, modification of beam geometry, application of axial preload, introduction of
magnetic stiffness, variation of boundary conditions, and the use of adaptive electrical circuits.
However, many practical vibration sources are broadband, random, intermittent, or time-
varying in nature. Under such conditions, conventional narrowband resonant tuning may not
provide satisfactory performance. To address this limitation, various broadband energy
harvesting strategies have been proposed, including the use of harvester arrays with staggered
resonance frequencies, multimodal beam structures, nonlinear stiffness mechanisms, bistable

systems, frequency up-conversion techniques, and active or passive self-tuning approaches.

The selection of an appropriate strategy depends on factors such as the predictability of the
excitation source, the required operating system complexity, and the practical trade-off between
energy harvesting performance and implementation cost [130,146].In practical applications,
energy vibration harvesters are typically designed to operate at a specific frequency determined
by the target environment. Optimal performance is generally achieved when the harvester
operates near its resonance frequency, where the vibration amplitude and the resulting strain are

significantly amplified, leading to increased electrical energy.

The vibration energy harvester must meet several requirements at the same time, including
high power output, sufficient voltage generation, wide operating bandwidth, low weight, low
cost, environmental friendliness, mechanical reliability, ease of manufacturing, and

compatibility with the intended application. In many cases, improving one characteristic can
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negatively affect another. For example, increasing the thickness of a ceramic piezoelectric layer
may improve electromechanical coupling, but it can also increase the structural stiffness and
shift the resonance frequency to a higher range. Similarly, adding a larger proof mass may
enhance strain and electrical output while reducing structural durability and stability. In
polymer-based materials such as PVDF composites, increasing the filler concentration can

improve the dielectric properties, but it may also increase brittleness and electrical leakage.

Because of these trade-offs, harvester design should be approached as a multi-objective
optimization problem rather than focusing on a single parameter. To achieve unbiased
comparisons between different harvester design geometries, parameter studies are performed
by changing multiple parameters simultaneously while holding the natural frequency near the
excitation frequency. Another performance enhancement was observed using the placement of
the piezoelectric positions as compared to the conventional design, in which the piezoelectric

and substrate have equal geometric structures [52,130,141].

Recent analytical and experimental studies are being further refined, considering factors
such as cantilever thickness, placement of the piezoelectric patches, and tip mass configuration
to enhance power output and achieve better frequency matching. Consequently, the non-
classical PE energy harvesting optimization approach adopted in this thesis is founded on the
finite element method, which proves to be more robust and cost-effective than alternative
techniques. The results show that a tapered, geometry-based optimization strategy can improve
energy harvesting efficiency by up to 50% compared to conventional rectangular harvesters.
This enhancement arises from the influence of the beam width profile, which is particularly
advantageous because tapered beams promote a more uniform strain distribution and more

efficient use of the material [1,8,78].
2.9.1 Optimisation Methods for PEH in COMSOL Multiphysics

Design optimisation has become an established phase in the development of piezoelectric
vibration energy harvesters (PVEHs) because the electrical performance of cantilever-based
devices depends strongly on their geometry, the distribution of active piezoelectric material,
and the characteristics of the connected electrical load. COMSOL Multiphysics is frequently
employed for this task, as it integrates structural mechanics and the piezoelectric constitutive
relations within a unified finite element framework, and its Optimization Module offers three
conceptually distinct optimisation categories: shape optimisation, topology optimisation, and

parametric optimisation. Choosing between these is not a subjective decision; it is dictated by
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the type of design variable to be adjusted, whether an unconstrained boundary shape, a spatial

material layout, or a limited set of geometric or sizing parameters.

Parametric (size) optimisation

Parametric optimisation assumes that the harvester’s topology and general shape class are
fixed and seeks optimal values for a finite set of scalar design variables, including beam length,
thickness, taper ratio, patch position, tip mass, and load resistance, to maximise a chosen
performance metric such as power or voltage. This strategy is by far the most reported for
cantilever-type PVEHs, primarily because the design variables correspond directly to quantities
that are both manufacturable and straightforward to interpret physically. Hashim, Mahmoud and
Ridha, for instance, used COMSOL Multiphysics to compare rectangular, triangular, circular,
and trapezoidal cantilever cross-sections and showed that a multi-faceted trapezoidal cross-
section can yield significantly higher output power than a standard rectangular beam, thereby
illustrating how systematic variation of size and cross-sectional geometry can reveal superior
designs. In related work, [149] integrated COMSOL finite element simulations, eigenfrequency
analyses, and MATLAB-based analytical models with a genetic algorithm to optimise five
different cantilever geometries: T-shaped, rectangular, L-shaped, variable-width, and triangular,
again keeping the basic beam topology fixed and varying only its parametric description. At the
material and circuitry scale, [150,151] formulated an analytical model for a piezoelectric
cantilever with an in-span attachment and employed a genetic algorithm, assisted by a neural
network surrogate trained to predict the natural frequency, to optimise the attachment mass,
moment of inertia, attachment location, and patch position so that the beam’s natural frequency
coincided with the excitation frequency. In a similar spirit,[152] posed the choice of
piezoelectric material and fiber volume fraction in a macro Fiber composite (MFC) harvester
as a parametric optimisation problem, while a more recent contribution combined artificial
neural network surrogates with a genetic algorithm to jointly optimise geometric and circuit
parameters, patch location, tip mass, and load resistance of an MFC cantilever. Taken together,
these works underscore that parametric optimisation is the standard approach when the overall
beam shape family (uniform rectangular, tapered, stepped, etc.) is predetermined by the

designer and only the dimensions and material distribution are adjusted.

Shape optimization
Shape optimisation, in contrast, permits the boundary or outer contour of a structure to vary
continuously using control points, spline-based parameterisations, or mesh morphing without

requiring the designer to commit in advance to a particular geometric class such as “rectangular”
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or "trapezoidal". In the PVEH literature, this approach is most employed to identify an optimal,
smoothly varying taper along the beam’s length, rather than to compare

a small set of predetermined shapes. A representative case is the wind-driven energy harvester
examined by [153] Zhao, Zhang, Wang, Han and Hao, who modelled the cantilever’s non-
uniform cross-section with a piecewise cubic Hermite interpolation and coupled an enhanced
piecewise Galerkin discretisation with particle swarm optimisation to evolve the beam profile.
They reported that this yielded more than a three-and-a-half-fold increase in output power
compared with a prismatic beam. Although the authors refer to their procedure as a topological
optimisation, the actual design variable is the continuous external boundary of the beam’s cross-
section, not a discrete material void layout. Conceptually, this aligns the work more closely with
shape optimisation as framed in the COMSOL Optimization Module. This distinction is
important when choosing methods: shape optimisation is the suitable strategy when the taper
profile itself is the unknown to be identified, rather than a limited set of fixed geometric

parameters describing that profile.

Topology Optimization of Piezoelectric Energy Harvesters

Topology optimisation operates at a more fundamental level again: instead of merely
reshaping a boundary or resizing a predefined geometry, it distributes material freely within
a given design domain (typically modelled as a density field between 0 and 1 using a Solid
Isotropic Material with Penalisation, or SIMP, formulation), enabling the algorithm to identify
structural layouts that were not specified beforehand. This technique has been widely employed
in piezoelectric energy harvesting, particularly for two-dimensional plate-type harvesters and
for determining the optimal placement of piezoelectric patches and electrodes within an
otherwise passive structure [154-156] Homayouni-Amlashi, Mohand-Ousaid and
Rakotondrabe used topology optimisation for multi-directional piezoelectric plate harvesters
and, in a related study, for a two-degree-of-freedom plate harvester under external in-plane
loading, explicitly addressing the charge-cancellation issue that occurs when different regions
of a plate undergo strains of opposite sign. In a broader review of their work, they clearly
differentiate three main design strategies for piezoelectric energy harvesters' parametric
optimisation, a hybrid scheme, and topology optimisation, thereby offering a useful
methodological framework for researchers deciding among them. In a separate line of work,
[153], Zhang and Xia applied topology optimisation to the through-thickness distribution of
piezoelectric material in plate-type harvesters, aiming to increase open-circuit voltage while

reducing voltage cancellation due to phase inconsistencies. Their studies build on early
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contributions by [157] Zheng, Chang and Gea, generally recognised as the first to introduce
topology optimisation in the context of piezoelectric energy harvester design, and by [153-157],
who investigated both static and harmonic dynamic loading conditions. Further extended the
approach to folded-beam and broadband, multi-resonant harvester configurations, searching for
topologies that maintain a more uniform power output over a spread of excitation frequencies.
Consequently, topology optimisation is most appropriate when the spatial distribution of
piezoelectric or structural material, rather than only the external dimensions, is itself the primary
design unknown, and it usually requires a carefully defined design domain, a suitable material
interpolation model, and mesh-independent regularisation, all of which go beyond what is

needed in a straightforward beam-sizing problem.
2.9.2 Choosing the appropriate Method for a parametric optimisation

Taken as a whole, this literature points to a clear correspondence between design objectives
and the appropriate optimisation strategy. When the beam topology and overall shape class are
prescribed by the designer and the unknowns are limited to scalar dimensions, spatial locations,
or electrical properties as in the rectangular and tapered-rectangular MFC cantilever layouts
examined in a sizing study, researchers consistently adopt parametric optimisation. This is
illustrated by the works of [149] Hashim et al., Mohamed et al., and the in-span attachment
study by [150] Homayouni-Amlashi et al. Shape optimisation only comes into play when the
taper or boundary profile itself must be determined, rather than a small, predefined set of
parameters describing it, as in the continuously varying cross-sections reported by [153] Zhao
et al. Topology optimisation is reserved for cases where the material distribution within a design
domain is not known in advance, such as the plate-type harvesters investigated by [155]

Homayouni-Amlashi et al. and He et al.
2.9.3 Local and global parametric optimization selection

Once parametric optimisation has been identified as the suitable approach, a second
decision concerns whether to employ local or global search algorithms. The parametric (sizing)
optimisation solvers built into COMSOL are mainly local, relying on gradient-based or model-
based strategies that typically converge efficiently to the nearest optimum from a chosen initial
guess, but they cannot guarantee discovery of a global optimum when the objective landscape
is multi-modal. BOBY QA (Bound Optimisation BY Quadratic Approximation), introduced by
Powell, is a representative example: a derivative-free trust-region algorithm that constructs

successive quadratic interpolation models of the objective function, enforcing bound constraints
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on the design variables and avoiding the need for explicit gradient evaluations. Follow-up work
by [158] Cartis, Fiala, Marteau and Roberts generalised and enhanced the robustness of these
model-based derivative-free approaches, while later contributions proposed heuristic
modifications that improve BOBYQA'’s ability to escape local minima, albeit still without

rigorous guarantees of global optimality.
2.10. Applications of energy harvested from piezoelectric materials

Piezoelectric vibration harvesters play an increasingly significant role in wireless sensor
networks and structural health-monitoring systems. These sensors are often installed on bridges,
buildings, aircraft, wind turbines, pipelines, railways, and rotating machinery environments
where continuous high-power operation is rarely required. Instead, the system typically
performs periodic sensing and wireless data transmission. In such cases, the harvested energy
is stored in a capacitor and released intermittently to power sensing and communication tasks.
In some designs, the same piezoelectric element can function simultaneously as both the sensor

and the energy harvester, enabling compact and fully self-powered monitoring systems.

Structural applications, however, impose demanding requirements. long-term durability,
environmental resistance, stable bonding between the harvester and the host structure, and
reliable electrical output under variable vibration conditions are all essential. These constraints
become even more pronounced in wearable and biomedical applications, where traditional
brittle piezoelectric ceramics are often unsuitable [5,159]. Human motion typically involves
low-frequency, irregular, and mechanically compliant excitation. Because of this, flexible and
non-classical piezoelectric materials such as PVDF, P(VDF-TrFE), flexible lead-free
composites, and biodegradable piezoelectric materials have gained significant attention. These
materials can be integrated into shoes, clothing, wearable patches, joint supports, and even
implantable medical devices. Although the electrical output is modest compared to
ceramic-based harvesters, it is generally sufficient to power low-energy sensors and intermittent

wireless communication [160].

In wearable and biomedical contexts, additional design considerations become critical:
biocompatibility, user comfort, washability, mechanical fatigue resistance, and low-temperature
fabrication processes. These factors ultimately determine whether a piezoelectric energy
harvesting system can operate reliably and comfortably in real-world human-centred
environments [79,161].There are several authors who have also targeted their devices for

application. Energy harvesting technologies have advanced to practical power levels. The
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authors Wacharasindhu and Kwon [162] designed and evaluated the device which integrated
under the keyboard, with a maximum power of 40uW generated by the piezoelectric transducer.
Renaud et al. have presented human limb motion energy harvesting. Due to the low frequencies
that exist in this application, he developed an impact-based energy harvester. His experiment
results indicated that the device could generate 47 uW when it is rotated with frequency 1 Hz
[163].Table 2-3 review of previous research shows the wide range of applications for vibration
energy harvesting. The power levels these devices achieve are practical and sufficient,
especially for applications such as condition monitoring with wireless sensors. Some of the
general applications of piezoelectric energy harvesting: Pedestrian footsteps energy harvesting
MEMS devices, transportation infrastructure, wearable electronics, automotive suspension
systems, and hybrid vibration energy harvesters. These applications demonstrate the potential
of piezoelectric materials to convert ambient mechanical energy to electrical energy for self-

powered electronic devices.

Table 2-3 PEH operation frequency, output energy, application area, and their limitations.

Piezoelectric materials Operation Output | Output Application
for energy harvesting frequency | voltage | power area Limitation
using cantilever beams. range W) (mW)
Lead Zirconate Titanate 10 Hz- 10-45 5-300 High-power Rigid, easy to
(PZT-5A, 5H) Ceramics 150 Hz sensors, actuators, brittle.
[1,87,164,165]. industrial Contains lead
machinery, and element; toxic,
bridge health very limited
monitoring. strain and
requires bulky
device.
PVDF (polymer) 1-50 1-10 0.01-10 Wearable Low
[52,87,166] electronics, flexible piezoelectric
devices, coefficient, high
low-frequency impedance
vibration, smart requirements,
textiles, and and poor
insoles. thermal stability.
BaTiO; (Lead-Free 30-200 Hz 1-15 0.1-10 Lead-free energy Brittle;
Piezoelectric harvesters moderate
Ceramics)[165,167,168] Implantable bio, output; often
flexible EH and needs high
wireless [oT nodes. stress.
Lower efficiency
than PZT, low
Curie
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temperature
(120°C).
PZT Single Beam with 1.5-4 0.6-0.8 | 0.01-0.4 Civil structures Fatigue cracking
Tip Mass [3] (e.g., vehicle is often initiated
vibrations in early due to
suspension heavy strain and
bridges). stress
concentration at
the root block.
M8514-P2 Transverse Near 10.78 | 0.1952 0.0031 Embedded self- Generates very
Type MFC [100] powered low power in
mechatronic unamplified
systems and low-strain
structural health ambient
monitoring (SHM). structural
vibrations.
Flexible d31-Type MFC Low 42.2 0.6337- Wearable The metal
Array [169] frequency, (peak- 0.9639 | electronics, watch- sphere impact
water flow to- sized bio-motion mechanism
vortex peak) harvesters. creates
structural noise
and localised
material stress
over time.
Bicylinder Fluid- Low speed | Variable | 0.02186 Marine Sensitive to the
Coupled MFC Bimorph AC environmental slight change of
[170] output monitoring using Spacing ratio
vortex-induced (L/D) between
vibrations. cylinders.

Table 2-3 shows the types of piezoelectric materials, operation frequency, output energy,

application area, and their limitations in energy harvesting. In general, vibration energy
harvesting is no longer just a theory. Current power output is more than enough for wireless
industrial sensors, infrastructure monitors, and low-power medical implants. Design

optimization and miniaturisation are the last boundaries for widespread commercial adoption.

As a conclusion, this literature review is the state-of-the-art energy harvesting technologies
with a focus on piezoelectric energy harvesting, which can significantly affect the power
conversion efficiency and applicability of the harvester. The first starts with an introduction of
energy harvesting mechanisms that have been presented, including -electromagnetic,
electrostatic, and piezoelectric methods. The wasted or unused mechanical energy from ambient
vibration can be used to convert mechanical energy into electrical energy by designing a self-
powered electromechanical system to support the development of smart wireless sensor devices

for future technology applications. The conventional wired/wireless sensor devices still depend
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on the power supply from the battery, which is a tedious task to replace and time-consuming for

maintenance during the system operation.

This section provides the main contributions which fill the limitations of classical PEH to
power small electronics. Since the major work of this thesis has been focused on the
comprehensive review of PEH, theoretical modelling and numerical modelling, experimental
testing and, finally, geometrical optimisation, the details were discussed. The important thing
to note is that when external stress or vibrations, or structural deformation, are applied to
piezoelectric materials or Macro Fiber composites (MFC), electric energy can be harvested to
power very small electronic devices. The configuration of a harvester determines its modal
shape, fundamental frequency, output energy, and the efficiency of energy harvesting. At the
last part of the literature review, the application of energy harvesting from some piezoelectric
materials, as well as the amount of output energy modelled by some researchers, is briefly

discussed.

The literature for this thesis underpins three key conclusions for the chosen optimisation
methodology. First, when dealing with cantilever-type piezoelectric harvesters whose beam
topology and shape family are preselected by the designer, and for which the design variables
are bounded scalar dimensions, spatial locations, and electrical parameters, the prevailing
approach in the literature is parametric optimisation rather than shape or topology optimisation.
This scenario aligns exactly with the rectangular and tapered rectangular MFC configurations
analysed in this work. Second, COMSOL’s built-in parametric optimisation algorithms, such as

BOBYQA, operate as local optimisation methods.
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Chapter 3 Analytical modelling

This chapter presents the development of a linear analytical model for MFC piezoelectric
material integrated with a uniform rectangular cantilevered beam. The energy harvester
considered here is a unimorph structure with a single MFC piezoelectric layer bonded to the top
surface of the aluminium substrate. Figure 3-1 shows the cross-section of the unimorph
harvester. The linear energy harvester model developed in this thesis is based on the model of
the Euler-Bernoulli beam theory. The model takes the backward coupling effect into account to
get a more accurate performance response of piezoelectric energy harvesters. A coupled
distributed parameter model predicated on the Euler-Bernoulli beam theory was formulated by

focusing on a uniform cantilevered piezoelectric energy harvester linked to a resistive load

[1,100,171].

The analytical model developed in this chapter provides the theoretical foundation for
predicting the dynamic behaviour, the output voltage and the harvested power of the proposed
MFC-based energy harvester before experimental validation [7,100,115,172].The model is used
to predict both the mechanical and electrical responses of a non-classical piezoelectric energy
harvester, which is crucial. The output power can also be increased by the mechanical setup of
the harvesting system. Therefore, tremendous efforts have been put into developing different
models of energy harvesters. Modelling a piezoelectric harvester includes modelling the
mechanical configuration of the harvester, which is a structure that the piezoelectric element is
mounted on to be able to vibrate. Also, the modes of piezoelectric material, which are the
direction of the mechanical stress applied on the element, are part of the mechanical structure

of the piezoelectric energy harvesters.
3.1. Analytical linear modelling of MFC Piezo with cantilever beam

In the literature, a PEH is usually designed as a unimorph, a cantilever beam bonded with
piezoelectric transducers, and its frequency response is dominated by the first vibration mode.
One of the commonly used theories, which is both computationally simple and reasonably
accurate for a thin beam, is the Euler-Bernoulli beam theory. This has served as the foundation

for MVEH using piezoelectric beam modelling (PEM) [31,173,174].
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3.1.1 Modelling method

A cantilever beam energy harvester has a very simple structure and can produce a large
deformation under vibration . Figure 3-1 the MFC of width w ,, thickness t,and length, L ,is
attached to the aluminium beam of width wy,, thickness t,and length L ;. Considering the bond
between substrate and energy harvester is perfect, and polarisation is along the thickness of the

MFC piezoelectric material.

The model assumes that the beam undergoes bending vibrations caused by a transverse
excitation acting at the free end. A mathematical model is important to obtain the electrical
voltage when the resistor is connected to one MFC piezoelectric transducer terminal. The
geometrical parameters and materials of the piezoelectric transducer influence the output
voltage. Harmonic variable electric voltage Up(t) with specific capacitance (Cp) is an electrical
substituent diagram used to develop a model. In Figure 3.1, X refers to the piezoelectric
material length, X is the distance of the MFC piezoelectric material from the clamped end, and
X or L is the total length of the cantilever beam. There are three parts to the beam, and each part
has elements in it. Only substrate material makes up sections X1 and X3-(X;+X2). Section X», on
the other hand, has both piezoelectric and substrate materials. Upper and lower surfaces of the
piezoelectric layer are fully coated with electrode material, whose thickness is assumed
negligible, along with the adhesive layer thickness [100].

Fixed support end
PP Al cantilever beam
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Figure 3-1 Geometry of the aluminium cantilever beam with unimorph MFC PEM

The analytical electromechanical model is based on Euler—Bernoulli beam theory and was
employed to model an MFC laminated with composite epoxy fiber and a single MFC attached

to an aluminium cantilever beam. It is assumed that the beam is slender, and the rotary inertia
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of the beam is negligible, allowing Euler-Bernoulli beam theory to be used [171]. The transverse
assumption to model is that the cross-section does not deform significantly because the tip
dynamic transverse load remains normal to the deformed axis of the sample during deformation.
i.e., there is no deformation along the transverse axis. Here, an essential element is to model the
energy harvester for electrical energy recovery from mechanical vibration with varied materials
and geometric configurations to maximise the efficiency of output power. The transverse point
force, which is a harmonic function, will be applied at the centre of the beam width and at the

position of the free end of the cantilever beam.

The piezoelectric body is considered homogeneous and transversely isotropic in
a cantilever beam in the Cartesian coordinate system (X, ¥, Z), and before any load is applied,
the beam is unstressed and unstrained, and the electric potential is zero. The relationship
between the mechanical and electrical constitutive equations of piezoelectric transducers can
be expressed by Hamilton’s variational principle or the constitutive equations of piezoelectric
materials for a mathematical model. The constitutive equations describe the properties of
piezoelectric materials based on the assumption that the total strain in the transducer is the
summation of strain caused by applied electric voltages and strain induced by mechanical stress

[107,109,127,175]. The formulated equation is in the form of a pair of matrices [1,176].

The model assumes negligible thickness of the piezoelectric electrodes and adhesive, with
perfect bonding between the piezoelectric layer and the substrate. A constant, uniform electric
field is assumed through the piezoelectric thickness in the (d31) mode. Proportional damping is
used for all harvester configurations, and the beam is modelled as a rectangular layer of constant
width and thickness. These assumptions simplify the governing equations while maintaining
sufficient accuracy to predict the piezoelectric harvester’s dynamic and electromechanical

behaviour.
3.2. Modelling of electromechanical coupling equation

The coupled mechanical and electrical fields in a piezoelectric material are given by the
piezoelectric constitutive relations. They provide the mathematical foundation for the prediction
of stress, strain, electric displacement, and electric field within the coupled electromechanical
system. The linear modelling of electromechanical coupling equation assumes small
deformation and linear material behaviour and thus uses the linear constitutive equations.
Piezoelectric energy harvesting operates based on the direct piezoelectric effect. When a

piezoelectric material is subjected to mechanical strain, electric charges are generated on its
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electrodes. If these electrodes are connected to an external electrical load, the generated charges
produce an electric current, allowing useful electrical power to be harvested. The linear
constitutive equations of piezoelectric materials involve linear coupling between stress (o),
strain (S), electric field (E) and electric displacement (D) (or between force, displacement,

electric charge, and electric potential) [177].

From Figure 3-1, showing the energy harvester, there are three different domains, where
each one has its own constitutive equations. These three domains are the piezoelectric, the
substrate and the epoxy layer. It is assumed that both piezoelectric and substrate layers are
orthotropic materials, meaning that there are two orthogonal planes of the material's property
symmetry. On the other hand, the epoxy layer is considered an isotropic material. The
piezoelectric domain has electromechanically coupled constitutive relations, while the substrate

and epoxy layer domains have only mechanical relations.

The relationship between electric displacement and stress can be altered in:

D =SE andS =2 = co.
Y (3.1

{0} = [c]{S}
The MFC-P2 transducer is mounted on the surface of an aluminium cantilever beam and
operates mainly in the transverse d3i piezoelectric mode. The MFC and beam longitudinal
direction is defined as x1 and x3 is taken through the thickness and is the principal direction of
the electric field. The Euler—Bernoulli beam assumption neglects the transverse shear
deformation where the dominant mechanical deformation relevant to bending is the longitudinal
normal strain S11 Therefore, the longitudinal stress o;4 is supposed to be the main mechanical
stress in the piezoelectric layer. The electric field is assumed through in the thickness direction,
(E3). The direct effect of piezoelectricity can be described by equation (2.19), the generation of

electric displacement or charge under mechanical stress.
D3 = 63?3E3 + d310-11. (32)

The inverse effect of piezoelectricity can be described by the general equation and given by

equation (3.1)
Sl = d31E3 + Sflo'll. (3.3)

Where S; is strain, g; Voigt stress component along axis 1, E is the electric field; D is the electric
displacement; d is the piezoelectric strain coefficient; s;; £ For the specific case of a 31-mode

piezoelectric coupling (mechanical stress and strain along the 1-axis, electric field and
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displacement along the 3-axis) the general 3D Voigt constitutive relations reduce to the

following scalar forms, where s;; £ = — is the elastic compliance to avoid dimensional

L
YE
ambiguity.; and € epsilon is the dielectric permittivity measured at constant stress.

From the above equation (3.2), the direct piezoelectric effect when the transducer is being
used as a sensor, and equation (3.3), the converse piezoelectric effect (actuator), the strain is
produced by the induced electric field. As a piezoelectric material is polarised in the 3-direction
and the electrical field are applied in the same direction, while the predominant mechanical
stress and strain is in the 1-direction, the constitutive equations can be reduced to [2,15]:

Si1= 8511011 +d3, E3, (3.4)
D3 =d3 0 + €53E5. (3.5)

S oy . 1 ) )
Where o = S = longitudinal normal strain, o= stress, s;;% = o= elastic compliance at
P

sE’

constant electric field, €’ = dielectric permittivity in the 3-direction at constant mechanical

N c
stress (— = —.
mV  m?2

In the considered energy harvesting configuration for this study, the direct piezoelectric term

ds1044 1s particularly important since mechanical bending of the MFC-integrated beam leads to

an electric displacement and, hence, an electrical voltage developed across the electrodes.

The electric field E5 and stress o;1in terms of strain S; and charge are given by:

o, = —511;5‘11:153. (3.6)
By substituting (3.6) into (3.5)
— 2
D3 = d31% + 6033E3 = dSSEI‘_flu + (6033 - %) E3 = dSBEI,_flll + 6533E3, (37)

daz . . e .
where €735 — 55_31 dielectric permittivity at constant strain.
11

The linear piezoelectric constitutive equations are written in the strain-charge form for the
one-dimensional bending mode. This formulation, widely wused to describe the
electromechanical behaviour of piezoelectric energy harvesters, can be expressed in the

following two-by-two matrix form:

51] _ [511E d3; ] 01

D3l = lds; €733 [E3] (38)
Where S, 0, E and 'd' are strain, stress, electric field through thickness (poling direction) and

piezoelectric strain constant, respectively.
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The electric displacement of the MFC is simplified as:

01

=[d3;,d3; d33] +e33E3. (3.9)

03

The differences in the coefficients d31 and ds», where the 1-axis is the fiber direction and the 2-
axis is the transverse to the fibres, is due to the orthotropic nature of the Macro Fibre Composite
patch as described in (3.10). The MFC has 3 different from @3> due to the composite layup and
interdigitated electrode geometry, unlike standard bulk PZT (where ds3; = d32). All numerical

values employed in this work are taken from the manufacturer datasheet.

For MFC with dominant d3;effect and polarisation along the z-axis:

dz;; O 0o 0 o0
d= 0 d32 0 0 0 0 ) (310)
0 0 ds30 0 O

60- = 0 8022 0 . (311)
0 0 €94

The stress charge for FE modelling, the linear constitutive equation, has the form of:

01 C11 _e3ll [
= (3.12)
[D3] l €31 €733
The elastic stiffness constant C;; % equal to:
k== (3.13)
11 Sfll .

Piezoelectric stress constant (e34) is given by:

€31 = SaE dsic11”. (3.14)

The clamped dielectric permittivity (€3,) to the free dielectric permittivity (%) is given by :

dz1
&

6533 = 6T33 11 (315)

For modelling a cantilever beam under an external excitation load, Euler-Bernoulli beam
theory is used because it has the highest modelling accuracy since the model assumes both the

beam and piezo-electric materials are perfectly bonded together, and a common neutral axis
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represents their deformation. Macro Fiber Composite piezoelectric materials are flexible
piezoelectric devices composed of piezoceramic fibers embedded within a polymer matrix and
covered by electrode layers. Unlike conventional monolithic piezoceramic plates, their
composite structure provides greater flexibility and improved resistance to cracking, making
them suitable for smart structures, curved surfaces, thin beams, and vibration-based energy
harvesting applications. Their patches can operate using either the effective ds3 or di;
piezoelectric coupling mode, depending on the electrode configuration and product type. In
many MFC designs employing interdigitated electrodes, the electric field is applied along the
fiber direction, resulting in an effective d;zoperating mode. For simplified beam-based energy
harvesting models, the MFC layer is commonly represented using equivalent material properties
such as effective elastic modulus, density, capacitance, dielectric permittivity, and piezoelectric

coefficients.

The integration of an MFC patch with an aluminium cantilever beam provides significant
advantages for vibration energy harvesting. The aluminium substrate contributes structural
flexibility and mechanical support, while the MFC layer performs the electromechanical energy
conversion. This hybrid configuration is particularly suitable for low-frequency vibration
harvesting and structural health monitoring applications. The general equation for the beam
within the excitation force is given by the transverse vibration based on Euler-Bernoulli beam
theory, starting from the force and momentum equations [71,127,178]. The transverse
displacement of the beam is represented by w,p the density of the beam,A the cross-sectional
area and the external force P applied to the beam per unit length. From the Figure 3-1
configuration, the MFC patch is positioned between Lp = 65 mm and S = 150 mm along the
400 mm aluminium cantilever beam. Consequently, the patch is placed near the fixed end,
where bending strain is relatively high, but it does not extend into the clamped region. This
arrangement helps reduce the risk of mechanical damage and stress concentration near the
clamp while still enabling the MFC layer to experience significant bending deformation for

effective energy harvesting.
3.3. Mechanical equation

The integration of Macro Fiber Composite materials with an aluminium cantilever beam
offers significant advantages for vibration-based energy harvesting applications. The
aluminium substrate provides structural flexibility and favourable dynamic characteristics,

while the MFC patch enables efficient electromechanical energy conversion.
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As a result, this hybrid configuration is well-suited for low-frequency vibration energy
harvesting and structural health monitoring applications. To simplify the analysis, it is assumed
that the bonding between the layers is perfect and the poling direction of the MFC mode of
the d3; piezoelectric layer is along its thickness direction. The concentrated force, P, is applied
perpendicularly to the cantilever surface at the tip of the cantilever, as shown in Figure 3-1. The

electrical load can be connected to the MFC patches in a series.

Consider an infinitesimal beam element of length dx as shown in Figure 3-1. The transverse
deflection of beam is denoted by w(x, t), where x is a spatial coordinate along the beam axis.

The mass of the element is dm = pA dx where p is the density and A is the cross-sectional area.
. . (0 . .
The net vertical shear on the element 15(%) dx . The external transverse applied load is

p(x,t) dx. By second newtons law in the vertical direction:

d?w

05 d dx = pA
Tx ) X ~ P t)dx = pA—,

where p density , v volume, shear force(sy) at distance from the fixed support.

Dividing through by dx yields the equation of motion:

L = mEY P
dF = —— p(x,t) = m— = pA—. (3.16)
The relation between shear force and bending moment is given by :
oM
Sp= ——. (3.17)

The Euler-Bernoulli beam theory is widely used for modelling slender cantilever-based
piezoelectric energy harvesters. The theory assumes that plane cross-sections remain plane and
perpendicular to the neutral axis during bending deformation. As a result, the effects of shear
deformation and rotary inertia are neglected. These assumptions are generally valid for slender
beams operating at relatively low vibration frequencies, where bending deformation dominates

the structural response [1,100,148,179—-182].

These relationships transform the equation of motion to a differential equation between the
beam deformation, external load, and material properties. To solve this differential equation for
the beam deformation, the physical coordinates are transformed to the modal coordinates, and

the beam deformation is expressed as the summation of the vibration modes.

From the Euler-Bernoulli beam theory assumption, the relation between the bending moment

and curvature is:
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M= ;/—k = —YIk. (3.18)

Let w(x,t) represent the transverse beam deflection, where t is time and x is the spatial
coordinate along the beam axis. The second spatial derivative of the deflection approximates

the curvature x(x,t) for small deflections:
ow?
k(x,t) = FYE (3.19)
The relation between momentum and deflection is given by :

02w
M=1-=Yk=-YI>2 (3.20)

Assuming that the bending stiffness Y1 is constant along the beam, this reduces to the standard

Euler-Bernoulli beam equation. Then it is easy to obtain by Substituting (3.20) into (3.17):

oM Pw
sp= 20 = aX(YI—) = -y1Z¥ (3.21)

Again, substituting equation (3.21) into (3.16) and rearranging :

7] 3w d?x
Z(-v123) - pr,t) = mT5 == pAdxd * (322)
d?x otw
mﬁ + Ylm = —p(x, t), (323)
let say constant c,then:
2=2=2 (3.24)

where w(m) is the vertical or transverse displacement of the beam substituting equation (3.24)

into (3.23) the following expression is obtained:

62x+ 2 0w

1
at2 c ox4 = _p_A p(XJt): (325)

a2 o . . .
where pAﬁW(x, t) inertial force is acting on the beam, w is the transverse beam

displacement, p is the density of the aluminium beam, I second moment of area of the beam the
cross section, A is cross section of the beam, Y is the elastic modulus of the beam material, and
P(t) external forces per unit length applied to the beam. The transverse deflection of the beam

at point x and time ¢. The load p (x, ¢) is written as:
p(x,t) = 5(x — xf)P(t), (3.26)

W(x t) + c? W(x t) = —5(x — xf)P(t) (3.27)
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Equation (3.25) is a governing differential equation, P(t) is the external force, L is the length
of the beam x; is the application location of the external force; and & is the Dirac delta function.
Equation (3.26) is a partial differential equation solved by the separable solution method, or the

displacement can be separated into two parts, one depending on position and another on time.

According to Euler—Bernoulli beam theory, the transverse deflection of the beam can be

expressed in terms of its deformation as follows:
w(x, t) = ¢Cn(®), (3.28)

where @;(x) and 7;(t) are mode shape function of the beam i mode, and the generalised

coordinate in the i" mode, respectively. Substituting equation (3.27) into (3.26) gives:
5* ¢ (t) 1
o $C) n(©) + 2 IO~ L p()s(x - xp), (3:29)

to find out the natural frequency and mode shape when the system is under free vibrations and
undamped. In free undamped vibration, the natural frequencies and corresponding modes of
vibration of the system are determined from (3.29). For free vibration, the external excitation
and the damping terms are neglected, and the resulting equation, derived and rearranged after

derivation, can be written as:

c? dd‘iix)( )= — (@) @ n( ) = constant(w?),
(;(_1)% = n(lt) dzgt) constant(w?),
- ¢C(i) d;iix) = (@) or n(lt)% = -’
L0 _ 20 2 or L0~y (3.30)

Equation (3.29) separates the governing equation of vibration into two ordinary differential
equations: a spatial equation for the beam mode shape ¢ (x) and a temporal equation for the

time-dependent modal response 7(t). w is the angular natural frequency of the system:

2
LetA\* = (:—2 and c? = Z—; = %,c = %, (3.31)
w?=2* T (3.32)

Where c is the wave-propagation parameter of the Euler-Bernoulli beam and is related to
the bending stiffness Y1 and the mass per unit length m . Equation (3.31) shows the relation of

the natural angular frequency w, beam bending stiffness Y1, mass per unit length m and
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frequency parameter A. This relation indicates that the natural frequency depends on the

mechanical stiffness and the distributed mass of the beam.

The total mass per unit length of the composite beam, considering the contribution of the beam

substrate and piezoelectric MFC, which will be used later, is given by:
m= Wbpbtb + prptp' (333)
The angular frequency is then obtained in the form of:

2
w=2% 2. (3.34)

LAm
Where w is natural angular frequency.

The corresponding natural frequency in hertz is then obtained from the standard natural-

frequency equation for a uniform Euler—Bernoulli cantilever beam, equation 3.34:

w YI
£, = zzi,ﬁ\/;. (3.35)

The natural frequencies of the beam are the frequencies at which the beam vibrates when
something disturbs it. It is allowed to swing back and forth on its own without anything pushing
it or slowing it down. Each natural frequency of the beam has a mode shape of the beam, which
is the way the beam bends and moves when the beam is vibrating. The mode shape of the beam
is like a pattern that the beam follows when the beam is vibrating at one of its natural

frequencies.

Here the mode shape ¢ (x) for the free transverse vibration of a uniform Euler—Bernoulli
cantilever beam is solved, which is the standard starting point before coupling in the
piezoelectric layer. This derivation is presented step-by-step:

P (x) = Ceh~, (3.36)

This is the standard approach to constant coefficient linear ODEs . Since exponentials are

eigenfunctions of the differentiation operator , they reduce the equation to an algebraic equation.

M_/14Ceﬁx — M_

dx* dx*
A*CeP* — prceP* =0,
M —pB*=0,1*=p*r 12 = 152,
A, = EBor Az, = tip,
Maza= B,—p,if and —if. (3.37)

ACePX,
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Physically, the real roots correspond to the spatially parts of the mode shape and the imaginary
roots correspond to the oscillatory parts. This has four roots: two real (f = £A) and two

imaginaries (f = xiA).
The general expansion for superposition of all four fundamental solutions:

P(x) = CreP* + Cre P + C3e'P* + C e 7, (3.38)
Using Euler's identities and hyperbolic function definitions:

eP* = coshfx + sinhfBx

e P* = coshfx — sinhfx
e'P* = cosPx + isinfx
e'Px = cosp — isinfx

ePrye=B

, ePxX_e=Bx
sinhfx = T,coshﬁx = .

(3.39)

The real value of mode shape after regrouping the constant for the standard cantilever

formulation:
¢(x) = Apcos(Ax) + B, sinh(Ax) + C,cos(Ax) + D,sin(Ax). (3.40)
The four cantilever beam boundary condition:
e Transverse deflection at fixed support, w(0,t) = 0,
e For the fixed support at x=0: slope (w'(0,t) = 0) and zero displacement (w(0,t)),

e At the free end (x=L):then the bending moment (BM) at free end,,w" (L,t) = 0 and
shear force (SF) at free end,w’"'(L,t) = 0.

The boundary condition in terms of mode shape is given by:
e Atx=0:¢(0) =0and ¢'(0) =0,
e X=L:¢p"(L)=0and ¢p'"'(L) = 0.

These four boundary conditions give four algebraic equations for the four unknown
constants A, B, C and D. This is enough to completely determine the shape of each vibration

mode (up to an arbitrary scale factor).
Case 1: Transverse deflection w (0, t):
¢(x = 0) = (x) = Acosh(A0) + B sinh(410) + Ccos(Ax) + Dsin(A0),

A=—C (3.41)
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Case 2: Slope at the fixed end w'(0, t:

¢'(x) = AAsinh(10) + BA cosh(A0) — CAsin(A0) + DAcosh(A0). (3.40)

At x=0
¢'(0) = AB + AD,
0=+AB+AD,B=-D,
substituting back ¢ = —Aand B = —D.
Then, finally equation 3.40 become:
¢(x) = C[Acosh(Ax) — cos(Ax)] + D[Bsin(Ax) + sin(Ax)]. (3.43)

This is the general form that satisfies both fixed-end conditions simultaneously. This is why
cantilever mode shapes are always written as this particular combination of hyperbolic and

trigonometric terms, rather than the full four-term form.

Applying the free-end conditions (BM = 0 and S = 0 at x = L), By differentiating ¢ two
additional times for BM and three additional times for SF, and then setting x = L, we obtain two

further linear expressions in B and D:

In matrix form:

cosh(BL) + cos(BL) sinh(BL) + sin(BL)] (BY _ (O
[sinh(ﬁL) —sin(BL) cosh(BL) + cos(ﬁL)] { } B {0} (3.44)

Expanding the equations, the above two equations are non-trivial solutions of the equation.

¢(x) =B {(cos h(Bx) — cos(fx) +§ (sinh(fx) — sin(ﬁx))},

D __cos h(BL)+co (BL)
B sinh(BL)+sin(BL)’
D _ _ cos h(BL)+co (BL)
Let B a= sinh(BL)+sin(BL)’
¢(x) = B{(cos h(Bx) — cos(Bx) + a (sinh(Bx) — sin(Bx))}. (3.45)

In general, the analytical power estimation of a cantilever beam with unimorph MFC
piezoelectric material based on Euler-Bernoulli theory, when the length of the beam is much
greater than the thickness and width of the beam. Perfect bonding between the MFC and the
beam element is considered. For transverse forced vibration of a cantilever beam with uni-
morph MFC piezoelectric material, the output power depends on numerous factors such as the

geometry of the beam, frequency, and magnitude of externally applied force, material property,
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and boundary condition [14]. From Euler's theory, the equation of the uni-morph MFC with a
cantilever beam [110]:

. 0%w

Sw(x) _
m at2

dar Fpiezo ®)6(x — X (3.46)

or

04w
+Ylw+c

82 " . 1 _ y "
5o (Yeqleq) W' (x,t) + Mg (x,t) + cw” (x,t) = — p(t)6[x — xp] + Mpjez0 (x,1).
(3.47)

where:

e m(x). Mass per unit length for the composite beam with non-uniform length from

equation (3.33)
o Y.qleq: Flexural rigidity,
e ¢: Damping coefficient,

® Fpies0: External applied point force,

p(t)d [x — xf] :is the Dirac delta distribution centred at the force application point.

From the piezoelectric linear constitutive equation: the total energy stored in a small volume dv
of a piezoelectric cantilever beam is the sum of the mechanical energy and the electric field-

induced energy:
Tp = (11 Sp + e31E3, (34‘8)

where S, is the axial strain in the piezo, Eis the local electric field in the thickness direction

(or equivalently, we will relate it via voltage gradient as required by the patch electrode

geometry), and ez is there piezoelectric stress coupling.

The axial strain S,, induced in the piezoelectric patch by bending of the host beam:

_ SPwxt) _ o, SPwxt) _ o PL-X)
S0 =Y % = Mg (3.49)
2
o )2—6 ‘gt(: 2 The general Euler-Bernoulli relation between beam curvature and axial strain,

where y is the distance from the neutral axis to the point at which the strain is measured.

e Replacing y with hy, as the piezoelectric (MFC) layer is glued to the surface of the beam.

Strain is calculated from neutral axis to mid-plane (or surface) of piezo layer offset.
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This is a standard simplification for a thin surface-bonded patch, assuming that the

piezo layer itself does not shift the neutral axis significantly.

— 2
h, P(ELI 2 static bending relatron,; = I\Q(Ix), M(x) = P(L — x) is the bending moment

at position x for a cantilever loaded by a tip force P at x = L.

Axial stress in the MFC piezoelectric material:

52 w(x t)

O-p = Cllh + e 31E3, (3.50)

52

where c;;1h is the purely mechanical (elastic) contribution to stress,

p ﬁ
e31 E3. the piezoelectric stress coupling term, which accounts for the extra stress produced (or,

in actuation, induced) by the electric field, E'3 through the piezoelectric coupling coefficient e3.

From the assumption that the electric field is uniform across the thickness (h;) of the MFC (d31

mode):

(3.51)

Equation(3.46) states that, if the electric field through the thickness of the MFC patch is
uniform (classical d31-mode behaviour), the field is simply the voltage across the patch

electrodes, Vt, divided by the patch thickness hp.

The stress in the MFC piezoelectric layer (3.45 and 3.46)

82w(x,t) Ve

P(L x) %
T = C11h —+ 31h 11h =

+emyh (3.52)

The force generated by the piezoelectric material is obtained using the piezoelectric

material’s constitutive equation:

Fpiezo = %lbhl’ (Cllhp6 w(xt)_I_ es,h V(t)>l — bhzc 52 w(xt)+bhp es, 61;(0' (3.53)

the piezoelectric coupling equation is a partial differential equation that governs the

mechanical dynamics of a beam when it is integrated with an MFC piezoelectric transducer:

83 w(x t) 5V(t)

a‘w + YI 6w(x) _

_ _ 2
dtz ” p(t)S[L — Xg] + bh“cq4

+ bhyes; 2. (3.54)

After rearrangement, the governing equation of the beam and piezoelectric coupling is :

——— e V(©)] — p(O)S[L — X¢].
(3.55)

Sw(x)

52 w(xt)
ac 6t2 bhy(c1q

peq dt2 + Yqu x4 +
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Energy losses occur at each stage of the harvesting process. Mechanical losses arise from
structural damping, air damping, support or clamping losses, and material hysteresis within the
structure and piezoelectric layer. Electrical losses include dielectric dissipation, leakage
currents, voltage drops across rectifier diodes, switching losses in power electronics, impedance
mismatch between the harvester and the load, and inefficiencies in the power management
circuitry. In FEM-based harmonic or transient dynamic analysis, damping must be included to
obtain a realistic and numerically stable response, particularly near resonance, where an
undamped system may exhibit excessively large amplitudes and convergence difficulties.
Rayleigh damping is commonly used in structural dynamics by expressing the damping matrix
as a linear combination of the mass and stiffness matrices. The total damping of the coupled
system can originate from both the intrinsic material/structural damping and the electrical
energy extracted by the piezoelectric MFC harvesters. However, when the MFCs are modelled
under open-circuit conditions, the analysis predicts the open-circuit voltage without connecting
an external load; therefore, no useful electrical power is extracted from the system. In this case,
the damping contribution is assumed to arise mainly from the aluminium beam material, and

Rayleigh damping is applied to represent this structural damping [120].

From the piezoelectric material constitutive equations, the charge collected on the electrode

surface is the integral of displacement on the surface area from the Figure 3-1 [100].

From the equations 2.6, 3.2 and 3.3, the electric charge on the surface of MFC can be obtained:

X1+X,

Q=DA= fX1 D dx. (3.56)
Substituting equation 3.6 into equation 3.52, the charge can be described as:
R - _ Xy +X, -
Q=0b fo ((e31)ex + €337 E)dx = b le ((e31)ex + €337 E)dx, (3.57)

where: b 1s the width of the MFC.

Assuming the voltage produced by the piezoelectric MFC is V, from equation 3.47 and

substitute to equation 3.53:

btpess

Q = ZEE @K, +X;) = D(Ly)] = blpess® s, (3.58)

Voltage, charge, and current are dependent on the time function, and the frequency of the beam

is dependent on mechanical vibration:

I= wQ. (3.59)
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The relation between current and voltage with resistance is:
v
I = = (3.60)

combining equations (5.54), (3.55), and (3.56), the current amplitude is 1 4:

I, = wbtpesz;[@(0)—P(Lp)]
4 2(1+pr633‘:—:)

(3.61)

From the relations of the current (I), charge (Q), voltage (V), resistance load (R:), and

capacitance (Cp) [56] can be obtained:

_de® _v() ave(t) _ x2 53w(xt) sV (1)
I(t) = " - R_1 = Cp 9 fxl Ep d31tpcbp de - Cp T (362)

After differentiation and rearrangement, the electric circuit equations become:

X2
d 8%w(x, t)
CpaV(t) + R V() + 631bhp j Ep d31tpcbpmdx =0or
X1
VR(t) g33prp dVR(t) _ X2 de(x)
Ry hpCp de bhpe31 fxl ( dan )nn(tp)- (3-63)

€3 3bp (XZ —x1)

Where =C,, = is the capacitance of the piezoelectric layer,

P

N, (t) = modal coordinate,

. . . . . 2 d
Piezoelectric electromechanical coupling coefficient k3, “ = %,
11 33

dv . o . .
% is the derivative of the voltage generated across the MFC layer, R0 is the load resistance
p

in the electrical circuit, and v(t) is the voltage across the MFC layer. The term e bhp is a scaling

82w(x,t)
o dx

X

factor related to the piezoelectric coefficient and the MFC geometry, while

represents the integrated curvature of the beam over the region where the MFC is applied (from
X1 to x,). The voltage generated by the piezoelectric transducer is determined by the beam’s
mode response, mode shape, internal capacitance, and load resistance and the material’s

mechanical and electrical properties.
3.4. Mode shape and natural frequency analysis for the electrotechnical coupling

Based on the proportional damping assumption (strain-rate damping is assumed to be

stiffness-proportional, whereas air damping is assumed to be mass-proportional), the
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eigenfunctions of the proportionally damped system become the eigenfunctions of the

respective undamped system.

The solution for equation (3.40) is solved by the governing equation using the separation of

variables method [7]:
w(x, t) = ¢()n(t) =C; cosl%+ C, sinl% + C3 cosl% + C, sinl%. (3.64)

For a cantilever beam at the clamped end, both the deflection and the rotation must be zero; at

the free end, neither a bending moment nor a shear force can be present [183].

Apply the boundary condition and solve for the unknown constant C. The natural frequency
of transversal vibration of a continuous composite cantilever beam can be obtained analytically

from the decoupled equation (3.60) of the Euler—Bernoulli beam and is given by the following:

_ w _ 1 /12 Eeqleq
fo = 2m 2m L \’pqueq' (3.65)

where ‘n’ is the mode index, p,, is the effective density of the composite beam, A, is the
effective cross-sectional area of the beam, Eeq effective Young's modulus of the composite

beam, Ieq equivalent second moment area of composite beam and L is the length of the beam.

From the above equation increasing the beam length generally decrease natural frequency
whereas shorter beam length has high natural frequency. The beam's natural frequency can be
estimated by the piezoelectric beam's effective stiffness and mass. where A, is the
dimensionless frequency parameter determined by the beam's boundary conditions and
vibration mode. The characteristics equation for the first five roots from the standard book for

simple supported cantilever beam as follows:
A1=1.875104ch07,1,=4.69409113,15;=7.85475744,1,=10.99554073 and A5=14.13716839.

The resonant frequency or eigen frequency serves as a crucial performance metric for
PVEH. The device achieves its highest output power at this resonant frequency, and as the

excitation frequency deviates from it, the output power will diminish.
The rate of spatial curvature of the beam’s displacement expressed via its modal expansion:

fx1+x2 62 ow

ST = Talfy @ (O (0). (3.66)

From equation 3.62, the integration is carried out over the interval from xi to x2, which

represents the position of the piezoelectric transducer.

Modal coupling coefficient, also known as piezoelectric coupling:
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On = esrhpb 772 ¢ (x) dx, (3.67)

where, On the modal piezoelectric coupling coefficient ,which characterises the
electromechanical coupling between the ny mechanical vibration mode and the electrical
response of the piezoelectric transducer. It is especially important because it determines the
efficiency of the conversion of mechanical vibration into electrical charge. The sensitivity
depends on the piezoelectric coupling coefficient e31, the thickness of the piezoelectric layer h,

and the integrated curvature of the nth mode shape along the length of the piezoelectric patch.

Equation 3.64 describes the coupled electrical relationship in the piezoelectric energy harvester,
detailing how mechanical vibrations are transformed into an electrical voltage across the

external load. The electric coupling equation becomes:

a . 14 .
Cp S V() + 52+ T 07 (8) = 0. (3.68)

Open-circuit voltage under curvature (d3; mode, 1D):

d31Ephy
T

V.= f;ll*"z S, dx, (3.69)

€33
where S(x) is strain distribution at the resonance frequency of composite beam.

The voltage generated by the piezoelectric transducer is determined by the beam’s mode
response, mode shape, internal capacitance, and load resistance and the material’s mechanical

and electrical properties.

For energy harvesting, the first mode usually dominates (n=1). So, Voltage magnitude at

resonance (first mode) load R:

V, =-—wl®@ (3.70)

/(§>2+(wcp>2
Where;

e Vw the magnitude of the output voltage across the load resistor, evaluated at the

excitation angular frequency,

e 1n(w) is the amplitude of vibration in the first mode, which is obtained by solving the
mechanical (modal) equation of motion under base or tip excitation, i.e. the magnitude

of the modal coordinate (modal response amplitude) at frequency w,

e R the external load resistance ({2) connected across the piezoelectric patch electrodes,
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e C, is capacitance of the MFC,

e 0O electromechanical coupling coefficient at the first angular frequency.

Then average output power (peak-amplitude form) is as follows:

2
Pave = “2,V max=V (w). (3.71)
For a linear piezoelectric constitutive equation, a small-amplitude system (aluminium cantilever
+ MFC patch), the resonance frequency equals the natural frequency of the structure.

The damping ratio is very small, having a value between 0.005 and 0.02 for Al metals.

The time-average power delivered to the resistive load R,is the following:

V20|
Ry

Pharvest(w) = (3.72)

R; A simple resistive load connected across the harvester is used to derive simplified

mathematical models to predict the electrical output for a given base motion input.

The information on cantilever beam and Macro Fiber Composite piezoelectric transducer

dimensions and material properties is listed in Table 3-1.

The effective cross-sectional properties for the aluminium beam with an M8514 — P2 patch

bonded to its top surface.
Assumptions

e The MFC patch starts at x = 65 mm along the beam (so the patch spans x between [x1,x2
1=[65 to 65+85] mm = [65,150]mm),

e Patch width is centred on the beam width (beam width 30 mm, patch width 14 mm —

patch covers y between [8,22]mm),

e Patch thickness t, = 0.38mm sits on the aluminium beam,

e Volume fraction of PZT fibres to epoxy matrix within the: epoxy = 0.6 by 0.4 percent.

e PZT-5A properties used from the vendor datasheet: d31=-175%10"(-12) C/N, Epzr
=6.9x10"10Pa, ppz1=7700kg/m?, epzT =1800,

e Epoxy resin used: Epoxy=3.1GPa, pepoxy = 1150kg/m?.

e Mechanical damping of the M8514-P2 ( &yrc) = 0.01 to 0.05 which depends on the air

damping and bonding layer. Voltage and Power levels are quite sensitive to damping
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and excitation frequency. Mechanical damping broadens the resonance but reduces the

peak voltage and power.

Table 3-1 Geometry, mechanical and material properties of energy harvester

S. No. Property of energy harvesting Symbol (formula) Value (unit)
1 Beam width b 30.0 mm
2 Beam thickness tb 2.0 mm
3 MFC width Wb 14.0 mm
4 MFC thickness tp 0.38 mm
5 Beam area Av=b"h 60.0 mm?
6 Mass of beam p.V 64.8g
7 MFC area Ap=bm-tm 5.320 mm?
8 Beam centroid from the yp= h 1.000 mm

bottom 2
9 MFC centroid from the bottom =h p 2.190 mm
Yp 5
10 Neutral axis ¥ =(Eb Ab yb + Em Amym)/((Eb Ab + Em Am)) 1.044mm
11 Average applied force (Fyyg) 0.t0 0.5 N
12 I-beam about centroid I,=bh3/12 20.0 mm*
13 I MFC about the centroid. L,=b_m tm3 /12 0.064017
mm*
14 EI contribution (beam) E_b (I_b+A_b(yv-9)?%) 1.408x10°
N-mm?
15 EI contribution (MFC) Em (In+Am (y_m-9)%) 2.140x10°
N-mm?
16 Total bending stiffness Eltotal=EIb+EIp 1.528e+06
N-mm?
18 Equivalent flexural modulus Eeq=Eltotal/Itotal 59.71GPa
19 Mass per unit length m'=pb Ab+pm Am 0.190728
kg/m
20 Equivalent area density peq=pb Ab+pm Am/Ab+Am 2920kg/m3
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Table 3-2 Natural frequency for the theoretical model

Mode shape characteristic equations | Natural Frequency (Hz)

1 1.875 10.69
2 4.69409113 63.96
3 7.85475744 175.41
4 10.99554073 355.02

Mode Shapes and Natural Frequencies of Composite AI-MFC Cantilever Beam
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Figure 3-2 The first four modes’ shapes and natural frequency by line graph

From Figure 3-2, the first model shape and natural frequency contribute to high energy
harvesting; the rest contribute to a small extent. The system should effectively work in the first
resonance, where the amplitude peak is the highest. In the case of the system vibrating with the
second natural frequency or other higher frequencies, the effectiveness of the system

significantly decreases due to a smaller amplitude of strains of the piezocomposite.
3.5. Voltage and power for the analytical model

The frequency response functions of voltage and power for the piezoelectric unimorph
beam, using equations (3.64), can be used for 0.5N excitation with the load resistance of 10.5
kQ. The resulting voltage and power frequency response results are presented in Figure 3-3 and

Figure 3-4 respectively. The results shown in Figure 3-3 indicate the voltage magnitude
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maximum at the fundamental frequency. The short circuit resonance for the first mode occurs
at 10.37 and produces a maximum voltage of 0.265V.

Frequency Response with Voltage for the analytical model
T T T T
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Figure 3-3 Analytical frequency Response with Voltage for linear vibration energy harvester

Frequency Response with Power for the analytical model
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Figure 3-4 Analytical power and resonance frequencies of energy harvester

Figure 3-3 and Figure 3-4 shows the analytical model gives FJmax=0.265V and
Pmax=2.91uW at the fundamental resonant frequency of fn=10.69Hz, respectively. The power
response is sharper at the resonance peak than the voltage response because power is
proportional to the square of the voltage. Clearly, the harvested power is very sensitive to

resonance tuning, which plays an important role in practical energy harvesting applications.
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Chapter conclusion

The analysis indicates that the electrical output of the piezoelectric energy harvester is
strongly governed by the mechanical behaviour of the cantilever beam. As the beam curvature
increases, the axial strain in the Macro Fiber Composite (MFC) layer also rises. This, in turn,
enhances the electric displacement, causing more electric charge to accumulate on the
electrodes. Consequently, the generated output voltage grows with increasing strain. The peak
strain and maximum beam deflection occur at the fundamental resonance frequency, where the
vibration amplitude is highest, and therefore the output voltage reaches its maximum at
resonance. Since the power generated depends on both the voltage and the load resistance, the

power output increases markedly as the voltage rises.

At the same time, the output power is influenced by the electrical load and is inversely
related to the load resistance, in accordance with the power relationship. Thus, even a modest
increase in output voltage can yield a substantial rise in harvested power when the load is
appropriately selected. Furthermore, the analytical model demonstrates that maximum power
transfer is obtained only when the external load resistance is close to the optimal electrical load
of the piezoelectric transducer. Satisfying this load-matching condition promotes efficient
energy transfer from the piezoelectric element to the electrical circuit and maximises the
harvested power. Hence, the analytical model serves as a valuable tool for predicting the
dynamic performance of the piezoelectric energy harvester and for guiding the design and
optimization of its geometric and electrical parameters before undertaking numerical

simulations and experimental testing.
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Chapter 4 Finite Element Modelling

In this chapter, the FEM-based model was based on an MFC piezoelectric harvester that
consists of a piezoelectric sheet, epoxy resin, and an aluminium substrate layer, which are joined
together with a contact layer. MFC-P2 Mode d31 PEH is integrated with a unimorph cantilever
beam, clamped at one end and free at the other end. The vibration acts on the harvester as a
harmonic point load applied at the free end, which experiences large-deflection vibrations. The
mode d31 piezoelectric energy harvester generates electrical voltage from a transverse load
applied (concentrated force applied at the cantilever tip). The output wires from the positive and
negative poles are connected to an electrical load of R for generating electrical power [100,184].
In this section, a finite element model for modelling MFC-P2 types of piezoelectric materials
and an aluminium substrate with rectangular geometrical configurations is modelled. The
aluminium beam and MFC transducer interface were assumed to be perfectly mechanically
bonded, i.e. the displacement field is continuous across the interface. However, a mechanical
bond does not imply an electrical connection between the two materials. In the current energy
harvesting scheme, the aluminium substrate was not used as an electrical electrode and thus the
AI-MFC interface was considered to be electrically insulating. Therefore, the electrical current
was not allowed to flow between the aluminium beam and MFC layer. The electrical response
of MFC was decided by two electrode surfaces of MFC. The aluminium substrate does not
provide any electrical degrees of freedom for the coupled system, and the entire
electromechanical coupling and thus the harvested electrical output are determined solely by
the potential and charge conditions at the two MFC electrode surfaces. This assumption is
consistent with the experimental configuration and decouples the mechanical load transfer

function of the aluminium substrate from the electrical circuit of the piezoelectric transducer.

The numerical model was implemented in COMSOL Multiphysics 6.3 Figure 4-1 based on
the Piezoelectric Devices interface, a predefined multiphysics coupling of the Solid Mechanics
and Electrostatics interfaces, together with an Electrical Circuit interface to represent the
external resistive load connected across the MFC terminals . This enables the mechanical strain
field generated by vibration to be transformed, using the piezoelectric constitutive relations, to
a distributed electric potential along the patch and then to an accessible terminal voltage and

power dissipated in the load resistance.
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Solid Mechanics

The voltage or power propertional to
stress which is measured across
resistor connected to piezo

Structural deformation produce
stress in piezoelectric material

Piezoelectric
devices

Electrical circuit

Figure 4-1 COMSOL Multiphysics coupling for simulation

The Solid Mechanics interface the deformation of a cantilever beam under vibration,
which induces mechanical stress in the piezoelectric material. This stress is transferred to the

interface of the piezoelectric device and is converted to proportional output voltage or power.
4.1 Numerical modelling using finite element method

The coupled mechanical electrical behaviour of the piezoelectric energy harvesting device
was numerically investigated using finite element analysis (FEA). Unlike a traditional structural
analysis, in which only the mechanical displacement and stress fields are considered, the
piezoelectric analysis involves the simultaneous study of mechanical and electrical fields. The
direct piezoelectric effect generates an electric displacement when the piezoelectric material is
deformed, and an applied electric field can produce the mechanical deformation by the converse
piezoelectric effect. Therefore, the finite element formulation has to include the linked
electromechanical constitutive relations of the piezoelectric material. To determine the energy
generation ability of the MFC, a finite element model using COMSOL Multiphysics software
was used to determine the resonance frequency ,the voltage and power output from the MFC
integrated with AL cantilever beam substrate. The Finite Element Method (FEM) is regarded as
effective for illustrating the dynamic operations of the harvester, particularly when the structural
arrangement is more elaborate for complex structures [14,42,100,113,142,185—-188].This
method is a robust computer-aided method for the analysis of complex structures, which
(correctly used) can be in high agreement with experimental methods. Natural frequency and
mode shape are important parameters for designing structures under dynamic loading
conditions. It also serves as a starting point for dynamic analysis, such as harmonic analysis,
transient analysis, or spectrum analysis [42,100,142,185,188,189].The natural frequency of a

structure is the frequency at which the structure naturally vibrates if it is subjected to a
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disturbance. When the vibrating frequency of the source matches the resonant frequency of the
device, an optimum condition of maximum displacement is obtained.. The first key element in
modelling piezoelectric transducers for energy harvesting using COMSOL Multiphysics
modelling in 2D or 3D is t to determine eigen frequency and frequency analysis.
Eigenfrequency is used to determine the resonance frequency and vibration mode shape
analysis. The harvester plate consists of one substrate layer and one Macro Fiber Composite
layer, as shown Figure 4-2. MFC transducers are placed on the side of the aluminium cantilever
beam on opposite sides. MFC P2 was placed 65 mm from the clamped end of the Al beam to
harness the most active stress region. The dimensions of the active area of the MFC with epoxy
resin are 85 mm length (I,,), 14 mm width (wp) and thickness (hp) of about 0.38 mm. Dimensions
of the beam are 400 mm length (Iy), 300 mm width (wy) and 2 mm thickness and 2 mm height
(tv) (Figure 4-2). The volumetric fraction of MFC in epoxy resin is approximately 60%, with
40% epoxy resin, which balances electromechanical performance, flexibility, and durability.
The Macro Fiber Composite (MFC) is not a monolithic PZT plate; it is a composite of
piezoelectric fibers embedded in epoxy. PZT fibers with epoxy resins filling in the gaps. MFCs
are comprised of very thin fibers that are unidirectionally aligned and sandwiched between two
sets of electrode patterns printed on a polyimide film (Figure 4-3). The fibers are made of PZT-
5A material, and the matrix is made of epoxy resin for which the built-in materials from the
COMSOL Multiphysics material library are used. Compared to monolithic piezoelectric
materials, composite piezoelectric material offers superior mechanical and thermal properties
along with customisation. Electrode layers sandwiched the MFC generator, and electrical circuit
physics was used to model a resistance load across the MFC terminals, as shown in Figure 4-3.
In the finite element study, eigenfrequency and frequency-domain modal analyses were
employed. For the simulation, varied materials were used, and each one had a set Young's
modulus and Poisson's ratio from COMSOL's library of materials. The eigenfrequency solver
was set up to use the ARPACK algorithm, which looks for a shift of about 1 Hz without any
geometric nonlinearity. The physics interfaces encompassed solid mechanics, electrostatics,
deformed geometry, and parametric optimisation. Standard COMSOL solver settings were used,
and physics-controlled linearisation was used. After that, the top and bottom surfaces of the
piezoelectric layers were defined as ground and terminal in the boundary conditions of
electrostatics physics. The rest of the faces were labelled as zero charge. In the next step, a
tetrahedral mesh with extremely fine element size was used for the discretisation of the beams.
Finally, eigenfrequency and electric potential analysis were performed to determine

eigenvalues, voltage, and power output potential of the harvesters. These setups made sure that
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the model worked quickly while still giving accurate results, which made it useful in the real

world.

.—4. ‘

X=Lb

.

2mm

Figure 4-2 schematic Aluminium cantilever beam unimorph patched with MFC

Macro Fiber Composite MFC-P2 mode (d31) piezoelectric materials
mm

Epoxy matrix
Figure 4-3 The components of Macro fiber Composites from model on COMSOL Multiphysics

Figure 4-2 physical geometry of the whole harvester ) and internal material architecture of
the active patch (Figure 4-3), giving a top-down view of how the model for the governing

equations and mesh/solver settings works.
4.2 Geometric and material properties of the Substrate and energy harvester

The geometric and material properties of the substrate and piezoelectric transducer of a
cantilever-based piezoelectric energy harvester strongly affect its performance, as they define
the stiffness, mass distribution, resonant frequency and electromechanical coupling of the beam.
The energy harvester is defined as a bonded MFC-P2 patch and the substrate as an aluminium
beam. The dimensions, densities and elastic properties are given and used as inputs in the
analytical and finite element models developed in this work.The MFC transducer and the
aluminium cantilever beam were treated as a coupled electromechanical system in this thesis.
The MFC layer was described using the material characteristics of the M8514-P2 piezoelectric
composite, while the aluminium substrate was depicted as an elastic, electrically inert
substance. The two main dependent variables chosen were the electric potential and the
mechanical displacement field. The link between the mechanical strain/stress field and the

electric field/electric displacement field was established using the piezoelectric constitutive
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equations. The piezoelectric multiphysics formulation was used in COMSOL Multiphysics to
create the finite element model. While the electrical boundary conditions were applied to the
MFC electrodes in accordance with the experimental electrical configuration, the mechanical
continuity between the aluminium beam and the MFC layer was enforced through the bonded
interface. The natural frequencies, mode shapes, voltage response, and harvested electrical
power were then ascertained by eigenfrequency and frequency-domain analysis of the resulting

coupled system.
4.2.1 Design parameter of substrate and energy harvester

A rectangular cantilever beam with a unimorph MFC-P2 type geometric configuration is
chosen, which can produce large deformation under vibration. The bottom of the MFC layer is
grounded, and a floating potential or voltage condition is applied to the top surface of the
piezoelectric layer. The substrate layer of a VEH is typically not entirely covered by
piezoelectric materials due to their prohibitive cost, particularly for larger VEHs with lower
resonance frequencies intended for environmental vibrations. The parameters used for the
mechanical energy harvester and substrate material are listed Table 4-1. The homogenised
electromechanical properties of the MFC piezoelectric materials are computed based on the
individual properties of the fiber and matrix, the fiber volume fraction, and the poling directions.
In M8514-P2 MFC, the piezoelectric fibers are poled through the thickness (z-axis), and
mechanical deformation occurs along the in-plane axis (x-axis) where bending-dominant strain
is applied. [1,100]. For this study, the fiber in the composite material is made of PZT-5A, while
the matrix comprises epoxy resin. The MFC8514-P2 (Smart Material Corporation) piezoelectric
patch has been integrated with the cantilever beam, positioned at 65 mm from the fixed support
end. The patch has overall dimensions of 85 mm % 14 mm X 0.38 mm and operates according
to the ds; electromechanical coupling mechanism (directional dependence of material
properties). The dimensions of both the electrode and adhesive are the same dimensions as the
MFC patch, except for its thickness, which is 0.1 mm. It is important to note that the design was
aimed at maintaining equal mass for fair comparison. Based on this model, the effects of fiber
width for a single cell, 0.25 mm, and height, 0.38 mm, on the stress field distribution and output

potential were systematically modelled.

In the length dimension, the fiber length of 85 mm and fixed to the beam at 65 mm from
the fixed end support. Too short fibers will reduce the effective piezoelectric polarization
volume and weaken the electromechanical coupling capability, while too long fibers are prone

to stress concentration in periodic arrangement and flexible encapsulation, which may lead to
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fracture failure under long-term dynamic loads, affecting the device's reliability. The entire top
and bottom surfaces of the P>-type MFC are covered by electrodes. The voltage load on the P2-
type MFC harvester is applied by setting the potential on the bottom electrode to be zero and
imposing the sinusoidal electrical potential on the top electrode. The fiber in the composite
material is made of PZT-5A material, while the matrix is made of epoxy resin (epoxy
matrix).The substrate material (Figure 4-2 and Table 4-1), with a density of 2700 kg/m?, along
with the isotropic elastic material model, the Poisson’s ratio of 0.33, and an elastic modulus of
70 GPa. The material properties of the MFC piezoelectric composite layer and the substrate

layer are shown in Table 4-1.

Table 4-1 Geometric parameters and material properties of unimorph beam PEH

Item Parameter Unit
Aluminium substrate
Length 400 mm
width 30 mm
Thickness 2 mm
Density (p,;) 2700 kg/m?
Poisson Ratio 0.345 -
Elasticity 70 X 109 Pa
MFC
Length 85 mm
width 14 mm
Thickness 0.38 mm
Young’s Modulus £1 30.35 x 109 Pa
Young’s Modulus £z = £3 15.85 x 109 Pa
Shear Modulus G12 = Gi3 = (23 5.52x 109 Pa
Poisson Ratio v12 0.3 -
Poisson Ratio viz = v23 0.16 -
Piezoelectric constant 433 4.6x10710 C/N
Piezoelectric constant ds1 —2.1x10710 C/N

The material properties of the MFC piezoelectric composite

shown in Table 4-1.
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4.2.2 Mechanical damping model

Rayleigh damping assumes the damping matrix is a linear combination of mass and
stiffness. In FEA, the Rayleigh damping effect was considered; otherwise, the calculation would
be terminated because of the convergence problem near the beam resonance. Both the energy
extracted from the MFC harvesters and the damping from the structural material contribute to
the entire damping effect of the system. However, in FEA, only the open circuit voltage of the
MFC harvester is calculated, and no energy is removed from the system, in which case it is
assumed that the damping of the system is only attributed to the damping of the Al beam
material can be described by the equation [125,190]:

§i=5(S+wiB) (4.1)

w

where a and 8 are the unknown parameters and w; is the frequency of the i t* vibration
mode. To obtain a and [, the damping ratios for the first and second resonance modes should
be experimentally determined [190]. The damping ratios for the first and second modes are
obtained as {1 =0.0064 and £2 = 0.0077. Applying £1 and 2 to the damping equation, the two
parameters of the Rayleigh damping can be determined as @ = 0.66 and f = 3.544 x 10°
[125,191].

4.3 Analysis of simulation results for the finite element method model

Figure 4-4 3D models and mesh for finite element (FE) model of cantilever beam integrated
with a MFC piezoelectric energy harvester (PEH) were developed with COMSOL Multiphysics

software, operating in transverse d31 mode.

To calculate power output, FEM is a powerful tool to model complex PEH systems.
Aluminium beams within un-morph MFC are employed for VEH when driven at the resonance
frequency. In the particular case of 31-mode piezoelectric coupling, with mechanical stress
along the 1-axis (x-direction) and the electric field/polarisation along the 3-axis (z-direction)
the general 3D constitutive equations reduce to the following scalar forms. The equation is now
presented in its proper scalar form for the 1D 31-mode reduction, using standard IEEE notation.
Such a reduction is valid for the MFC-P2 patch used in this work, where vibrational forces are
only acting along the z-axis and the electrodes are perpendicular to the poling direction:

S; = oys%; + dE;, (4.2)
D; = doy + €933E;. (4.3)
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Where S: represents the strain component along the beam axis, and o1 is the corresponding
stress component. Ds denotes the electric displacement component, and Es the electric field
component, both along the poling direction. The term sf,; refers to an element of the 6x6
elastic compliance matrix, evaluated under a constant electric field. ds: is the relevant element
in the 3x6 piezoelectric strain matrix, linking stress along the beam axis to the electric field
along the poling direction. Finally, €955 is the element of the 3 by 3 dielectric permittivity

matrix, assessed at constant stress.
4.4.1 Natural Frequencies and modal analysis of a Cantilever Beam

Natural frequency is when the system vibrates without external forces, and modal analysis
determines the mode shapes (patterns of deformation). The cantilever beam has many different
vibration modes, each with different resonance frequencies. The identification of the natural
frequency of the energy harvester beam is extremely important since this will determine the
frequency range for which the energy model will be performed. The resonant energy harvester
is most used when the input vibrations are regular, the frequencies are high, and the input
vibration amplitude is smaller than the device’s critical dimensions, such as vibrations on

machinery or vehicles.

The first vibration modes have the lowest frequency of resonance and usually provide the
most vibration and therefore the most energy. The lower frequency is close to the natural
frequency, and the power is produced at lower frequencies [28,39,137]. Thus, optimum energy

can be harvested efficiently when the harvester is driven at resonant frequencies.

Figure 4-5 shows the first four vibration modes, eigenfrequencies, and displacements of the
rectangular-shaped cantilever beam harvesters, respectively. The real part is the natural
(resonant) frequency of that mode, and the imaginary part is the damping present in the
eigenvalue solution. A non-zero imaginary component appears because the piezoelectric-circuit
coupling (and/or the Rayleigh damping I was defined in in equation 4.1) makes the system
matrices non-symmetric/damped, so COMSOL’s eigenvalue solver returns complex conjugate
pairs instead of purely real eigenvalues. This is expected and normal for a coupled
electromechanical eigenfrequency extraction. The results show that the free end of the
rectangular-shaped harvester beam was displaced and reached a maximum value of 0.075 mm
at a fundamental resonance frequency of 10.976 Hz. This fundamental frequency, used in
closed-circuit conditions as the frequency of excitation, induces peak tip response. It is

important to note that there is a decrease in natural frequencies of the proposed harvester over
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the rectangular beam harvester in all three modes of vibration considered. This advantage is
highly desirable in designing vibration-based energy harvesters since most vibration sources
have lower excitation frequencies. The first four natural frequencies and mode shapes of PEH
are obtained by model analysis in COMSOL FEM simulation. Rectangular cantilever beams
with a uniform point load at the free end of the cantilever beam considered. The resonant
frequency errors obtained from impedance analysis are less than 2.47% for mode one, mode 2

(2%) and mode 4 (0.64%).

The eigenfrequency analysis produced complex eigenfrequencies, expressed as (fn = f{n,r}
+ fin,iy). The real part (fin,r}) represents the system's damped natural frequency (in Hz), while the
imaginary part (fini;) indicates the frequency decay rate (in Hz), which reflects energy loss.
This energy dissipation comes from both mechanical damping modelled using Rayleigh

damping coefficients and electrical losses in the MFC, represented by the dielectric loss tangent.

The imaginary part is much smaller than the real part, as seen in the fundamental mode
shown in Figure 4-5, which implies a low damping ratio. The damping ratio for each mode can
be estimated by the ratio of the imaginary part to the real part of the eigenfrequency. The
fundamental mode has only slight damping, demonstrated by its very small imaginary
component. In contrast, higher modes show increased imaginary parts, indicating stronger
modal attenuation under the model’s damping assumptions. Therefore, the complex
eigenfrequencies listed in the legend of Figure 4-5 convey not only the natural frequencies of

the structure but also the damping and energy dissipation characteristics of each vibration mode.

400 5 mm

mm 0

(a) Al beam withMFC model (b) Mesh model

Figure 4-4 Schematic of the EH MFC with a unimorph rectangular substrate model and mesh
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Figure 4-5 The mode shapes and natural frequencies for numerical model

From the Figure 4-5:

e The eigen frequency 10.976 Hz: This is the basic bending mode, with a monotonically
increasing deflection from the clamped end (x = 0) to the free tip (x = 400 mm) without
any internal nodes. This classic first-mode cantilever shape for energy harvesting, since
the MFC patch placed near the root (high strain region) couples most strongly to this

mode.

e 65.09Hz eigenfrequency: The Second bending mode. One internal node (change of
sign) at x =280-300 mm.

e 182.36 Hz: The third bending mode and has two internal nodes.

e 274.63 Hz: Does not have the normal bending pattern which for a higher bending mode

( torsion mode) and oscillations along the beam length.
e 356.67 Hz: The fourth bending mode (three internal node).

e 153.59 Hz: This is a flat curve at zero over the entire length of the beam (not a true

bending mode shape or zero Z displacement).

One of the fundamental factors influencing the charge generation of a piezoelectric cantilever
is the amount of stress generated when loaded. Therefore, a cantilever PEH subjected to basic
excitation in the first vibration mode generates voltage as a function of the stress experienced

in the material [175,191]:
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V31 = OxxG31txx (4-4)

where:

e V3 electric voltages produced between the electrodes of the piezoelectric layer ("31"
subscript indicates the mode: mechanical stress along the direction 1 leads to an electric

field along the direction 3).

e g the piezoelectric voltage constant (units: V- m/N), a property of the piezoelectric
fibres. It relates an applied mechanical stress in the 1-direction (in-plane, along the
length of the beam/fibre axis) to the electric field generated in the 3-direction (through

the thickness of the patch, where the electrodes reside).

® 0 (or 1) mechanical stress in the x-direction (along the length of the beam) caused
when the cantilever bends. In your situation, this is the axial/bending stress at the patch

location based on the beam curvature.

e t, thickness of the piezoelectric layer, over which the electric field is integrated to give

a voltage rather than a field.

The structural and piezoelectric properties significantly influence the dynamic behaviour of the
cantilever beam. The primary objective of mechanical vibration energy harvesting is to operate
the system at natural frequency, where stress and strain are maximised, thereby high electrical
output voltage and power. In energy harvesting systems operating under low-frequency
excitation, the cantilever beam undergoes damped free vibration at its first natural frequency.
As shown in Figure 4-6, at resonance the beam reaches its maximum displacement, causing the
MFC harvester to experience the highest strain and therefore generate the maximum output
voltage and power. Consequently, the efficiency of energy harvesting at resonance is crucial.
Figure 4-7 illustrates that the resonance frequency plays a key role, and the efficiencies of MFC

harvesters are evaluated at the first natural frequency while accounting for damping effects.

Figure 4-8 Von Mises stress distribution of the rectangular cantilever beam with MFC. The
maximum stress (g ) Of the order of 12.5 X 10° N/(m)? is observed at the fixed end of the
beam where bending curvature is maximum. Thus, this region is the most suitable due to the
maximum strain experienced by the piezoelectric material for the conversion of mechanical-to-
electrical energy. On the other hand, the stress reduces towards the free end of the beam and
reaches around 0.002 X 10°N/m? which indicates a much lower contribution to the electrical
energy generation. The distribution of the stress is the reason that the partially covered

piezoelectric cantilever beam is widely used in the literature with the piezoelectric layer near
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the clamped end to improve the utilisation of materials with high energy harvesting

performance.
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Figure 4-6 Displacement amplitude versus frequency for analytical model
Note
e Lp: initial placement of MFC piezoelectric from the fixed support end at 65 mm.

e S (segment): the total line segment over which MFC is placed from the fixed support of

the beam.
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Figure 4-8 Von Mises stress of EH at MFC is 65 mm from the fixed support end
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Figure 4-9 Voltage and Power versus Eigen frequency of the for rectangular EH

The generated voltage and power depend on the resonance frequency for maximum power

harvesting, as shown in the Figure 4-9 (a). In the first mode, the natural frequency obtained

from simulation is 10.976 Hz, and the corresponding output voltage is 0.28 V. Figure 4-9 (b)
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shows the electric power output in milliwatts of the setup at its fundamental resonance
frequency of 10.976 Hz. For series connection, generated power is 0.0032 mW with load
resistance between 10 and 12 kQ, and beam displacement is 7.5 mm. For the rectangular
substrate harvester, the power output was obtained in the range of 0.0002 mW to 0.0032 mW

in the resonance frequency range of 7-15 Hz with a frequency step size of 0.5 Hz.

Load resistance versus voltage and power at fundamental frequency

The harvested power also increases continuously across the entire simulated range, reaching
a maximum of approximately 0.0032 mW at a load resistance of 10-12 kQ, as shown in Figure
4-10 for a range of small electrical loads. When the electrical load is in this range, the peak
power occurs at a frequency of 10.976 Hz, which is close to the beam's pure structural natural
frequency. As the load increases beyond this range, the peak power drops. Therefore, it can be

concluded that the frequency at which the power is maximum depends on the electrical load.
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Figure 4-10 Voltage and power under with different external resistances

91



Finite Element Modelling

At the fundamental frequency of 10.976 Hz, both voltage and harvested power increase
monotonically with load resistance over the simulated range (up to 12 kQ). At the high end of
the tested range, voltage is approaching its open circuit asymptote, but power continues to

increase, suggesting the optimal (power-maximising) load resistance is at or above 12 kQ.
4.4 Comparison between theoretical and numerical models

The comparison was made between natural frequencies, voltage, and output power for
analytical and finite element method results, which are in good agreement. In the Table 4-2
results of the numerical analysis of the resonant frequencies and the corresponding mode shapes
are compared with the analytical model. Modal analysis is used to examine the different
vibration modes and the frequencies at which they occur. The analytical mode shape and natural
frequency are compared with the numerical model using COMSOL Multiphysics. The first
mode's present FEM results show a negligible difference from the analytical models. However,
for the 2nd and 3rd modes, this difference becomes immense. There are good agreements
between the FEM model and the analytical one. For the 2nd and 3rd modes, the effect of load
on the resonant frequency is small. However, for the 4th mode, the effect is slightly higher than
the rest of the other mode shapes, with a percentage less than 5%. It is indicated in these table
that the resonant frequencies of both models are very close, and the result differences of

impedance analysis are very small for each mode.

The fundamental natural frequency obtained by the finite element method (FEM) is 10.976
Hz, which is 2.42% higher than the analytical value (10.69 Hz). The variation of the analytical
and FEM natural frequencies is less than 5% for all four vibration modes analysed. Table 4-2
Comparison of analytical and finite element results for the first four natural frequencies. The
results are in good agreement. The percentage differences are in the range of about 0.4% to
0.5%.To produce maximum voltage and power from piezoelectric elements that are attached to
vibrating structures, the structures should be excited at their first natural frequency, where they
experience the largest deflections. Figure 4-11 (a) shows the output voltage and power for a
10kQ) for both the analytical and numerical models. The open circuit voltage response and
power output response are also important for assessing the performance of a piezoelectric
energy harvester. Typically, a resistor is connected to the harvester as an electrical load to
evaluate its power output performance. To achieve the maximum power output, the optimal
resistor value should be selected based on impedance matching techniques. These optimal
values slightly vary at each frequency point. However, the most significant interest lies in the

peak values around the resonance frequencies for power output research from a piezoelectric
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energy harvester. Therefore, for simplicity, instead of determining every optimal 10 kQ resistor
at each frequency, the focus is on the optimal resistor at the resonances, because responses at
off-resonance frequencies are considerably lower. An approximate value of the optimal resistor
should be chosen for further analysis. When the resistor value is around 12 kQ, the PEH had a
maximum response for voltage and power output for both peaks, as shown in Figure 4-11peak
voltage response of the harvester was 0.28 V at the excitation frequency of 10.97 Hz when the
harvester was simulated in open-circuit conditions, as shown in Figure 4-10.The results had a
1.02% difference from the theoretical model. Figure 4-9 presents the output voltage and power

responses of the analytical and numerical models with a load resistance of 10 kQ.

The open circuit voltage response and the power output are important indicators to evaluate
the performance of a piezoelectric energy harvester. To evaluate the power output performance
of the harvester, a load resistor is typically connected to the harvester. Impedance matching
should be used to select the optimum load resistance for maximum power output. However, the
optimum load resistance varies slightly with the excitation frequency, and the greatest interest
is in the peak response at the resonance frequency where the harvested power is maximised.
Thus, the approximate optimum load resistance value of 10 kQ is used for the study instead of
finding the optimum load resistance at each frequency since the responses at the off-resonance
frequencies are significantly lower. As shown in Figure 4-10 (a) and (b), the piezoelectric energy
harvester (PEH) generated maximum voltage and power output at the load resistance of about
10 kQ. As can be seen from Figure 4-11(a) and (b), the peak voltage response of the harvester
in open-circuit condition is 0.28 V for the excitation frequency of 10.976 Hz. The resultis 1.02%
deviation from the theoretical prediction, indicating an excellent consistency of the analytical

and numerical models.

Table 4-2 The natural frequencies for analytical and numerical

Vibration mode Natural frequency (Hz)
Analytical Numerical Difference in %
The 1st bending mode 10.69 10.976 2.675
The 2nd mode 63.96 65.09 1.767
The 3rd bending mode 175.41 182.36 3.96
4th bending mode 355.02 356.67 0.46
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Figure 4-11 The theoretical and numerical models of voltage and power

The magnitude of the voltage at the resonance frequency for both models increases within
the resistor load, as shown in Figure 4-11 (a). For the case of a cantilever beam with small
damping, the results of [192] can be used. It must, however, be noted that the model represents

the system behaviour only in the small vibration of a single eigenmode.

Small deviations are due to modelling assumptions, e.g., neglecting the shim layer or the
assumption of ideal boundary conditions. Also, nonlinear effects of the material behaviour are
not considered in the analytical model, but these are present in the experimental results. For
small mechanical excitation, dielectric losses are neglected, and the electrical load is modelled
by a resistive load as beams have small vibrations. Maximum power transfer is achieved if the

load resistance matches the internal resistance of the energy harvester.

The power produced using the theoretical method is lower than the numerical method. The
main reason for the Euler-Bernoulli method is correctly assuming that the MFC does not bend
on its own neutral axis but bends on another shifted neutral axis. The average power models
from classical PZT piezoelectric energy harvesters usually lie in the tens or hundreds of pW,
while the optimum load impedance is a hundred k€2, as mentioned in literature reviews. Thanks
to the non-classical MFC piezo with low frequency, the MFC energy harvester can reduce the
optimum load impedance to 10 kQ and generate an average power of up to 0.0032 mW. It
indicates that MFC piezoelectric energy harvesters have a few tens of milliwatts of power

generation potential for low-electronic material applications.
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Chapter 5 Experimental validation

Chapters 3 and 4 outlined, respectively, the theoretical (mathematical) and numerical
models of the aluminium cantilever beam bonded with a unimorph Macro Fiber Composite
(MFC-P2) piezoelectric energy harvester were developed. These models were formulated to
predict the energy harvester’s mechanical and electrical responses under vibrational excitation
and to assess electromechanical energy conversion performance. The mathematical model
offers an analytical representation of the system’s behaviour, whereas the numerical model,

based on finite element analysis, allows a more detailed exploration of its dynamic response.

Validating the developed models against experimental measurements is essential to
establishing their accuracy and reliability. This experimental verification serves as a critical step
in assessing how well both models capture the physical behaviour of the piezoelectric energy
harvester under real operating conditions. Accordingly, Chapter five focuses on the
experimental investigation conducted to validate the mathematical and numerical models. The
experimental setup, measurement procedures, instrumentation, and testing conditions are
described in detail, followed by a comparison of the experimental results with the corresponding
theoretical and numerical predictions. Initially, the energy harvester consists of a mechanical
substrate, a piezoelectric material, and an electrical interface. Frequency response functions of
the energy harvester beam were obtained by applying an actuation voltage to the beam to
compare the natural frequency obtained from both mathematical and numerical models versus
the experimental frequency. The unimorph MFC-P2 is bonded to a cantilever beam of length
400 mm when mounted on the clamping fixture. The dimensions and material properties are
shown in Table 5.1. In this chapter the experimental results of applying harmonic actuation
voltage and measuring the frequency response functions in the neighbourhood of the

fundamental resonance of the unimorph are presented.
5.1. Sample preparation

In Figure 5-1 shows the setup of the unimorph energy-harvesting system. The MFC8514-
P2 piezoelectric transducer was attached to the upper surface of the aluminium substrate, and
the MFC8514-P1 transducer was bonded to the bottom surface near the clamped end. The
cantilever beam was assumed to have only bent vibrations, with no torsional modes, according
to the Euler—Bernoulli beam theory. An aluminium cantilever beam is used as the host structure
for the energy-harvesting system, which is equipped with MFC piezoelectric material patches,

as shown in Figure 5-1 (a) and (b). The MFC8514-P2 and MFC8514-P1 transducers (Smart
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Material Corporation) were installed at 65 mm from the fixed end of the beam. The piezoelectric
patches were bonded to the aluminium beam by a standard epoxy adhesive and assumed to be
perfectly bonded to the host structure. According to the manufacturer’s datasheet, the bonded
assembly requires 24 hours of cure time at room temperature (approximately 23°C) to achieve
handling strength after application of the epoxy adhesive. The surface of the MFC layers was
coated with a copper electrode, and the electric field was poled along the thickness direction of

the energy harvester.

[ 24113-0050

(a) Macro Fiber Composite piezoelectric material prior to being bonded to the beam

(b) MFC bonded to the aluminium beam
Figure 5-1 Unmorphed MFC-P2 sample prepared for experimental testing

Figure 5-2 Presents the schematic diagram and the experimental the setup used in the
laboratory experiments. The diagram illustrates the entire signal pathway. The function
generator excites the MFC-P1 patch, resulting in the beam flexing through the piezoelectric
d33 effect. The flexing of the beam induces a strain in the MFC-P2 patch, which produces
a voltage across the load resistor through the dsi effect. This voltage signal is also
simultaneously recorded by the oscilloscope, multimeter and DAQ; recorded in LabVIEW; and
then processed in MATLAB to generate the voltage and power vs frequency plots used in your
results chapter. The setup consists mainly of an aluminium cantilever beam with an MFC
piezoelectric patch bonded on it, a signal generator, and a data acquisition unit. The MFC is
composed of piezoelectric ceramic fibres, epoxy resin, electrodes, and organic binder. The MFC
piezoelectric material was bonded to the aluminium cantilever beam at 65 mm from the clamped

end of the fixed fixture.
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Figure 5-2 Schematic model of the experiment for validation

Again, from the Figure 5-2 the data acquisition system for measuring the electrical output
of the MFC piezoelectric energy harvester comprised an NI cDAQ-9191 Compact DAQ chassis
and an NI-9215 analogue input module . The NI-9215 contains four differential analogue input
channels with a +£10 V range, 16-bit resolution, and a maximum sampling rate of 100 kS/s per
channel. It allows for simultaneous sampling so you can take synchronous voltage
measurements at multiple points. The cDAQ-9191 is a single-slot chassis that manages timing,
synchronisation and data transfer between the C Series module and the host computer over
Ethernet or IEEE 802.11 Wi-Fi. In theses , the voltage signals generated by MFC were collected
by the NI-9215 and transmitted to the computer through the cDAQ-9191 for processing and
analysis. The data collected were used to calculate the output voltage, the frequency response

and the electrical power delivered to the external load.
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Table 5-1 The physical dimensions, geometric characteristics, and material properties

Category Property Symbol /unit Substrate Piezoelectric materials
(aluminium (MFC (M8514-P2))
beam)
Geometry Length L [mm] 400 85
Width b [mm] 30 14
Thickness h [mm] 2 0.38
Placement (from clamp) x [mm] - 65 (cantered on width)
Mechanical Density p [kg/m3] 2700 (Al 5400
property 6061)
Young’s modulus E [GPa] 69 15-30 (effective, along
fiber)
Poisson’s ratio v [-] 0.33 ~0.3
Bending stiffness EI[N-m?] Ebh3/12 included in FE patch
stiffness
Piezoelectric Coupling mode - - ds1 mode (polarised

along z, strain along x)

Piezoelectric constant @1 [pm/V] - 2.1x107°
Permittivity (£357/€0) - - 1700
Dielectric constant &33" [F/m] - 1.5x1078
Capacitance Cp [nF] - 120-160 (at 1 kHz, 1
Vrms)
Electromechanical K31 - 0.35-0.4
coupling coefficient
Electrical Resistance load (varied) RL [kQ] - 12 kQ
Max operating voltage Vmax [V] - +1500 V (blocking),
+360 V (operating)
Environmental Operating temperature [°C] - 25
Adhesive (epoxy layer) [mm] Very small -
thickness added to MFC 0.05

The material properties and geometric configuration are important for the analysis of the
energy harvesting capability of cantilevered piezoelectric unimorph beams. The material

properties and their dimensions were provided in Table 5-1.
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5.2. Description of experimental procedures and system identification

The MFC-based piezoelectric vibration energy harvester was experimentally validated
using a unimorph aluminium cantilever beam with a Macro Fibre Composite; both MFC-P2
and MFC-P1 were patch-bonded near the fixed end of the beam. The MFC patch in the
experimental setup is used as an vibration actuator to excite the beam to simulate the ambient
mechanical vibration and as a sensor to measure the electrical output due to the direct
piezoelectric effect, as shown in Figure 52. The experimental setup was used to measure the
voltage produced by the MFC-P2 patch in response to an actuation voltage applied to the MFC-
P1, which was used to vibrate the beam configuration. The voltage generated by the MFC
transducer was acquired using an NI-9215 analogy input module installed in an NI cDAQ-9191
Compact DAQ chassis and recorded through LabVIEW software. The output Power was then

calculated from the measured voltage with the resistive load.

An actuation voltage was applied to the MFC-P1 to generate transverse vibrations in the
beam. In addition, the MFC can serve as a highly sensitive strain sensor, capable of detecting
deformation, noise, and vibration, as well as harvesting energy from these sources. The M8514-
P2 piezoelectric transducer was attached to the right side of the substrate, while the M8514-P1
transducer was bonded to the left side to excite the beam. The P2-type transducer works in the
d31 mode; using the piezoelectric strain constant d31 as a basis, the device was designed and
manufactured with electrodes of identical polarity on both sides of the piezoelectric fiber layer
and was poled through its thickness [23,179]. In contrast, the P1-type MFC exploits the d33
piezoelectric effect as an actuator to produce harmonic excitation in the aluminium beam coated
with piezoelectric material, with the resulting vibration amplitude controlled by adjusting the
voltage applied to the actuator. The selection of the P1-type MFC as the vibration actuator was
based on the following considerations: (1) Its dss coefficient is greater than dsi; (2) its operating
voltage range of —500 V to +1500 V makes it well suited to actuation, whereas the P,-type is
limited to a range of —60 V to +360 V; and (3) the interdigitated electrode configuration used in
the Pi-type MFC limits the achievable current, reducing its suitability for energy harvesting
applications [14,23] . The beam's vibration amplitude could therefore be tuned by varying the
voltage applied to the MFC-P1 as vibration actuator.

A resistor was connected through the MFC-P2 patch to measure the output voltage, which
was acquired using high-precision NI data acquisition modules (DAQ). The NI DAQ system
was connected to a PC, and all data was recorded using LabVIEW software to capture both the

output voltage and the beam displacement. The DAQ system had an output range of 10 V and
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an output current drive of £5 mA, and it recorded voltage signals in the time domain
synchronised with the excitation frequency. LabVIEW software was used to drive the beam
near its resonance frequency and to perform a series of frequency sweeps from 7 to 15 Hz, in
increments of 0.5 Hz. During testing, the excitation amplitude was manually adjusted using the
power amplifier control until the maximum beam vibration amplitude was achieved. The
voltage output generated by the MFC sheets was recorded using a digital multimeter, while the
mechanical vibration response was measured across a 10 kQ resistive load. The output
sinusoidal voltage waveform was also recorded using a digital oscilloscope, from which the
output power was calculated. Finally, the voltage and power output of the energy-harvesting

device, as functions of frequency, were plotted using MATLAB software [23].

1. wave form generator 2.Digital Oscilloscope 3. High-Voltage Amplifier
4. Digital Multimeter 5. NI ¢cDAQ-9191 6. MFC with beam
7. Computer with LabVIEW

Figure 5-3 The overall experimental setup for MFC vibration energy harvester

In the case of a cantilever-type piezoelectric energy harvester (PEH), the voltage output and
strain of the MFC were measured, and the corresponding output power was calculated. The first
step was to conduct experimental tests to validate the mathematical model that estimates the
electrical power output by measuring the voltage at different excitation frequencies and load
resistances. An important parameter of the energy harvester beam is the first natural frequency

because it shows the frequency band in which the experiment was conducted and the maximum
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energy can be extracted. Dynamic characteristics of the system were obtained by measuring the
frequency response functions of the system by applying an actuation voltage to the MFC-P1

patch, as shown in the experimental setup in Figure 5-3.

The natural frequency of the unimorph MFC-P2 energy harvester was measured to be
approximately 10.2 Hz. In the experiment, a harmonic actuation voltage was applied to the
MFC-P1 vibration actuator, as summarised in Table 5-2, while the harvested voltage from the
MFC-P2 patch was measured across the connected load resistance. The vibration amplitude of
the beam was found to be maximum at this frequency of approximately 10.2 Hz, confirming it
as the system's resonance frequency. The natural frequencies obtained from the analytical,
numerical, and experimental approaches were found to be in close agreement, with a maximum
difference of 5.4% between the experimental results and the theoretical and numerical models.
This discrepancy can be attributed to experimental uncertainties and to simplifying assumptions
inherent in the theoretical and numerical models. The device's electrical performance was
characterised by using two key parameters: output voltage and generated power. The output
voltage was measured directly across the load resistor. After data acquisition using LabVIEW,
the recorded voltage signals were post-processed in MATLAB, where they were transformed
from the time domain to the frequency domain using the Fast Fourier Transform (FFT).
Voltage—frequency response functions were subsequently generated using MATLAB's plotting
routines. Figure 5-4 presents a representative frequency response function of the recorded
voltage signal, showing a pronounced peak corresponding to the first bending mode at a
resonance frequency of 10.2 Hz. Because multiple datasets were acquired across different
excitation frequency ranges and at different measurements, a comparative analysis was
conducted to identify the dataset that most accurately represented the system's natural
frequency. The voltage obtained from the harvester corresponds to a condition of constant
acceleration amplitude maintained across the entire frequency range. The output voltage,
denoted V, was measured across an electrical load resistance RLoad while the system was

excited at its resonance frequency under a constant vibration amplitude.
5.3 Result and discussion of experimental model

This section presents the results of the experiment divided into three subsections. In the first
subsection, an initial estimation of the experimental voltage output is performed. The following
two subsections study the variation of output power with the magnitude and frequency of
excitation and compare the experimental results with theoretical and numerical models. In the

experimental setup described in the previous section, the voltage output response of the MFC
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integrated with the cantilever beam was recorded for different input frequencies by applying an
actuation voltage to the MFC-P1 patch and measuring the output voltage via the MFC-P2 patch.
The output voltage of the energy harvesting device was measured over a range of excitation
frequencies. This was then used to determine the mean output power using Equation (5.1), based

on the peak voltage measured across the load resistor, as summarised in Table 5-2 .

VRZ

Pave = — > (5-1)

2R

Where Pave. denotes the power output, R represents the load resistance, and V. is the output
voltage amplitude (peak voltage) of the energy harvesting device measured across the load
resistor. As can be seen from the Table 5-2, the output power decreases gradually with the
increase of the frequency difference from the resonant frequency, even if the frequency

difference is relatively small.

Table 5-2 Voltage and output power from experiments with frequencies

No. Frequency (Hz) Measured Voltage Calculated Power (mW)
)

1 7 0.0105 2.72094e-04
2 7.5 0.0362 0.00035

3 8 0.078 0.000709584
4 8.5 0.1201 0.001205

5 9 0.162 0.0016219
6 9.5 0.208 0.002078

7 10 0.21345 0.0023128
8 10.5 0.2450 0.002720

9 11 0.19567 0.002045
10 11.5 0.16406 0.001804
11 12 0.12801 0.00148
12 12.5 0.10306 0.001162
13 13 0.0751 0.000852
14 13.5 0.0508 0.000532
15 14 0.0261 0.000376
16 14.5 0.0092 0.0001627
17 15 0.00343 0.0000852

The output voltage when the beam was excited from 7 Hz to 15 Hz with a constant MFC-P1

actuation voltage and a load resistor of 10 kQ in series is shown in Figure 5-4. The voltage
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increases smoothly from approximately 0.012 V at 7 Hz to a maximum of 0.245 V at around
10.2 Hz, which is essentially the fundamental natural frequency of the cantilever (10.165 Hz),
and then decreases, following the classical bell-shaped resonance curve. This peak corresponds
to the maximum mechanical strain in the piezoelectric layer and the maximum charge generated
by the direct piezoelectric effect. This frequency-dependent behaviour of the experimental
voltage closely tracked what the theoretical and numerical models had predicted, with all three

approaches converging on very similar voltage values.

Experimental Measured Voltage at different Excitation Frequencies
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Figure 5-4 Experimental voltage versus frequency response at constant resistance load
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Figure 5-5 The experimental frequency responses vs power harvester with a load resistor

From the measured voltage, the electrical power output derived from the MFC piezoelectric

structure was calculated using the mathematical model outlined in Equation 5.1. The resonance
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frequency of the cantilever harvester determines both the peak power and the highest open-
circuit voltage, resulting in the harvester's output reaching its maximum at this frequency. When
power output is graphed against excitation frequency in Figure 5-5the peak power is
approximately 2.720 uW, observed at the fundamental frequency of the energy-harvesting

structure with a 10 kQ resistive load attached.
5.4. Comparison of the theoretical, FEM and experimental model

The numerical solution is first validated by comparing the calculated voltage and
fundamental frequency for a rectangular uniform beam. As discussed in the previous chapter,
both the mathematical and FEM models of the energy harvester were validated. In this chapter,
the focus shifts to validating the experimental results against the theoretical and numerical
predictions, comparing the resonance frequency, voltage, and harvested power of the unimorph
piezoelectric energy harvester. This validation is limited to the first resonance mode since the
higher modes not only lie far from the fundamental frequency but also generate considerably
lower power output. Piezoelectric energy harvesters are generally designed to operate near the
fundamental frequency of the mechanical structure and are rarely intended for high-mode
operation, as at higher modes positive and negative charges are generated simultaneously and
tend to cancel each other out. The measured deflection of the cantilever beam at 0.4 m from the
clamped end, with the MFC transducer integrated, was 6.57 mm. By comparison, the analytical
model predicted a deflection of 6.75 mm, and the numerical simulation predicted 6.4 mm. While
a discrepancy of this size might normally seem significant, given how small the absolute
deflections are, a difference of around 0.5 mm is considered acceptable. In the experiment, the
maximum voltage output occurred at approximately 10.2 Hz, compared with 10.693 Hz and

10.976 Hz for the theoretical and numerical models, respectively, as shown in Table 6-3.

The resonance frequencies predicted by the simulation and theoretical model were close to
one another, differing by only 6.9%. As shown in Figure 5-6 presents , the theoretical,
numerical, and experimental voltages were approximately 0.265 V, 0.281 V, and 0.249 V,
respectively, corresponding to a percentage error of around 3.74%. Similarly, Table 5-4 and
Figure 5-7 show that all three models predicted a power output of approximately 0.0032 mW a
result that is promising for potential broadband energy-harvesting applications. Overall, the
resonance (natural) frequency obtained experimentally showed reasonably good agreement
with both the mathematical and numerical models, and the displacement results followed the
same pattern. In Figure 5.7, the maximum power output as a function of frequency was also

determined using all three methods, applying the optimal load resistance in each case. The three
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sets of results were found to be broadly consistent with one another, both in resonance frequency

and in magnitude.

Table 5-3 The comparison of the 1st natural frequencies of the model.

Type of model First natura frequency (Hz)

Experimental 9.159=10.2
Theoretical = 10.69
Numerical =10.976

Table 5-4 Comparison of EHM for the theoretical, numerical, and experimental

S.No Experimental model Theoretical model Numerical
model
Excitation Voltage Power (mW) Voltage (V) Power Voltage | Power (mW)
Frequency %) (mW) %)
(Hz)
1 7 0.0105 2.72094e-04 0.05902 2.42E-4 0.05902 1.41E-04
2 7.5 0.0362 0.00035 0.07260 4.38E-4 0.0726 2.14E-04
3 8 0.078 0.000709584 0.08430 7.44E-4 0.0843 2.89E-04
4 8.5 0.1201 0.001205 0.108 1.08E-3 0.0990 4.73E-04
5 9 0.162 0.0016219 0.12966 1.63E-3 0.12966 6.83E-04
6 9.5 0.208 0.002678 0.16821 2.25E-3 0.15821 1.25E-03
7 10 0.21345 0.003128 0.21601 2.7E-3 0.21601 1.89E-03
8 10.5 0.24503 0.002715 0.26522 2.91E-3 0.26422 2.94E-03
9 11 0.19567 0.002345 0.24640 2.05E-3 0.27894 0.003196
10 11.5 0.16406 0.001804 0.20887 1.52E-3 0.21950 0.002356
11 12 0.12801 0.00148 0.15723 9.47E-4 0.18446 0.001581
12 12.5 0.10306 0.001162 0.12857 6.8E-4 0.15723 8.50E-04
13 13 0.0751 0.000852 0.12857 4.7E-4 0.12557 6.40E-04
14 13.5 0.0508 0.000532 0.11074 3.59E-4 0.11074 4.98E-04
15 14 0.0261 0.000376 0.09401 2.83E-4 0.09401 3.59E-04
16 14.5 0.0092 0.0001627 0.08242 2.23E-4 0.08542 2.96E-04
17 15 0.00343 0.0000852 0.06831 2.05E-4 0.07831 2.30E-04
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Figure 5-7 Comparison of power for experimental, theoretical, and numerical model

The RMSE was computed for the main response characteristics discussed in this chapter,
providing a quantitative measure of agreement across the entire frequency range rather than
comparing individual peak values. The relatively low error values confirm strong consistency
between the experimental measurements and the analytical and finite element results. However,
the remaining differences can be attributed to measurement uncertainty, variations in material
properties, imperfect bonding between the MFC and the aluminium beam, damping
assumptions, and deviations from the idealised boundary conditions used in the analytical and
numerical models. Despite some discrepancies in resonance frequency, voltage magnitude, and
power output between the three datasets, the mathematical, FEM, and experimental models
were found to be generally consistent in predicting the energy-harvesting performance of the
piezoelectric cantilever beam. All three approaches proved effective for modelling piezoelectric
energy harvesting; however, FEA simulation stands out as the more robust method, particularly

for modelling more complex structures, such as those with varying geometric cross-sections.
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Chapter five conclusion

The experimental setup included a signal/function generator, which generated a sinusoidal
excitation signal to actuate the MFC patch and induce vibration in the cantilever beam; a digital
oscilloscope, which was used to display and measure the time-domain voltage response of the
harvester in real time; a digital multimeter, which was used to take accurate voltage and/or
current measurements across the load resistor to quantitatively determine the harvested
electrical power; and a National Instruments (NI) Data Acquisition (DAQ) module, which was
used to connect the sensor output to a computer for synchronised, high-resolution digital

recording of the voltage signal for subsequent post-processing and analysis.

Table 5-5 Comparison of voltage and power at fundamental frequency for all model

Model Frequency (Hz) Generated voltage Power (mW)
)
Theoretical model 10.69 0.265 0.00291
FEM 10.976 0.28 0.0032
Experimental 10.2 0.245 0.00272

Table 5-5 compares the theoretical, simulation and experimental results of the responses of the
MEFC piezoelectric unimorph beam. The theoretical modelling was based on coupled
electromechanical equations and analysis of a unimorph cantilever beam using Euler-Bernoulli
beam theory. The resulting natural frequency, voltage and power output were then verified by
finite element analysis in COMSOL Multiphysics and experimentally. The fundamental
frequency (first modal frequency) from theoretical, simulation and experimental analysis were
10.69 Hz, 10.956 Hz and 10.2 Hz, respectively. Good agreement was found among all three
methods. The measured open circuit voltage of the Macro Fibre Composite cantilever beam
device, at fundamental frequency, with a point force of 0.5 N, was 0.265 V. The theoretical
model was calculated with a load resistance of 10 kQ, which gave a peak power of 0.00291
mW. The FEM simulation provides a resonance frequency of 10.956 Hz with a voltage output
0f 0.28 V and a power output of 0.0032 mW. The experimental results at a resonance frequency
of 10.2 Hz give a voltage output of 0.245 V and a power output of 0.00272 mW. These results
are in good agreement with the theoretical and numerical ones. In general, the results indicated
that the resonance frequency, voltage, and power output were consistent for all three methods
under the applied load resistances. The small differences, especially the slightly lower
experimental values, were due to effects such as damping, losses in the bonding layer between

the MFC patch and the beam, fabrication tolerances and other experimental uncertainties that
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were not fully accounted for in the idealised analytical and numerical models. This consistency
between theoretical, numerical, and experimental approaches confirms the validity and

reliability of the developed modelling methodology for predicting the performance of MFC-

based piezoelectric vibration energy harvesters.
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Chapter 6 Parametric optimisation of piezoelectric harvesters

This chapter models and simulates key parameters to maximize the efficiency of energy
output from mechanical vibrational energy harvesters. It focuses on geometrical parameters
(mechanical parameter optimization), MFC patch location (xp), and tip mass(tm), which

influence the mode shape, frequency, voltage, and power output of the energy harvester.

Another goal of this thesis is to optimize the efficiency of piezoelectric energy harvesting
using cantilever beams with various geometries. It is essential to optimize the substrate’s
geometric configuration, the placement of the PEM, and the dimensions of the tip mass to
mechanically affect the system through resonant frequency and electrically through voltage and
power. To improve the efficiency, a model is needed to analyse mode shapes and the frequency
domain, which are critical. Cantilever beams with different structural geometries and MFC
placements are simulated using finite element software to determine natural frequencies,
vibration modes, and output voltages of PEH. These simulations involve the cantilever beam as
a deformed structure under an external dynamic vibration force. The advancement of self-
powered and wireless electronic devices has increased interest in energy harvesting. To power
small electronic devices, energy can be harvested from ambient sources using piezoelectric
energy harvesting (PEH) materials, enabling a self-sustaining electronic system. This
innovative research concept, increasing performance efficiency, has attracted significant

research attention [15,193].
6.1. Improving the efficiency of the piezoelectric energy harvesting systems

The main goal is geometric optimisation, during which the system vibrates around the first
resonance frequency region to maximise electrical power generated by the system. To improve
power output efficiency, structural configuration is a major factor that influences the efficiency
of piezoelectric energy harvesting. Under this section, the effect of each geometric optimisation
variable on both the voltage amplitude and power is analysed separately. The optimised
geometric parameters of the MFC were determined using finite element analysis software,
which is COMSOL Multiphysics software, to estimate the output voltage and power of the MFC
harvester [100,194].

Classical piezoceramic materials, such as lead zirconate titanate (PZT), are recognised for
their strong electromechanical coupling. However, they have drawbacks of brittleness and
limited flexibility, making them less suitable for applications on lightweight or curved surfaces.

In PEHs, the properties of piezoelectric materials are crucial and influential factors that can
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enhance their output capability. The maximum power output depends on the maximum
permissible stress of the materials, the geometric configuration, and the working frequency of
the device. [53,148]. The direct piezoelectric effect is the ability of piezoelectric substances to
generate an electric potential under mechanical stimuli and external vibrations. But the rate
range and magnitude of force of environmental vibration sources are usually below the
operational mode of a PEH system. Furthermore, most of the literature on vibration-based
power generation of PEH devices is limited by the input energy sources, their output

performance, and operation bandwidth [195-197].

Among the various MFC types, the M8514-P2 variant has garnered significant attention
due to its optimised performance when subjected to transverse vibration. It’s polarized along
the 3-axis and engineered to generate strain along the 1-axis, which maximizes energy
conversion through the d;; coupling mechanism. The composite structure consists of MFC,
which is about 60% piezoceramic fibers and 40% epoxy, striking a balance between flexibility,
mechanical strength, and electromechanical efficiency. Piezoelectric transversely oriented
piezoelectric fibers in an epoxy matrix are developed as a means for large-scale structural

actuation and sensing, as well as for energy harvesting [40,198].

One of the challenges for piezoelectric energy harvesting is that they generate low power at
the off-resonant frequency, especially for low frequencies. The design and optimization of a
vibration-based piezoelectric energy harvester is the first step in envisioning a self-healing
energy harvester capable of returning function and increasing efficiency of power generation
[131,193]. In this chapter, the performance efficiency of the piezoelectric energy harvester and
the optimum working conditions are determined to optimize the electrical voltage and power
output. Piezoelectric energy harvesting, enhancing efficiency, requires multilevel approaches
such as geometric configuration, resonance frequency, and electrical boundary conditions to
make energy conversion more effective [23]. Shape optimization, or geometry modification, is
an effective approach because it can enhance the deflection of the free end of the cantilever
beam by using diverging beams, resulting in a uniform strain distribution along the beam’s
length and higher power extraction [199]. Optimization of these parameters is essential for
enhancing energy conversion efficiency and ensuring system reliability [77,115]. While several
analytical and numerical models have been proposed to predict the electromechanical response
of MFC-integrated structures, finite element modelling (FEM) remains the most powerful tool
for accurately capturing the coupled dynamic and electrical behaviour [28,200]. FEM provides

insights into strain distribution, modal characteristics, and voltage generation under various
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excitation and boundary conditions. For the parametric study of the optimal configuration, a
finite element analysis (FEA) model is established to estimate the resonance frequency, output

voltage, and power of the MFC harvester.

This optimization-based finite element simulation of an M8514-P2 Composite piezoelectric
transducer integrated within an aluminium cantilever beam. An aluminium substrate is selected
due to its high stiffness and low mass density compared to steel. The key parameter to examine
is how design parameters such as the geometry of the beam, patch placement, and tip mass
affect the output voltage and harvested power. The analytical and computational findings are
compared to validate the model and identify optimal configurations for maximum energy
extraction. The outcomes aim to support the development of efficient, dependable, and
structurally adaptive MFC-based energy harvesters capable of powering low-power sensing and
monitoring devices. In general, the resonant frequency, the shape of the beam, the resistivity
load, and the shape of the proof mass affect the voltage and power of the PE vibration energy
harvesting. The output power also depends on the overall stress distribution on the beam or the
piezoelectric layer. As output power is directly proportional to the amount of stress exerted, the
geometry that allows maximum stress within the fracture limit gives the maximum output power
[201]. For geometrical optimization, the width, thickness, beam shape, and free end tip mass
can be the important parameters to increase the vibration amplitude and to improve the strain-
induced energy output [23,109,202]. Here, only the geometric shape, adding tip mass, patch

placement of MFC on the beam, and thickness are considered for optimization.
6.1.1 Geometric parametric optimization

Modifying the geometric shape of harvesting substrate materials is one of the effective ways
to increase efficiency. This method alters the internal strain distribution along the beam length
and shifts the resonance frequency to the ambient vibration. This optimization method is the
cornerstone of piezoelectric energy harvesting because these systems are highly tuned
resonators. According to the uniform-strength criterion, a rectangular cantilever beam carries
its highest stress at the fixed end, with that stress dropping linearly to zero at the free tip. In
contrast, a tapered cantilever beam is shaped so that stress stays essentially uniform along its
entire length [203,204]. Rectangular Cantilever beam with piezoelectric energy harvesters
currently faces the issue of low energy conversion efficiency, which can be increased by altering
their shape and structure [50]. The best-known optimization method is to vary the harvester
geometry to improve the energy harvesting efficiency of PEHs. The rectangular cantilever beam

geometric configuration is most frequently employed in the design of piezoelectric energy
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harvesting devices. However, the power output from a rectangular cantilevered beam integrated
with MFC piezoelectric materials is limited by significant stress concentration at the fixed end
and non-uniform strain distribution and relatively low energy efficiency, which can be improved
by modifying its shape and structure [50]. Another method for rectangular and tapered
unimorph cantilever beam with and without proof mass is designed using COMSOL by having
aluminium as a substrate energy harvester and MFC-P2 as a piezoelectric material of 0.38mm

thickness.

Compared to a rectangular cantilever beam, a tapered cantilevered (TC) beam with a larger
clamped end and smaller free tip produces a higher strain distribution in the first mode, which
can significantly increase the power output. Tapered geometry increases the strain distribution
throughout the beam, increasing by more than 50% the output power per unit volume. For
a rectangular beam carrying a mass at its free end, the mass generates the highest bending
moment at the fixed support. As a result, the base of the beam experiences a strong concentration
of stress, while the stress near the free end is minimal [109,202,205,206]. In the configuration
of a tapered beam instead of a uniform rectangular beam, perfect bonding is performed such
that there is no slip between the piezoceramic layers and the substrate layer. The power output
of a cantilever beam is directly related to its shape. A piezoelectric MFC of length L, is attached
to the top surface of the tapered beam near the fixed end. The maximum voltage and power are
generated from the energy harvester when the beam is made to vibrate at resonance with its
fundamental natural frequency. It was designed and simulated using the finite element method,
based on the direct piezoelectric effect, which includes electrostatic physics and mechanical
physics. In this study, an aluminium tapered cantilever beam was used as a substrate, and MFC

(Smart Materials Corp., model: M8514-P2) was used as the piezoelectric material.

Figure 6-1 shows the configuration. One end of the model is fixed as a boundary condition,
and the other end is free to vibrate. External force is applied to the free end of the cantilever
beam. The electrostatic boundary conditions were defined as the top surface of the piezoelectric
layer as ground and the bottom surface (interface between the electrode and MFC) as the
terminal voltage. The electrical response was obtained by coupling the electrostatics and
electrical circuit physics interfaces.[142]. The simulation was conducted using COMSOL
Multiphysics 6.3 with a medium mesh size to balance computational efficiency and accuracy in
capturing key features like stress distribution and displacement in the cantilever beam. Then,
for meshing, a tetrahedral mesh with an appropriate element size was used to discretize the

model. Finally, a frequency domain analysis was performed on the piezoelectric harvester to

112



Parametric optimisation of piezoelectric harvesters

obtain output voltage and power. Figure 6-2 (a) and (b) show the natural frequency and mode
shape for a tapered cantilever beam. The first mode occurs at 12.42 Hz, followed by frequencies
of 67.034, 162.38, and 187.17 Hz, respectively. Due to the uniform strain produced over the
surface of the beam by the tapered section, the fundamental natural frequency of the tapered
rectangle was increased from 10.976 Hz to 12.42Hz as the width of the beam was decreased

from 30 mm to 20 mm compared to a conventional rectangular beam.

From Figure 6-3 (a), the results from the simulation show that the free end of the tapered
beam-shaped harvester was simulated and reached a maximum displacement of 8 mm at
a fundamental resonance frequency of 12.42 Hz. The frequency is affected by the position and
geometry (i.e., same volume but different shape). Figure 6-3 (b), A voltage output of about 0.45
V was achieved from the simulated harvester with a rectangular tapered beam, while 0.28 V
was obtained from the conventional rectangular cantilever energy harvester. Therefore, the
rectangular tapered beam demonstrated a higher voltage conversion efficiency of 37.78% than
the normal rectangular beam. As shown in Figure 6-3 (c), shows the output power increased
from 0.003 to 0.0065 mW, corresponding to an increase of about 53.85% compared with the
rectangular beam design. The convergent tapered cantilevered beam designs with partial
coverage of the MFC piezoelectric layer can generate a higher electromechanical coupling
coefficient than conventional rectangular cantilevered designs. The rectangular tapered beam
produces more than twice the output power of the rectangular beam, as the strain can be more

evenly distributed throughout the structure.
4/.00.\“?\0mm 400

300/ P

(a) Rectangular tapered beam geometric shape (b) Free tetrahedral mesh

Figure 6-1 Schematic of a tapered beam with unimorph MFC energy harvester geometry
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Figure 6-3 The FE simulation of the MFC with the tapered beam
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6.1.2 The effect of adding tip mass at the free end of the energy harvester

Typically, a cantilever-type piezoelectric energy harvester is attached with a separate tip
(proof) mass at its free end for two reasons. Since most environmental and structural vibration
sources of interest are below 5-100 Hz [207,208], it first lowers the fundamental natural
frequency of the harvester without the need to make the beam itself longer or more compliant.
This enables the tuning of the device to match the low frequency ambient vibration sources,
which is a typical requirement in practical energy harvesting applications. Second, when the
harvester is operating at resonance, tip mass addition often increases the harvested voltage and
power for a given input acceleration as the added inertia increases the bending curvature (and

strain) of the piezoelectric layer under base excitation [208-211].
6.1.2.1 Tip mass with rectangular beam

The most important improvement of energy harvesting efficiency can be achieved by the
energy harvesting geometry structure, and the second method is using an optimized energy
harvesting circuit. Energy harvesters generally consist of a substrate and a piezoelectric material
bonded to it and produce electrical energy by converting the applied mechanical energy. To
select a cantilever beam design with a wide variety of cantilever beam shapes, while the beam
is partially coated with the piezoelectric material to maximize the power output capacity of the
harvester [1,138]. Under this section, the optimization was done by numerical simulation using
the COMSOL Multiphysics software, understanding the effects of geometric parameters on
performance. The system was modelled and parameterized as a unimorph cantilever beam
piezoelectric energy harvester, consisting of a substrate structure (aluminium), piezoelectric
material (PZT-5A) with epoxy resin material, and a rectangular tip mass made from tungsten

material attached to the free end of the substrate, as shown in Figure 6-4.

MEC Tip mass
65 mm i l

.
]

Cantilever beam

Figure 6-4 A schematic representation of EH integrated with a tip mass

The portion of the aluminium beam with the patch of MFC will be referred to as the
composite section during operation, and the MFC patch undergoes axial deformation in the

longitudinal x-direction. The patch is bonded to the substrate using epoxy adhesive is used for
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bonding the MFC to the substrate. The top surface of the piezoelectric material was assigned as
the terminal surface, and the bottom of the lower piezoelectric material was assigned as the
ground. The cantilever structure with a proof mass was primarily examined because this design
can produce greater strain and can be readily tuned to oscillate at low frequencies, which
typically range from 5 to 200 Hz [8].In Figure 6-4 the tip mass is bonded to the top of the free
end of a rectangular cantilever beam to tune the natural frequency. Adding the tip mass modifies
it and is likely to have some influence on the natural frequency, mode shape, and strain acting
in the structure compared to the beam without tip mass. Hence, the resonance frequency can be
decreased by adding a mass at the free end of the cantilever, which is easier to achieve, and
hence, the output power will increase. A resistor is connected across the MFC to measure the
output voltage. A piezoelectric material 85mm in length, 30 mm in width, and 0.38 mm in
thickness, was attached at 65mm from the fixed end of the cantilever beam [28,100].Table 6-1
Mechanical properties of the tip mass and its dimensions. The tip mass is made up of tungsten

metal, having a size of 5 mm x 30 mm x 2 mm, and is fixed at 395 mm from the fixed support

of the cantilever beam. The density of tungsten is 19.3 %. The mass of the tip mass is 2.89

grams. A larger tip mass is beneficial for performance; however, this statement is inaccurate due

to significant changes in fundamental frequency between designs.

Table 6-1 Mechanical properties of the tip mass and its dimensions

Parameter Value
Material Tungsten
Length (mm) 5
Width (mm) 30
Thickness (mm) 1
Volume (mm?) 1.5x 1077
Density of tip mass (miﬁ) 1.925 x 107°
Mass (g) 2.89

Tip masses are essential in micro-scale devices to decrease the reducing the fundamental
frequency and increase the strain along the beam to increase both the voltage output and power

output [131,212].

Figure 6-4 shows that adding tip mass (tip mass) at the free end of the cantilever beam
reduces natural frequency (f;,) and crucially increases the strain near the clamped end, increases

the voltage and the power output where MFC is located, which eventually affects the VEH
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performance. In resonant frequency tuning methods, the resonant frequency of the harvester is
matched with the excitation frequency to achieve dynamic flexibility and higher power output.
Without causing excessive strain or defection, or an excessively large mass, causes over-
damping, nonlinear deformation, and may reduce overall bandwidth [138]. Tuning added mass
is the most practical method; however, one should be careful because it may increase the viscous

air damping and reduce the harvester's fatigue life.

For the maximum power harvesting using the tip mass, the resonance frequency (fn)can be

calculated as follows [208,210,211]:

- 1 f Kerr 6.1
fn 2 meff"'mTungsten. ( ' )

Figure 6-6 and Table 6-2 show the natural frequency variations when a 5.79-gram tip mass
is added. The added tip mass reduces the first natural frequency by 4.42%, which is a
substantial. It has been shown from the above equation (6.1) that increasing the mass at the tip
of the cantilever beam increases the output power, and the resonance frequency is inversely
proportional to the mass at the tip of the cantilever beam. Hence, the resonance frequency can
be decreased by adding a mass at the free end of the cantilever, which is easier to achieve, and

hence, the output power will increase.

Table 6-2 The natural frequencies’ variation due to tip mass added at the free end beam

Mode Frequency without tip Frequency with tip Frequency ratio (%)
shape mass (Hz) mass (Hz)

1 10.976 10.456 4.73

2 65.09 62.001 3.06

3 182.36 177.44 2.69

4 356.67 350.11 1.83

For this model, a rectangular proof mass is attached to the free end of a cantilever beam and
is made to vibrate under a harmonic small force of 0.5N. As shown in Figure 6-5 (a), a geometric
model of a cantilever beam with a tip mass, and Figure 6-5(b), the first four mode shapes and
resonance frequency when a tip mass is added at the free end of the energy harvester substrate.
Adding tip mass or reducing the beam dimension reduces the resonant frequency and increases
the harvested voltage and output power. It also modifies the mode shape, mass, and strain
distribution, which ultimately affect VEH performance. The rectangular cantilever beam with
proof mass is designed to have the same volume as the one in the earlier case. Adding a mass

also increases the mechanical strain (bending) at the fixed end of the beam for a given
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acceleration, which can increase the voltage output from piezoelectric harvesters, provided the
frequency is matched to the fundamental natural frequency of the structure. In Figure 6-6
frequency is decreased from 10.976 Hz to 10.456 Hz, then the first mode resonance frequency
shifts by 1.049. The resonant frequency for the tip mass model was 10.46 Hz, which is slightly
higher than the experiment (10.2 Hz) and theoretical (10.69 Hz) models. In other configurations
with different tip masses, the resonant frequencies obtained from the distributed model are also
very close to the finite element method model. From the result of the finite element simulation
method, the electrical voltage and power output frequency responses are shown in Figures
Figure 6-7 (a) and (b) the voltage for the first mode at the resonance is 0.385 V, which is 1.48
times greater than the rectangular beam without mass. Numerically, the maximum output power
increases from 0.0032 mW to 0.004 mW, which is 1.25 times greater than the rectangular beam
without mass or a percentage increase of 25%. Thus, the added tip mass increases the voltage
and power more prominently because it is stiffer, and then the tip mass causes more significant
deflection than without the tip mass. The size and tip mass material are key factors and govern
the performance of a piezoelectric energy harvester. Even though the frequency is lower, the
mode shape curvature concentrates more near the clamp, which can increase strain there.
However, this must be taken with caution, as the major differences in fundamental frequency
reduce the credibility of this test. The use of a tip mass to control the fundamental frequency of

an energy harvester in a justified way.
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(a)Geometric model of EH with a tip mass (b) mode shape and eigenfrequency

Figure 6-5 The model and the first mode shape and eigenfrequency when a tip mass is applied
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Mode shape and Eigen frequency for rectangular beam with tip
mass by line graph @L=65mm
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Figure 6-6 Mode shape and natural frequency by line graph with tip mass
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Figure 6-7 The effect of adding tip mass on the voltage and power

The maximum voltage of 0.39 V was generated using a MFC piezoelectric material attached
to cantilever beam with a tip mass, in comparison with the configuration without a tip mass

which produced 0.28 V as shown in Figure 6-7.
6.1.2.2 Tip mass with tapered rectangular beam

Rectangular cantilever beams are used in piezoelectric energy harvesting applications
because of their simple geometry and the ease with which they can be fabricated and modelled
analytically. However, this configuration has an inherent drawback. When a force is applied at
the free end, the bending strain is highest at the clamped end and decreases linearly along the
beam, becoming zero at the tip. Consequently, the average strain experienced by the beam is
only about half of the maximum strain at the fixed boundary. To address this limitation,

cantilevers with non-uniform geometries, such as triangular or trapezoidal shapes, have been
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proposed. Trapezoidal cantilever results in more evenly distributed strain along the beam length
compared to rectangular geometry These profiles promote a more uniform strain distribution
along the beam length, resulting in a higher average strain under the same loading conditions
and, therefore, improved electrical power generation in piezoelectric energy harvesters. A
triangular beam geometry can deliver up to 50% higher power output compared with a
conventional rectangular beam. For a rectangular cantilever beam with a tip mass, the bending
moment generated by the mass reaches its maximum at the clamped end, causing a high stress
concentration at the clumped end, while the stress near the free end remains minimal. The
triangular geometry provides a clear advantage by allowing the piezoelectric material to be
stressed more uniformly, with the stress level kept just below the yield threshold. As a result,
strain is effectively maximized across the material, enhancing its energy conversion efficiency

[199,213].

The structure shown in Figure 6-8 (a), (b) and (c) with a rectangular-shaped proof mass with
a tapered beam is simulated and natural frequency of 11.907Hz. This frequency improvement
is obtained due to the varying geometric shape of the beam with a tip mass added at the free
end. The strain and the charge generation become uniform over the length of piezoelectric
material, which is the effective way of maximizing the strain in the material. The maximum
voltage of 0.61V is obtained with 2 mm length and 20mm with tip mass fixed at 398mm from
the fixed support end as shown Figure 6-9 (a). distribution in the first mode, which can increase

the power output significantly.

- Lp=65 mm, S=150 mm Eigenfrequency=11.907+0.60396i Hz °
400

mm 300 ’

(a) Model of taper beam with tip mass  (b) The first mode shape and eigen frequency
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Mode shape and eigen frequency by Line Graph for rectangular tapered beam
with tip mass @Lp=65mm
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Figure 6-8 Geometrical model and resonance frequency of tapered beam with the tip mass
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Figure 6-9 Voltage and output power for tapered EH within tip mass added free end

As shown in Figure 6-9, the voltage and power are compared to the rectangular tapered
beam without tip mass; the proposed PVEH generates 44.4% more voltage for an input point
force of 0.5N, and the power on the device is evenly distributed, with the maximum power near
the root increasing by more than 50% compared to a normal rectangular beam energy harvester.
The optimum size of the tapered beam with proof mass was obtained through simulation, which
produces 1.356 times greater voltage compared to a rectangular tapered beam without mass and
1.56 times more compared to a rectangular beam with mass. With respect to the increase in
length and a decrease in width of the proof mass, the fundamental natural frequency of the
structure is found to decrease, which can be seen from. A tapered cantilever (RC) beam with a

larger clamped end and smaller rectangular tip produces a higher strain.
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6.2. The effect of MFC patch location on energy harvesting efficiency

The output efficiency of the piezoelectric energy harvester is influenced by several factors.
The placement or location of piezoelectric material on the harvester beam is one of the crucial
factors which affect the output of the energy harvester [214]. The location of the piezoelectric
patch is one of the optimisation method variables that has a direct impact on the voltage
amplitude. However, the voltage amplitude is not a direct measure of the other three variables

related to optimisation of attachment.

The position of the patch is directly visible because the generated charge is obtained by the
integration of the strain over the region of the piezoelectric patch. The other optimisation
variables, the attachment position, the attachment mass and the mass moment of inertia, are not
usually included explicitly, as they affect the voltage indirectly via the beam dynamics
[75,206,214,215].To improve the efficiency of the piezoelectric energy harvester, place the
piezoelectric material as the dominant design variable controlling the harvested power.
Furthermore, the optimal placement maximizes electromechanical damping and voltage output.
The optimal placement of piezoelectric material for the smart structure is based upon the
boundary conditions. As piezoelectric material placed near the fixed end produces more power
compared to the other locations due to more strain concentration near the fixed. The power

produced by the piezoelectric materials is directly related to the strain of the beam.

The amount of energy harvested from vibrating structures through piezoelectricity depends
on the properties of the piezoelectric material and the mechanical strain that occurs in the
material. This section model MFC patch location for Energy harvesting analysis was
implemented by using COMSOL Multiphysics finite element analysis program. The natural
(eigen) frequency varies about 5-25% when the MFC patch is moved towards the clamped end
of a cantilever beam, depending on the size of the MFC piezoelectric material in relation to the
size of the beam and the stiffness of the beam. This is because the fundamental mode has the
maximum curvature (maximum bending strain) at the fixed end region. The voltage produced
by the harvester is directly proportional to the strain in the patch location region for both

rectangular and tapered beams.
6.2.1 MFC placement for the rectangular beam without tip mass

From Figure 6-9 and Figure 6-11, the harvester's eigenfrequency significantly increased

from 10.27 Hz to 11.48 Hz when the MFC was placed from 200 mm to 0 mm. The
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eigenfrequency variation by placement of MFC on the near-end support of the substrate can be

used as an approach for frequency-matching design, positively affecting the power output.

In a cantilever clamped-free condition, the stresses near the clamped line are considerably
higher. Figure 6-12 shows the von Mises stress for a cantilever beam that is clamped-free with
an MFC integrated at a location of 0 mm to 200 mm. The simulation also predicts that the
maximum bending stress, occurring at the root of the cantilever beam, is 6.5 N/m?, while the
minimum bending stress at the free end is 0.5 N/m?, indicating that the stress is reduced by
about 92.3%. Thus, in the piezoelectric cantilever beam, the high-stress regions generate
considerably higher power than the other regions. The stress is distributed along the length of
the beam, and the poling of the piezoelectric material is in the z-direction, which corresponds
to the direction of the input vibration. Therefore, a substantial portion of the piezoelectric sheet
does not contribute to power generation as it is far from the fixed support end of the beam. The
stress near the clamped region is high, so the power generation around the clamped regions is

considerably larger than in other regions.

Mode shape and eigenfreuency by line graph for rectangular beam with MFC
@Lp=0mm,5mm,10mm and 20mm.
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Figure 6-10 Mode shape and natural frequency when MFC attached at different place
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Figure 6-11 3D mode shape and natural frequency when MFC placed at different location
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Figure 6-12 The von Mises stress along the rectangular cantilever energy harvester
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[+

Frequency versus Voltage for a rectangular beam with MFC attached from the fixed support end at Lp = 0, 10,
20, 40, 65, 100, and 200 mm
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Figure 6-13 The voltage versus frequency response for various placements of MFC
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Figure 6-14 The power output and resonance frequency with various placements of the MFC

As shown in Figure 6-13 and Figure 6-14, the maximum voltage and power output are achieved
at L, = 0 mm and 11.488 Hz. The voltage and power outputs are 0.45 V and 0.0065 mW,
respectively, at the optimal condition, which are 77.77% and 92.3% higher than those obtained
when the MFC is placed 200 mm from the fixed support end. The optimal MFC placement for
maximum peak power and resonance frequency occurs between L = 0 mm and 65 mm.
Therefore, larger strain can cause charge-cancellation effects, leading to a decrease in power
output. Positioning the patch too close to high-stress areas can also heighten the risk of damage
to either the piezoelectric patch or the supporting structure, especially under long-term

vibration.
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6.2.2 MFC placement on the rectangular beam with tip mass

It is well known that a mass at the free tip produces the lowest frequency, and by moving
the MFC position from 200 mm to 0 mm near the clamped end, the tuned frequency increases
due to the longer strain length of the beam. The extra mass not only increases the volume but
also modifies the mode shape, mass distribution, and strain distribution, which eventually
affects the VEH performance. The dimensions of the rectangular tip masses are 2 mm, 10 mm,
and 1 mm; the volume of the tip mass is 50mm,3its mass weight is 0.368g, and the ratio of the
tip mass/beam mass is 0.0149, =1.5%. There is a need to find out the differences in the mass

ratio when using tip masses with altered locations of MFC.

Figure 6-15 Shows that when the MFC position is close to the clamped area, the strain
increases rapidly. Besides, the resonance frequencies of the beam models with bulky tip masses
can become even smaller than the original natural frequency of the beam without mass. For the
clamped end and the tip mass at the free condition, the strains close to the clamp end are
substantially larger than in other areas. Therefore, most of the power output in a piezoelectric
cantilever is generated from the near clamp regions. Therefore, as the MFC bonding area is
close to the clamp region, it leads to significant influences on the piezoelectric beam

performance.

From the Figure 6-16,the voltage results show a strong dependence of the piezoelectric
output on the location of the MFC patch along the cantilever beam. The maximum voltage
output (0.62 V) was found for the patch position at Lp = 0 mm, i.e., nearest to the fixed support,
where the bending strain due to the tip mass excitation is maximum. With the patch location
moving progressively towards the free end (Lp = 10, 20, 65, 100, and 200 mm), the peak voltage
decreased steadily to about 0.55V, 0.47 V, 0.40 V, 0.30 V, and 0.13 V, respectively.
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Mode shape and eigenfrequency by line graph of a beam with MFC and tip mass °
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Figure 6-15 Mode shape versus resonance frequency with tungsten tip mass

Frequency vs Voltages for rectangular beam @MFC is fixed from end suppoert @Lp= 65mm and
with tip mass

Voltage (V)

8 9 10 11 12 13
Frequency response (Hz)

——Lp=0 mm, S=85 mm, Voltage(V) ——Lp=65 mm, S=150 mm, Voltage(V)
=s=Lp=10 mm, S=95 mm, Voltage(V) ===Lp=100 mm, S=185 mm, Voltage(V)
==Lp=20 mm, S=105 mm, Voltage(V) =+=Lp=200 mm, S=285 mm, Voltage(V)r

Figure 6-16 Frequency versus Voltage for a rectangular cantilever beam shape with a tip mass
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Frequency response versus power for a rectangular beam with a tip mass at the free end,
and when MFC is fixed along the length of the beam (0 - 200 mm)
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Figure 6-17 Frequency versus power for a rectangular cantilever beam with a tip mass

Figure 6-17 The graph shows the frequency response vs. the output power for a rectangular
cantilever beam with a tip mass and MFC (Macro Fibre Composite) piezoelectric patch at six
different positions (Lp =0, 10, 20, 65, 100 and 200 mm) along the beam length, measured from
the fixed support. From the figure, the maximum power for the rectangular beam with a tip

mass of 0.0095 mW was obtained.
6.2.3 MFC placement on the tapered rectangular beam without tip mass

Figure 6-18 show the mode shapes of the tapered rectangular beam (with MFC patch, no
tip mass) for patch positions L, = 0, 10, 20,65, 100, 200 mm (patch length L) from fixed
support end , starting offset § = 85, 95, 105 150, 185, 285 mm (the total distance of MFC from
the fixed support ). Each placement shows the first four bending mode shapes (four line-colour
groups per plot, each tagged with its complex eigenfrequency).The fundamental frequency
decreases steadily as the patch moves further from the clamped end and towards the tip of beam,
from 12.967 Hz at L,=0/S=85 to 11.552 Hz at L,=200/S=285, consistent with standard
cantilever beam theory where added mass/stiffness near the low-curvature, high-displacement
tip region lowers the fundamental natural frequency more than an equivalent addition near the

high-curvature root .
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Figure 6-18 Mode shape and natural frequency by line graph for tapered beam

Frequency response versus voltage for a rectangular tapered beam with MFC attached from Omm °
to 200mm from the fixed end at the other end.
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Figure 6-19 Frequency and voltage magnitude at the resonance modes for tapered beam
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Frequency response versus Power for a rectangular tapered beam with MFC attached from °
0mm to 200mm from the fixed end at the other end
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Figure 6-20 Frequency and power for the tapered beam

As shown in Figure 6-19 and Figure 6-20 mode shape with frequency, the maximum
voltage and power output are achieved at L, = 0 mm and 12.97Hz. The voltage and power
outputs are 0.65 V and 0.015 mW, respectively, at the optimal condition, which are 86.667%
and 93.44% higher than those obtained when the MFC is placed near 200 mm from the fixed
support end. The optimal MFC placement for maximum peak power and resonance frequency

occurs between L = 0 mm and 65 mm.
6.2.4 MFC Pach placement on the tapered rectangular beam with tip mass

From the results, it is observed that the trapezoidal beam with a rectangular shape has a high
eigenfrequency as the MFC is attached near the fixed support end. Which generates a high
output voltage for a given applied force compared to the rectangular beam due to the increased
bending moment produced near the fixed end due to the mass of the MFC and uniform strain
distribution produced by the tapered section. Figure 6-21,Figure 6-22, and Figure 6-23 show
how the MFC will be sequentially moved along the beam from position 200 mm to 0 mm, and
COMSOL Multiphysics 6.3 simulated the resonance frequency, voltage, and output power for
each location.As MFC patches close to the clamped end of a cantilever beam, it stiffens the
beam much more than it adds mass. That pushes the first natural frequency upward. It’s the
opposite of putting a proof mass at the tip, which mainly adds mass and drives the frequency
down. Figure 6-21 shows the frequency response of a tapered cantilever with tip mass, the
structure with respect to the variations of the MFC placement, and the frequency decreases from

12.4 to 11.1 Hz as the MFC is placed from 0 mm to 200 mm along the length of the beam. As
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the MFC approaches fixed support, end power and strain are directly proportional to the

resonance frequency increase along the length L, from 200 mm to L to 0 mm.

This structure is more suitable for low-frequency energy harvesting due to the slenderness
of the beam. The optimal energy efficiency for a proof mass of a given volume is simulated by
varying the position of the MFC, keeping the length, width of the proof mass, and thickness
constant. From the results in Figure 6-22, the voltage and power gradually decreasefrom 0.91
V10 0.015 V as the MFC is moved beyond 200 mm from the fixed support end, and the voltage
is minimum at the free end of the energy harvester. The maximum voltage of 0.91 V is obtained
with an MFC close to the end support, a 0 mm width of the beam tapered towards the free end,
and a rectangular tip mass.

Vo [ dyy X o(x)dx (6.2)

In Figure 6-23, the simulation output power results of the harvester with a tapered cantilever
with tip mass are presented. The uniform strain produced over the surface of the tapered beam
by the tapered section and tip mass results in an increase in strain along the beam. Hence,
piezoelectric produces more voltage for a given applied force. This modelled structure produces
0.2 mW, which is 25% more than a tapered beam without a tip mass energy harvester and
94.5% greater than a rectangular beam piezoelectric energy harvester with tip mass.
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Mode shape and eigen frequency by Line Graph for rectangular tapered beam with tip
mass @Lp=65,100 and 200mm
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Figure 6-21 Mode shape and eigen frequency by Line Graph for tapered beam with tip mass

Figure 6-22 and Figure 6-23 show the effect of the patch location and tip-mass attachment
on the rectangular tapered beam in terms of the voltage amplitude and output power versus
frequency. The maximum voltage and power outputs of 0.009 mW and 0.022 mW were obtained
for the tapered rectangular beam with tip mass configuration, representing increases of
approximately 28.57% and 33.33%, respectively, compared to the tapered rectangular beam
without tip mass.

@

Frequency vs Voltage r for a rectangular Tapered Cantilever Beam shape with tip mass when MFC
@ Lp=0mm,10mm,20mm,65mm,100mm and 200mm placed from fixed support end with tip mass
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Figure 6-22 Frequency versus Voltage, for tapered beam with tip mass
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Frequency vs Power for a rectangular Tapered Cantilever Beam shape with tip mass
when MFC @ Lp=0mm,10mm,20mm,65mm,100mm and 200mm placed from fixed
support end with tip mass

0.022:

0.02:
0.018:
0.016r
0.014-
0.012:

0.01-
0.008-
0.006-
0.004-
0.002"

Power(mw)

N

10 1l 12 13 14
Frequency response (Hz)

==L p=0 mm, S=85 mm, Power (mW) —=~Lp=65 mm, S=150 mm, Power (mW)
—==|p=10 mm, S=95 mm, Power (mW) ==Lp=100 mm, S=185 mm, Power (mW
== p=20 mm, S=105 mm, Power (mW) =-s-Lp=200 mm, S=285 mm, Power (mW

Figure 6-23 Power output versus frequency for tapered beam with tip mass

As shown in this figure, when the excitation frequency is close to the first natural frequency,
and the piezoelectric patch is placed near the clamped end, the first vibration mode shape and
the largest strain are near the clamped end of the beam. The optimum position of the attachment
can be explained by its proximity to the maximum strain which occurs near the fixed support
while the excitation force is applied at the free end of the beam. Generally, the largest strains in
the beam are near the clamped end and the highest voltage and power outputs are obtained when

the piezoelectric patch is placed in this region.
6.3. Parametric optimization EH based on the variable thickness of the substrate

Another design for the parametric optimisation process of cantilever beams involves
a substrate energy harvester with variable thickness. This optimised shape illustrates how the
cantilever beam adapts to best fit boundary conditions, balancing size, and frequency
performance for real-world applications. Adding tip mass allows you to adjust the frequency of
a specific vibration by reducing the natural frequency to a suitable level for low-frequency
vibrations. The final compact design is easy to integrate into existing wearable devices and can
be attached to various energy sources, demonstrating its flexibility. In this section, the effects
of substrate thickness on natural frequency, voltage, and power output are analysed for
rectangular and tapered beams. Simulations were conducted to predict the output voltage (V)
and power (W) across the MFC piezoelectric material for different substrate energy harvester
thicknesses and various geometric shapes of cantilever beams. Most energy harvesting devices

are designed to operate at their fundamental natural frequency, as most power is generated in
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the first mode compared to higher modes. An aluminium rectangular beam measuring 400 mm
x 30 mm x 2 mm and a rectangular tapered beam with matched length, but varying width and

thickness are examined.
6.3.1 Effect of substrate thickness on the efficiency of EH from a rectangular beam

The model was first used to investigate the effect of varying the cantilever beam thickness
on the natural frequency, voltage, and power generated. The substrate thickness was increased
while the piezoelectric thickness was kept constant (Figure 6-24). The layer thickness was swept
from approximately 1.5 mm to 2.8 mm, with the MFC fixed near the clamped support end. This
configuration yielded a higher natural frequency but lower voltage and power output, as shown
in Figure 6-25 and Figure 6-26 respectively. With the MFC placed near the fixed support end
and six thickness values simulated, the optimised power was obtained at a thickness between
1.8 mm and 2.2 mm. For each MFC, the voltage and power output were evaluated by direct

connection to a resistive load, while the other MFCs remained in an open-circuit condition.

As shown in Figure 6-24, the natural frequency varies slightly from 11.48 Hz to 8.894 Hz
when thickness varies from 2 mm to 1.5 mm. Depending on the energy-harvesting dimensions
of the substrate, the natural frequency can be increased or decreased. Small frequency-power
output shifts due to electromechanical coupling. As the thickness decreased and the curvature
increased, the natural frequency increased and the electrical output increased accordingly. The
voltage outputs of all the MFCs at the excitation frequency are shown in Figure 6-25. It can be
seen from the figure that the voltage varies with different thicknesses. The maximum output
voltage at the first resonance peak, at a frequency of approximately 8.89 Hz for a substrate
thickness of t (1) = 1.5 mm, is 0.75 V. At very small thicknesses, the beam experiences higher
deflection and a reduced resonance frequency. In this case, the deflection of the beam under
a point load of 0.5 N is 14 mm, which is very high. In general, the deflection of the cantilever
beam depends on the beam's dimensions length, width, and thickness as well as the material

properties used to construct the cantilever energy harvester.

Therefore, large deflections are not recommended for thinner, longer beams. Figure 6-25
and Figure 6-26 show the analysis performed at thicknesses of 1.8 mm, 2 mm, and 2.2 mm,
where the output voltage and power increase optimally, with an average deflection of 7 mm to
10 mm. Beyond a thickness of 2.5 mm, increasing the beam's thickness raises the natural
frequency indicating higher beam stiffness while reducing the output electrical power. It was

found that changes in width do not significantly affect the output voltage and natural frequency
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of a rectangular cantilever beam, unlike changes in length and thickness. Based on this
parametric analysis, a thickness of 1.8 mm to 2.2 mm is recommended for the MFC beam
dimensions to achieve optimal energy-harvesting performance. The minimum and maximum
power harvested for this configuration range between 0.005 mW and 0.014 mW when the beam
vibrates at its first natural frequency, as shown in Figure 6-26. A thicker substrate makes the
beam stiffer, shifting the resonant frequency higher and resisting bending, which results in lower
average strain in the MFC for a given base excitation. The results indicate that as the beam's
thickness increases, power output decreases. Conversely, decreasing the thickness results in
higher power output but with larger deflections, which can cause structural degradation of the
beam. Additionally, since resonance must be induced at low excitation frequencies, the first
natural frequency of the energy-recovery device was limited to 15 Hz or below. Overall,
increasing the substrate thickness from 2 mm to 2.8 mm raises the first natural frequency to
15.63 Hz; however, the voltage and power harvested were reduced by 46.49% and 67.86%,
respectively, as shown in Table 6-3 from the initial design of the beam thickness. The Variations
in substrate thickness therefore significantly affect the resonant frequency, voltage, and power
output. Given the inherently low voltage and power output of MFCs, the associated losses are
substantial. Overall, considerable output energy is lost due to electromechanical coupling and
mechanical damping. Consequently, more efficient modelling approaches for such harvesters

are highly desirable, requiring further improvements in modelling techniques.
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Frequency versus voltage for a rectangular beam with MFC attached near the fixed support end,
and the effect of thickness
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Figure 6-25 Variation of voltage over frequency for different substrate thicknesses

Frequency versus Power for a rectangular beam with MFC attached near the fixed support end,
0.014- and the effect of thickness
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Figure 6-26 The power versus excitation frequency for different thicknesses

Table 6-3 EH performance of a rectangular beam at different substrate thicknesses

Beam Size Output value
Thickness (mm) The 1st Resonance Peak output Output power(mW)

Frequency (Hz) voltage (V)

1.5 8.894 0.753 0.014

1.8 10.45 0.49872 0.006

2 11.488 0.4725 0.0057

2.2 12.52 0.46275 0.0052

2.8 15.627 0.4013 0.0045

Table 6-3 compares the energy harvesting performance of the rectangular cantilever beam

at resonance for different substrate thicknesses from 1.5 mm to 2.8 mm. As the thickness
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increases, the first resonance frequency increases considerably from 8.894 Hz for 1.5 mm to
15.627 Hz for 2.8 mm which indicates the increased stiffness with the thicker beams. The
maximum output voltage and output power, however, decrease sharply with increasing
thickness from 0.753 V and 0.014 mW at 1.5 mm to 0.4013 V and 0.0045 mW at 2.8 mm,
respectively. beams yielding higher voltage and power output at the cost of a lower resonance

frequency.
6.3.2 Influence of variable substrate thickness on a tapered beam

Another way to improve the performance of the PEH is by altering the thickness of the
energy harvester. This is a very effective way to greatly increase its power output and efficiency.
Thickness affects stiffness, strain distribution, natural frequency, and electrical output. Here,
the length and width are fixed and six thicknesses are considered. Figure 6-27, Figure
6-28,Figure 6-29,Figure 6-30 and Figure 6-31 show the frequency, amplitude-displacement,
voltage, and power respectively, which indicate that the beam thickness has a significant effect
on the efficiency of the MFC harvester. The aluminium substrate is 30 mm wide and 400 mm
long . The thickness of the tapered beam was swept from 1.5 mm to 2.8 mm in steps of 0.25

mm while the thickness of the MFC piezoelectric material was kept constant .

Then, finite element analysis was performed to determine the resonance frequencies, peak
voltage outputs and power. The results are summarised in Figure 6-30 and Figure 6-31. As the
result shows, the resonance frequency increased from 10.03 Hz to 17.65 Hz with the thickness
increased from 1.5 mm to 2.8 mm. Note that the resonant frequency can be tuned by modifying
the thickness of the beam energy harvester. In contrast, the peak voltage output decreased from
1.067V to 0.613V. As the cantilever thickness increases slowly, the resonant frequency
increases, while the voltage and power both decrease. If the thickness is too thin, the beam has

a large strain but less structural stability and frequency mismatch.

Increasing the thickness of the aluminium substrate resulted in a continuous increase in the
resonance frequency of the PEH. The peak voltage and power output of the PEH decreased
initially with increasing thickness, achieving a maximum of 0.72 V at a thickness of 1.5 mm,
and then increased again with increasing thickness. Hence, the optimum thickness of the
aluminium substrate for maximum voltage and power output was found to be in the range of
1.8 mm to 2.2 mm. Thus, the final optimised dimensions of the aluminium substrate for the
piezoelectric rectangular tapered cantilever beam were obtained as 400 mm X30 mm X

(1.8~2.2) mm.
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For better comparison, the results of varying the thickness of the beam PEH at constant
beam lengths and width are also summarized in Table 6-4. The maximum output Voltage
reached up to 0.9V for the thickness of 1.5 mm with a load resistance of 10 kQ when a 0.5 N
point force was applied at 10.033 Hz at the beam length when the MFC was placed near the
fixed support end of the rectangular tapered cantilever beam. The maximum average power has
become 25% greater than that of the previously normal rectangular cantilever beam with
constant thickness and width. The peak power can be optimized to 0.024mW when the beam
vibrates at the 1st natural frequency. The variation of frequency with variable thickness and
width of the beam is shown in Figure 6-27,Figure 6-28 and Figure 6-29 which depicts that as
the rectangular tapered cantilever beam length increases, the frequency decreases when the
width and thickness are fixed at a minimum. Again, this figure shows that the frequency slowly

increases with the thickness of the beam.
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Figure 6-27 Mode shapes and eigenfrequencies of tapered beams with variable thickness
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Mode shape and eigenfrequency for rectangular tapered beam energy harvester along the length with respect
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Figure 6-29 Parametric study for displacement varying thickness for a cantilever beam EH
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Voltage versus Frequency, when the thickness (t_b) varies for a rectangular °
tapered beam energy harvester, as MCF, when it is placed close to the fixed
support end
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Figure 6-30 Parametric study for varying the thickness on Voltage and frequency
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Figure 6-31 The effect of parametric study for varying the thickness of tapered beam EH

In Table 6-4, provides the resonance frequency, the peak output voltage and the output
power of the tapered cantilever beam energy harvester for six different substrate thickness
values from 1.5 mm to 2.8 mm. Results show clear and consistent trends in the relation between
substrate thickness and electromechanical performance. The resonance frequency increased
from 10.033 Hz to 17.647 Hz (about 76%) with the increase of the substrate thickness from 1.5
mm to 2.8 mm. This is expected behaviour because increasing the substrate thickness increases

the bending stiffness of the beam, which directly increases the beam’s natural frequency. This
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trend confirms that the thicker the substrate the stiffer the structure and the higher the resonance

frequencies.

From the Figure 6-30 and Figure 6-31,the output voltage decreased from 0.9 V at 1.5 mm
to 0.52 V at 2.8 mm, a decrease of 42%, and the output power decreased from 0.024 mW to
0.0078 mW, a decrease of 67.5%. This inverse relation is because the thicker the substrate, the
more resistant it is to be bending. Hence, for a given excitation, the maximum displacement
amplitude and the strain induced in the piezoelectric layer are reduced. The MFC patch produces
voltage and power proportional to the strain it is subjected to; thus, the greater the deformation
of a beam, the higher the voltage and power it can generate. Thicker beams deform less and

therefore generate less voltage and power.

The harvester is well balanced in terms of structural stiffness and electromechanical output
in the recommended design range of 1.8 mm to 2.2 mm. Within this range, the resonant
frequency increases moderately from 11.976 Hz to 14.139 Hz (18%), whereas the voltage and
power output decrease more gradually (13.3% and 29.4%, respectively) than the more
significant losses at larger thicknesses. This range is therefore a practical compromise, thin
enough to keep enough beam flexibility and strain transfer to the MFC patch, but thick enough
to maintain sufficient structural stiffness and a stable, high enough resonance frequency for

reliable low frequency vibration harvesting.

Table 6-4 Voltage and power versus frequency for tapered beam EH with substrate thickness

Al Size Output value
Thickness Resonance Frequency (Hz) Peak output voltage (V) Output
(mm) power(mW)
1.5 10.033 0.9 0.024
1.8 11.976 0.75 0.017
2 12.968 0.72 0.015
2.2 14.139 0.65 0.012
2.25 15.893 0.60 0.0104
2.28 17.647 0.52 0.0078

Table 6-4 summarises the effect of substrate (aluminium) thickness on the resonance
frequency, peak output voltage and output power of tapered cantilever beam energy harvesters.
The resonance frequency increases gradually from 10.033 Hz to 17.647 Hz as the thickness of
the aluminium substrate increases from 1.5 mm to 2.28 mm. This is due to the increase in

stiffness of the beam for a thicker substrate which causes the natural frequency to shift higher.
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Instead, the maximum output voltage and power output both decrease monotonically with the
increasing thickness from 0.9 V and 0.024 mW at 1.5 mm to 0.52 V and 0.0078 mW at 2.28
mm. This negative correlation shows that the thinner substrate is exposed to larger bending
strain under vibration, which can improve the piezoelectric effect and lead to larger voltage and
power generation. Therefore, the results suggest that decreasing the substrate thickness is
favourable for maximising energy harvesting output. However, this must be balanced with the

concomitant shift in resonance frequency to match the target excitation source.
6.4. Optimisation by algorithm including parameters and constraints

The electrical output of a vibration-based piezoelectric energy harvester is strongly
dependent on the interaction between the mechanical characteristics of the host structure and
the electromechanical properties of the piezoelectric transducer [77]. The finite element model
developed in the previous chapters can accurately predict the dynamic response of the M8514-
P> Macro Fiber Composite (MFC) integrated with an aluminium cantilever beam; however, the
baseline design does not necessarily provide the maximum electrical power output. The amount
of power harvested depends on several design parameters, such as the position of the
piezoelectric transducer, the stiffness of the supporting beam, and the inertial loading at the free
end. Therefore, a systematic optimisation procedure is required to find the combination of
design parameters that maximises the energy harvesting performance while maintaining the
structural integrity and practical design limitations. The optimisation is implemented by
combining the validated finite element model with the optimisation module, which allows for
an automatic variation of selected design variables while repeatedly solving the
electromechanically coupled system. The optimisation procedure considers the interaction of
the structural dynamics of the cantilever beam and the electrical response of the piezoelectric

transducer under harmonic excitation.

In the previous chapter, while the fundamental physics of piezoelectric cantilever energy
harvesting is well modelled, the performance of these devices is critically dependent on their
geometric design. The key parameters, including the geometric shape of the substrate, the
position of the piezoelectric patch along the beam, the thickness of the substrate beam, and the
magnitude of a tip mass, significantly influence the resonant frequency, strain distribution, and,
ultimately, the harvested power. The operation of these devices is controlled by a complex
interaction between the spatial position of the active piezoelectric element, the structural
stiffness of the host beam, and the inertial properties introduced by the tip mass loading. The

influence of this key parameter on output energy is determined by parametric sweep and
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optimisation algorithms. Parametric sweep or parametric estimation, which models a discrete
set of values for one or more parameters. This method is well-suited for finding approximate
optimal regions and for making publication-quality parametric plots. It systematically varies
one or more input parameters over a predefined range and solves the model for each distinct
parameter configuration. In addition, a parametric sweep does not require an optimisation
module and identifies all local and global optimum values [216]. The limitation of the
parametric sweep method is to miss the optimum point. This does not find the exact optimum
between points. An optimisation study automatically varies the design variables to either
maximise or minimise a selected objective function, subject to specified constraints. The
method uses multiple parameters simultaneously (Xp + tip mass + beam thickness + load

resistance) and then switches to the optimisation module, using different algorithms.

This optimisation model was based on the BOBYQA algorithm (Bound Optimisation BY
Quadratic Approximation) in the COMSOL Multiphysics Optimisation module. BOBYQA is a
derivative-free optimisation algorithm particularly well-suited to this application, as it
efficiently manages bound-constrained problems without requiring gradient information. The
objective function is a peak power output from a frequency domain solution and is non-smooth

and not amenable to easy differentiation [217-219].
6.4.1 Algorithm optimisation rectangular cantilever beam with MFC

For the rectangular beam with an MFC integrated to optimise the energy harvester, three
design variables are chosen since they directly influence the strain distribution within the MFC
and the electrical output. The first variable is the position of the MFC patch from the fixed end
of the cantilever beam (xp). This is because bending strain is maximum at the clamped support
and decreases towards the free end. Hence, the position of the transducer plays a key role in the
induced electric field and harvested power. The second variable is the thickness of the
aluminium cantilever beam (t,), which affects the structural stiffness, natural frequency,
bending deformation, and strain transferred to the piezoelectric layer. The third variable is the
tip mass (tm), which changes the effective mass of the system, shifts the resonant frequency,
and changes the vibration amplitude and strain energy available for conversion into electrical
energy. The methods for energy harvesting optimisation on COMSOL are shown in Figure 6-32
and Table 6-5 Constraints of the optimisation parameter. It is a constraint that the input driving

vibration frequency, should be within the range of 4 Hz to 20 Hz.
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Figure 6-32 Flowchart for Optimisation of Energy Harvesting in COMSOL Multiphysics

Figure 6-32 shows the workflow of COMSOL Multiphysics for optimisation of an energy
harvester. The first step in the COMSOL Multiphysics workflow is to set up the model,
including the geometry, materials, physics settings and mesh for the piezoelectric energy
harvester. Then the COMSOL Multiphysics workflow is used to perform an eigenfrequency
study to determine the resonance frequency and the mode shape of the energy harvester. Then
the COMSOL Multiphysics workflow runs a frequency domain study to compute the voltage
and power output at the resonance frequency of the piezoelectric energy harvester. The
COMSOL Multiphysics workflow proceeds with a sweep to explore the design space and
provide a good first guess for the piezoelectric energy harvester. Finally, the COMSOL
Multiphysics workflow enters an optimisation stage using methods such as Nelder-Mead and
BOBYQA to find the best geometry and parameters that maximise voltage and power output
for the piezoelectric energy harvester. The feedback of each stage into steps is indicated by the
blue arrows, such that the COMSOL Multiphysics workflow can be considered as an iterative
pipeline from setup through to resonance identification, response mapping, design-space
exploration and final optimisation.The design variables were chosen from the geometric and
operational parameters that directly affect the electromechanical performance of the MFC-
based energy harvester. Which include the MFC patch position (xp), the beam thickness (),
and the tip mass (¢m). All other geometric and material properties are fixed parameters (see Table

6-5). The goal is to maximize the output power at the optimal load resistance identified in
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Chapter 5. The optimization is subject to several constraints: a stress constraint to ensure
structural integrity, a geometric constraint to keep the patch within the beam length and bounds
on the design variables. The problem is solved using a method based on the BOBYQA

algorithm.

Table 6-5 Optimisation Parameters and Control Variables rectangular beam

Category Symbol Description Initial Scale Lower Upper
value bound bound
Design variable Xp Distance from fixed end 65mm | 10 mm 5 mm 300
to MFC attached mm
Design variable ty Aluminium beam 2mm 1 mm 1 mm 4 mm
thickness
Design variable tm Tip mass thickness 1 mm 1 mm 1 mm 1 mm
15¢g 2g 2g 15¢g
Design variable Rioad Load resistance 12kQ 10kQ 1 100kQ
Fixed Wb The width of beam 30mm -
parameter
Fixed Wp The width of MFC 14mm -
parameter
Fixed Ly Length of the beam 400 mm -
parameter

Figure 6-33, The initial parametric optimization aimed to determine the electrical outputs,
specifically voltage and power, to enhance the peak power output during a frequency sweep
ranging from 4 to 20 Hz. This frequency range encompasses many values around the first
resonance frequency for optimising geometric parameters, including the varied positions of the

MFC patch, alterations in beam thickener dimensions, and changes in tip mass thickness.

The initial optimisation concentrated on the primary parametric algorithm, as it frequently
provides a comprehensive perspective of the design space. For problems involving precision or
multiple variables, the next phase involved algorithm optimisation through multifunctional
parameter design. Prior to numerical optimisation, a parametric optimisation analysis is
conducted to assess the individual impact of each design variable on factors such as resonance
frequency, stress distribution, output voltage, and harvested power. This preliminary analysis
offers an understanding of the energy harvester's physical behaviour, identifies the most
significant parameters, and sets appropriate limits for the optimisation variables. The following
optimisation employs the Method of Bound Optimization BY Quadratic Approximation within

the COMSOL Optimisation Module to determine the parameter combination that maximises

147




Parametric optimisation of piezoelectric harvesters

harvested power. The BOBYQA optimisation module, which is a derivative-free method, is
particularly well-suited for this application. This optimisation resulted in an increase in power
output from 0.017 mW in the parametric optimisation design to 0.028 mW in the optimised
BOBYQA algorithm optimisation module configuration, with an improvement of 64.70%, as

shown in Figure 6-34 (b) and (c), respectively.

Rectangular beam with MFC parametric optimisation by varying MFC patch position (x_p),
beam thickness (t_b) and tip mass (t_m)
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Figure 6-33 The influence of geometric parameters on voltage and output power
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Figure 6-34 The optimum amplitude, voltage and outputs power
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From Figure 6-34, the maximum optimisation of MFC position of (x, = 5) mm, which is
the lower bound defined in the task. Thus, over the range of designs investigated, the gathered
power increases with the position of the MFC closer to the fixed end of the cantilever. This is
consistent with the bending-strain distribution of the first vibration mode where the longitudinal
strain is maximal close to the clamped end. As the MFC mostly functions in the d31 mode, the

increase of strain results in a more significant electromechanical response, and consequently,

an increased electrical power output.

Table 6-6 Optimisation result analysis for rectangular harvester

Quantity Initial Optimized Effect on the system The effect on the output
parametric design (mm) power harvested
design (mm)
MFC patch 65 5 Increase the bending As general increases
position (XP) strain on MFC patch voltage and power,
Beam 2 2.2 Increases stiffness and Increases power until the
thickness natural frequency but beam becomes too
reduces strain compliant
Tip mass 1 1.26 Lowers resonance Improves power up to an
frequency and increases optimum value before
vibration amplitude excessive stress or
detuning occurs
Comparison of initial optimum approximation by parametric sweep and optimisation by algorithm
module for rectangular beam with MFC
Energy form | Initial design Optimum Comparison
design
Voltage (V) 0.6 0.95 58.33% higher
Power (mW) 0.017 0.028 64.705% higher

Table 6-6 shows the optimisation of the rectangular MFC based harvester design. When the
MFC patch position changed from 65 mm to 5 mm, the bending strain of the harvester increased.
When the beam thickness changed from 2 mm to 2.2 mm, the stiffness and natural frequency
increased without excessively increasing the compliance of the beam. The increase of tip mass
from 1 g to 1.26 g reduced the resonance frequency and optimised the vibration amplitude. A
further increase in tip mass would generate excessive stress or detuning. The combined
parametric modifications resulted in an improvement of the harvester output voltage from 0.6
V to 0.95 V (58.33% increase) and power from 0.017 mW to 0.028 mW (64.7% increase),
demonstrating that the precise control of patch location, beam thickness and tip mass may
significantly improve the energy harvesting efficiency. The optimisation led to an optimal MFC
location of xp,= 5 mm, that is, the lower bound specified in the optimisation issue. The answer
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for this limit has a clear physical interpretation. In the first bending mode of the cantilever beam
the bending moment and longitudinal strain are maximum in the region adjacent to the fixed
end and decrease towards the free end. Because the MFC mostly works in the d31 mode, its
electromechanical behaviour is heavily dependent on the longitudinal strain in the host beam.
Therefore, pushing the MFC towards the fixed end increases the strain imparted to the
piezoelectric layer and subsequently increases the generated voltage and captured electrical
power. That the optimum lies at the lower bound that, over the design interval of 5 <x, <300
mm, the harvested power rises as the MFC is placed nearer to the fixed end. Therefore, x, = 5
mm should be regarded as a boundary (active constraint) optimum within the defined design
space, rather than as proof that 5 mm is intrinsically the global best location. This lower limit
was chosen to avoid interference separation from the clamped region and to prevent conflicts

with the mechanical fastening and bonding area.
6.4.2 Optimisation of a tapered rectangular cantilever beam with MFC configuration

Table 6-7 Design variables for the optimisation for the tapered beam

Design Variables
Description Symbol Initial value Lower bound Scale Upper bound
(mm) (mm) (mm) (mm)
MFC position X 65 5 10 100
Beam thickness bm 2 1 1 3
Tip mass thickness tm 1 1 1 3
(mm) or gram(g) ) ) ) 15
Load resistance (k1) Rioad 12 1 10 100 k
Frequency range (Hz) h 10.61 4 2 22
Applied force (N) F 0.2 0.1 0.2 0.5

For the tapered rectangular cantilever beam, the optimisation problem includes both
geometric and operational design variables. Unlike the uniform beam (Table 6-6), the load
resistance R; and the applied force amplitude F are treated as design variables to account for
the varying electrical impedance matching and excitation conditions inherent to the tapered
geometry. Table 6-8 and Figure 6-35 show that the optimisation results showed that the
maximum electrical power was achieved when the MFC patch was placed at approximately 5

mm from the fixed end of the cantilever beam. At this position, the MFC is under a large bending
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strain and still exhibits appreciable deformation, thereby making the conversion of

electromechanical energy more efficient.

The optimum beam thickness was increased slightly from 2.00 mm to 2.17 mm. This change
is quite small (about 7.83%), but it indicates that a slight increase in stiffness gives a more
favourable balance between bending deformation and strain transfer to the piezoelectric layer.
Overly thin beams lead to larger deflections and less structural stability, while overly thick
beams reduce both bending strain and electrical output. Thus, the optimum thickness is a

compromise between flexibility and stiffness.

Finally, the optimised excitation force was increased from 0.20 N to 0.26 N, resulting in a
larger vibration amplitude and thus higher strain in the MFC. However, the excitation force is
an external operating condition and not a structural design parameter and should therefore be
generally treated as a fixed input rather than an optimisation variable when evaluating the
harvester design. The optimised design gave a maximum output voltage of around 2.30 V in
Figure 6-35 (b) and harvested power of around 0.065 mW at a resonance frequency of 12 Hz as
shown in Figure 6-35 (c). These results show that the appropriate choice of the placement of
the MFC, tip mass, beam thickness, applied force, and load resistance for the structural
parameters can significantly improve the performance of the piezoelectric energy harvester

while meeting the design constraints.

Table 6-8 Optimisation result for tapered rectangular beam with MFC

Output parameter Parametric Design module Change
optimised optimised algorism
1 Resonance frequency (Hz) 10.61 12 13.1%
2 Maximum output voltage 1.15 2.3 100%
(Vmax) (V)
3 Maximum harvested power 0.028 0.065 132.14%
(Pmax) (mW)

4 Beam thickness (tb) (mm) 2 2.17 8.5%
5 MFC patch placement (mm) 65 5.46 91.6%
6 Tip mass (mm) 1 1.12 12%
7 Resistance load (k) 10 12 20%
8 Applied external force (N) 0.2 0.26 30%
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Table 6-9 Comparison of Algorism optimised EH by rectangular and tapered models

Output Parameter

Rectangular beam

Tapered beam

Change (%)

Resonance frequency [Hz] 10.61 12 13.1
Voltage output [V] 0.95 2.3 1421
Power Output [mW] 0.028 0.065 132.14

From the above models the optimisation study of the uniform rectangular cantilever beam
with the integrated MFC patch showed significant improvements in the energy harvesting

performance by tuning simultaneously three key design parameters.

MFC patch position (xp), beam thickness (), and tip mass dimension (tm). The initial
parametric design (Xp = 65 mm, t, =2 mm, tm = 1 mm) yielded an initial output voltage of
0.6 V and harvested power of 0.017 mW. After the optimisation, the MFC patch was found to
be 5 mm from the fixed support, the beam thickness was increased to 2.2 mm, and the tip mass
dimension was refined to 1.26 mm. The optimised output voltage and the peak harvested power
were 0.95 V and 0.028 mW, respectively. This represented an enhancement of 58.33% and
64.7% respectively over the initial values. The tapered rectangular beam, which has a width
profile that tapers from 30 mm at the fixed support to 20 mm at the free end, showed a
significantly improved energy harvesting performance for all the output metrics compared to
the uniform rectangular beam as can be seen from the results in Table 6-8 and the comparative
summary on Table 6-9. From Table 6-8 parametric optimisation of the tapered beam resulted in
aresonant frequency of 10.61 Hz, maximum output voltage of 1.15 V and peak harvested power
of 0.028 mW. The resonant frequency was shifted to 12Hz, the maximum output voltage
increased to 2.3V and a peak harvested power of 0.065mW was achieved following further
significant improvements through optimisation with the BOBYQA design module algorithm.
The results show change of 13.1%, 100% and 132.1% for the resonance frequency, voltage,
and power, respectively, with the parametric optimisation baseline for the tapered rectangular

configuration.

From Table 6-9: Comparison of Algorithm-Optimized Rectangular and Tapered Beam
Models; The tapered rectangular beam after BOBYQA optimisation outperforms the
conventional rectangular beam for all the three key performance parameters: resonance
frequency, output voltage, and output power. The frequency of the tapered beam was 12 Hz
which is an improvement of about 13.1% over the rectangular beam (10.61 Hz). This increase

is attributed to the variation of mass and stiffness along the beam length due to the tapered
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geometry, which leads to an increase in the fundamental natural frequency as compared to the

uniform rectangular beam.

The output voltage saw the most substantial improvement, 2.3 V for the tapered beam versus
0.95 V for the rectangular beam, an increase of 142.1%. Such increase in voltage output is more
than two-fold, indicating the better ability of the tapered geometry to concentrate the strain
energy within the MFC patch region. The output power also showed a similar trend, where the
tapered beam generated 0.065 mW against 0.028 mW for the rectangular beam which is an
improvement of 132.14%. The power output is proportional to the voltage squared for a fixed

load resistance. This is consistent with and supports the large voltage gain seen above.

The low resonant frequency of 12 Hz, the harvester is particularly suited to structural health
monitoring (SHM) and machine condition monitoring applications on slow rotating or low
frequency equipment such as conveyors, large motors, pumps and civil infrastructure where
vibration frequencies of this order are typical [220]. These applications can use the harvester
with strain gauges, MEMS accelerometers, or vibration sensors for self-powered wireless
condition monitoring without any need of wired power infrastructure or periodic battery

maintenance [3].

Chapter six conclusion

This chapter has presented a local parametric and algorithmic optimisation modelling
approach for MFC-P2 piezoelectric energy harvesters. The efficiency and applicability of the
proposed optimised output energy and fundamental frequency were demonstrated by comparing
the rectangular and tapered rectangular beam configurations as summarised in Table 6-9. From
the performance of energy harvesting devices based on MFC-P2 type piezoelectric materials
was studied and evaluated using four criteria. First, a rectangular and tapered unimorph
configuration with the MFC fixed at 65 mm from the fixed support was considered. Second, the
same volume of beam and MFC piezoelectric materials with the tip mass fixed at the free end
of the beam was used. Third, the same geometry with the MFC placed at various positions on
the beam was examined. Lastly, the thickness of the cantilever beam was changed while keeping

the same materials and geometry.

In the design of two cantilever beams, featuring both normal rectangular and tapered shapes,
the tapered configuration yields the highest output voltage of 0.45 V when using the same MFC-
P> piezoelectric material. Thus, altering the beam's shape and ensuring uniform strain along the
cantilever's length are crucial for maximizing voltage from vibrations in piezoelectric energy

harvesting (PEH). The process of optimizing the geometrical shape is essential for creating a
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compact and efficient energy harvester capable of functioning across various frequencies. The
rectangular 3D unimorph cantilever beam, both with and without a proof mass, is constructed
using aluminium as the substrate and MFC as the piezoelectric material, with a thickness of
0.38 mm. Simulations were conducted to assess displacement, resonant frequency, changes in
generated voltage, and output power. The fundamental resonance frequency, voltage, and power
of the rectangular beam without tip mass are 10.976 Hz, 0.28 V and 0.0032 mW, respectively.
The harvester with the same geometric structure and small tip mass was simulated to generate
a voltage of 0.347 V at the fundamental frequency of 10.456 Hz. The maximum output power
in this simulation is 0.004 mW. The power is 1.24 times the power of a rectangular beam without

tip mass

The third method is variation of the substrate thickness. The fundamental resonance
frequency of the MFC unimorph with Al substrates increases from 10 Hz to 17.6 Hz as the
substrate thickness increases from 1.5 mm to 2.8 mm. The maximum voltage and power outputs
for a 10 kQ resistive load are achieved at an Al substrate thickness of 1.8 mm. This numerical
optimisation is in good agreement with both theoretical and experimental results. The algorithm
optimisation results presented in this thesis demonstrate that local optimisation methods can be
used to achieve meaningful performance gains in MFC-based piezoelectric energy harvesters,
specifically the BOBYQA algorithm applied through COMSOL’s parametric optimisation

framework.

The conventional rectangular beam and the tapered rectangular beam configurations were
optimised using the Bound Optimisation BY Quadratic Approximation (BOBYQA) algorithm
available in COMSOL Multiphysics to further improve the performance of the piezoelectric
energy harvester. BOBY QA was chosen as it is good at solving nonlinear optimisation problems
with multiple coupled design variables, without the need for analytical derivatives. The
harvested power and voltage output was significantly improved for both the rectangular and
tapered beam configurations, with the tapered geometry outperforming the conventional design
for all optimisation criteria [103,121]. For the conventional rectangular beam, BOBYQA
optimisation produced a maximum harvested power of 0.028 mW and an output voltage of 0.95
V at a resonant frequency of 10.61 Hz, representing improvements of 58.33% and 64.7% over
the parametric design, respectively. The optimal configuration placed the MFC patch 5 mm

from the clamped end, with a beam thickness of 2.2 mm and a tip-mass dimension of 1.26 mm.

Using the same optimisation approach, the tapered beam achieved a maximum power of

0.065 mW and a voltage of 2.3 V at 12 Hz, increases of 100% and 132.1% over its parametric
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baseline. From the tapered geometry, the energy is optimised in comparison to the rectangular
geometry, also corresponding to increases of more than 132% in power and 142% in voltage,
thus confirming the mechanical superiority of the tapered geometry. For the tapered design, the
MFC patch was placed at a distance of 5.46 mm from the fixed end with a beam thickness of
2.17 mm, a tip-mass size of 1.12 mm, a load resistance of 12 kQ and an excitation force of 0.26
N. The sensitivity analysis indicated that the most influential parameter was the MFC patch
location, followed by the excitation force, the tip-mass dimensions, the beam thickness, and the

load resistance.

the overall model result and improvement in the performance of the harvester through the
successive stages of the study, from the initial validated model to the final algorithm-optimised
design. The analytical, finite element and experimental models of the baseline rectangular
unimorph configuration, with resonance frequencies clustering between 10.2 Hz and 10.96 Hz
and power outputs in the range of 0.0027 - 0.0032 mW, confirming the validity of the modelling
approach prior to optimisation starting. The addition of a tip mass increased the maximum
voltage to 0.39V and power to 0.0045mW, and the combination of a tapered geometry with a
tip mass further increased these figures to 0.65V and 0.0082mW, also confirming that geometric
tailoring alone, without the need for algorithmic optimisation, already produces substantial
gains compared to the baseline unimorph design. The biggest improvements, however, are made
by the BOBY QA -optimized models. The optimised rectangular beam reached 0.95 V and 0.028
mW, while the optimised tapered beam provided the best overall performance in the study with
a maximum voltage of 2.3 V and power output of 0.065 mW at a resonance frequency of 12 Hz.
Overall, there is around 8.7 times increase in voltage, and more than 22 times increase in power
output between the initial analytical model and the final BOBYQA-optimised tapered beam
design. This clearly shows that the combined effect of tapered geometry and systematic
algorithm-based optimisation of MFC patch placement, tip mass, beam thickness and load
resistance is significantly more effective than relying on geometric modification or parametric

variation alone.
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Table 6-10 Summary of the results from the initial model to the fully optimised design

Model Geometric configuration Resonance Maximum Maximum
frequency(Hz) | Voltage (V) | Power(mW)
Analytical model Rectangular beam with 10.69 0.265 0.00291
rectangular unimorph MFC
Finite element Rectangular unimorph 10.976 0.28 0.0032
model
Experimental Rectangular unimorph 10.2 0.245 0.00272
method
Finite element Rectangular beam with tip mass 10.45 0.39 0.0045
method
Finite element Tapered rectangular beam with 12.42 0.65 0.0082
method tip mass
BOBYQA Rectangular beam (optimum) 10.61 0.95 0.028
optimisation
BOBYQA Tapered beam (optimum) 12 2.3 0.065
optimisation

Table 6-10 summarises the evolution of the piezoelectric energy harvester performance
through the seven modelling stages of progressively increasing refinement, from the initial
analytical model to the fully optimised design. For the analytical model with a rectangular beam
and rectangular unimorph MFC, the resonance frequency was 10.69 Hz, the maximum voltage
was 0.265 V, and the maximum power was 0.00291 mW. This was validated by a finite element
model and an experimental method, both of which demonstrated reasonably consistent results
(10.976 Hz/0.28 V/0.0032 mW and 10.2 Hz/0.245 V/0.00272 mW respectively), confirming the

baseline modelling approach as dependable.

The inclusion of a tip mass in the rectangular finite element model significantly enhanced
the output, raising the maximum power to 0.0045 mW and voltage to 0.39 V, thus illustrating
the positive impact of inertial loading at the free end. The rectangular beam was tapered for
further improvement with the tip mass kept. The power output and voltage were increased to
0.0082 mW and 0.65 V, respectively, indicating the advantage of geometric shaping in strain
distribution and energy conversion. However, the biggest improvements were achieved with the
BOBY QA optimisation algorithm. By optimisation of the rectangular beam configuration, the
maximum power and voltage were increased to 0.028 mW and 0.95 V respectively, nearly ten
times that of the original analytical model. The tapered beam optimised by BOBY QA exhibited
the best overall performance throughout the entire study with a resonance frequency of 12 Hz,

a peak voltage of 2.3 V and a maximum power of 0.065 mW.
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Overall, the results highlight a distinct and progressive enhancement in the energy
harvesting performance as the model transitioned from a simple analytical representation to
a fully optimised tapered beam design. The final BOBYQA-optimised tapered beam
configuration resulted in power output and voltage increase of 22 and 8.7 times respectively in
comparison to the initial analytical model, demonstrating that the combination of geometric
tapering and tip mass loading with the algorithm-based optimisation (BOBYQA) is very

effective in maximising the electrical output of MFC-based piezoelectric energy harvesters.
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Chapter 7 Conclusions and Future Work

This thesis has presented an integrated framework to design and optimise MFC-P2 based
piezoelectric vibration energy harvesters. . In future work, this framework can be extended to
consider the effect of the tip (proof) mass on the resonant tuning and strain distribution, the
development of multi-modal and broadband harvesting configurations to increase the effective
operating bandwidth of the harvester, and further experimental validation of the tapered-beam

and multi-patch configurations for realistic, variable-frequency ambient vibration sources.
7.1. Conclusion

The framework has integrated analytical modelling (Euler—Bernoulli beam theory with
electromechanical coupling), finite element simulation (COMSOL Multiphysics) and gradient-
free optimisation (BOBYQA/COBYLA) for rectangular and tapered cantilever beam
configurations. The model has been validated with experimental measurements throughout. The
good consistency between theoretical, numerical and experimental results for natural frequency,
generated voltage and harvested power confirms the validity of the proposed modelling and
optimisation approach. Systematic optimisation of the position of the MFC patch and the load
resistance led to measurable improvements in harvested power when compared to the baseline
(non-optimised) configurations. The analytical, finite element method, experimental, and
optimisation studies detailed in this thesis offer a validated and increasingly refined
comprehension of the behaviour of an MFC-based piezoelectric cantilever harvester, how its
performance can be greatly enhanced through geometric design. Initially,

a thorough review of recent portable devices for vibration-based energy harvesting was
conducted. Piezoelectric energy harvesting techniques have garnered considerable interest in
the development of vibration-based energy harvesters due to their compatibility with standard
micromachining processes and their ability to function without an external voltage supply,
unlike other vibration energy harvesting methods. Over the past few decades, piezoelectric
energy harvesting from vibration sources has become prevalent, leading to numerous studies in
this area. The focus of this thesis has been theoretical and numerical modelling, experimental
investigation, and geometric efficiency enhancement or optimisation of geometric-based energy

vibration harvesters using non-classical Macro Fiber Composite (MFC) piezoelectric materials.

Since the early development of energy harvesting technologies, classical PZT-based
harvesters have demonstrated that ambient vibrations can be effectively converted into useful

electrical energy, particularly in cantilever beam configurations. However, PZT materials are
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very stiff and difficult to apply, especially to curved structures. The design of PZT energy
harvesters requires careful adaptation to each targeted vibration source to achieve maximum
efficiency. Non-classical MFC piezoelectric materials (PEMs) offer greater flexibility,
environmental compatibility, lightweight design, and easier integration into wearable devices,
biomedical applications, and smart structural systems. The use of this material for energy
harvesting is expanding because it can convert clean energy into electrical energy to power

small electronic devices.

In Chapter Three, piezoelectric Macro Fiber Composite (MFC) and aluminium (Al)
substrate materials were used along with MFC patches as substrates to harvest energy from
vibrating sources and excitation caused by an externally applied point load. A theoretical
unimorph linear model was developed for an aluminium cantilever beam integrated with
a Macro-Fiber Composite (MFC) piezoelectric patch. Mathematical models were analysed and
developed based on Euler—Bernoulli and Rayleigh beam theory, composite beam bending
stiffness, piezoelectric constitutive relations, modal analysis, and a resistive electrical load
model. It was used to predict the beam displacement, strain in the MFC patch, resonance

frequency, generated voltage, and harvested electrical power.

The analysis of the results indicates that the beam is sufficiently flexible and well-suited to
low-frequency energy harvesting applications. The findings reveal that the harvester operates
at a resonant frequency of about 10.69 Hz. Under excitation at this frequency, the output voltage

and power generated by the harvester were measured as 0.265 V and 0.0028 mW, respectively.

Chapter Four introduces the numerical model developed for the same substrate materials
and MFC piezoelectric layer. While the numerical analysis and simulations focus on the
fundamental vibration mode, the model is formulated using linear constitutive equations and
incorporates the mode-dependent locations of strain nodes. The energy harvesting behaviour of
piezoelectric transducers under external mechanical loading was investigated using
Multiphysics finite element (FE) simulations in the commercial package COMSOL

Multiphysics, and the accuracy of the analytical models was confirmed.

Finite element analysis enabled an in-depth investigation of vibration mode shapes, stress
distributions, electric potential fields, and power output behaviour that cannot be directly
captured using simplified analytical models. The simulations produced a maximum power
output of approximately 0.0032 mW at a resonant frequency of 10.96 Hz, in very close
agreement with the analytical prediction. This strong consistency between the two modelling

approaches confirms the validity of the theoretical assumptions and enhances confidence in the
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proposed electromechanical representation. Consequently, the combined application of
analytical and finite element methods provides a robust framework for predicting the
performance of vibration energy harvesters prior to prototype fabrication. This modelling
approach significantly reduces development time and experimental expenses, while also
enabling rapid evaluation of alternative structural configurations. In addition, the validated
numerical model forms the basis for the optimisation investigations presented in the subsequent
chapters of this thesis, where the influences of beam geometry, tip mass, MFC patch location,
beam thickness, and electrical load resistance on energy harvesting effectiveness are

systematically analysed.

The analytical and finite element models were additionally validated through experiments
conducted on an MFC-P2 unimorph piezoelectric energy harvester bonded to an aluminium
cantilever beam. A dedicated experimental setup was developed to record the harvester’s
voltage and power output under controlled harmonic excitation. The experimental results were
then compared with the analytical solutions and finite element results to assess the precision
and robustness of the proposed modelling approach. The experimental study verified the
accuracy of both the analytical and numerical models. The measured resonance frequency of
the harvester was about 10.2 Hz, closely matching the analytically predicted 10.69 Hz and the
finite element prediction of 10.96 Hz. Under external actuation voltage, the unimorph device
produced an output voltage of roughly 0.245 V and an electrical power of 0.00272 mW across
a maximum 12 kQ load. The strong correlation among analytical, numerical, and experimental
findings indicates that the proposed modelling framework reliably represents the coupled
electromechanical response of the MFC-based vibration energy harvester. This validation
supports the use of the developed models for design, analysis, and optimisation, reducing the

dependence on extensive and expensive experimental testing.

The study concentrated on enhancing the vibration energy harvester's performance through
methodical parametric optimization after the model was validated. The electrical output of
piezoelectric harvester is strongly dependent on structural and electrical characteristics.
Therefore, a detailed analysis was conducted to establish the effect of important design

parameters on the harvested voltage, power output, and resonance frequency.

Several significant design factors, including beam geometry, MFC patch position, beam
thickness, tip-mass dimensions, electrical load resistance, and excitation force, were considered
during optimization. These factors affect the piezoelectric layer's strain distribution, which in

turn affects the electromechanical energy conversion efficiency. In COMSOL Multiphysics, a
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coupled Multiphysics optimization model was created to assess how the structural and electrical

domains interact and find configurations that maximise the harvested power output.

The energy harvesting performance by the size or density of the tip mass, adding a large
tip mass to a cantilever-based piezoelectric energy harvester poses several challenges.
Overloading may lead to a decline in stability, performance, and durability of the system. So,
for the proper optimization, a balance between the tip mass and the beam stiffness is required
so that the harvester can well match the ambient vibration conditions without exceeding the
mechanical and electrical limits of the piezoelectric material. Another method of optimization
approach is MFC patch placement. From this method, the results obtained from the variable
MFC placement show that the maximum power value of the first resonance mode is achieved
at the MFC location between 0 mm and 65 mm. The strain is near zero at the MFC near the free

end of the cantilever, and the voltage at this point is near zero.

A suitable and effective approach for many real industrial energy-harvesting scenarios is to
use an off-resonance strategy that utilizes MFC patches directly attached to areas of maximum
strain. The MFC’s flexibility, conformability, and anisotropic force coupling make it an ideal
component for such an approach. Based on the results of this thesis, areas of high strain or strain
nodes can almost always be identified on a structure, machine, or vehicle oscillating in a
bending mode. Attaching the MFC directly to these areas allows the available vibration energy
from the structure to be harvested independently of specific resonance constraints. Applying the
MFC directly to the structure first requires identifying the area with the highest strain. The
efficiency of energy harvesting cannot be maximized by selecting
a high piezoelectric coefficient alone. Successful harvesters require the right material in the
right structure, operating at the right frequency. Improving energy harvester performance for
different vibration sources will enable the design of more efficient application-specific devices

adapted to a variety of environmental conditions.

In the optimisation part, this study has shown that the systematic multi-variable optimisation
of the MFC-integrated cantilever beam energy harvesters using the derivative-free BOBYQA
algorithm within the finite element framework of COMSOL Multiphysics leads to appreciable
and quantifiable improvements in the harvested electrical power and output voltage. The MFC
patch position was identified as the dominant design parameter for both geometric
configurations with its optimisation relative to the fixed support boundary providing the biggest

single contribution to performance improvement. The tapered beam geometry further improved
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the strain distribution more uniformly and obtained the maximum harvested power of 0.065

mW and output voltage of 2.3 V at resonant frequency of 12 Hz under optimised conditions.
7.2. Future work recommendation

The work presented in this thesis provides a good basis for further development of
modelling accuracy and efficiency of piezoelectric energy harvesters for powering small
electronic devices. The findings suggest a number of directions for future work. From
a modelling point of view the thesis considered linear deformation of the harvester, which is
a reasonable assumption as the ambient vibrations considered are at low resonance frequencies.
However, if the excitation frequency varies to a larger extent, nonlinear deformation,
temperature effects, and losses of the circuit should be included in future models. The effects
of mechanical damping in combination with other geometrical changes such as change in
piezoelectric thickness are out of the scope of this work but are worth further investigation.
More detailed knowledge of the behaviour of mechanical damping would be useful in particular
in two situations: when varying several geometric parameters simultaneously, as damping was
fixed in the parametric analysis of this study, and at higher acceleration levels where damping
was found to increase with base excitation at a rate that was markedly different between
samples. A better understanding of this variation would improve the reliability of the theoretical
models developed here. Also note that since this thesis focused on a unimorph configuration, a
natural next step is to extend the modelling and optimisation work to bimorph harvesters was

recommended.

Further , optimise the added mass by varying its location and dimensions and test the
model at a range of electrical load resistances to find where maximum energy harvesting system
is also recommended. A particularly promising direction is data-driven optimisation, where
COMSOL is used in conjunction with MATLAB to perform faster response-surface based
optimisation. Such an approach could significantly reduce the time and cost of exploring large
design spaces, whether it’s trying out new materials, geometries, or circuit configurations. That
said, any machine learning or surrogate-modeling used for this purpose should be based on
physical principles and validated against experimental data rather than being a black box.
Additive manufacturing and printed electronics also provide interesting opportunities in this
direction, as they can produce piezoelectric structures with spatially varying properties,
embedded electrodes, or even integrated circuitry, all of which are compatible with newer
materials and flexible device designs. The results of this thesis demonstrate that the

simultaneous optimisation of beam geometry and transducer location can result in a significant
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improvement in the electrical power output of tapered cantilever harvesters and that this

improvement can be achieved without sacrificing the structural integrity of the design.

In addition, this thesis can be extended to the development of multi-modal and broadband
harvesting configurations to increase the effective operating bandwidth of the harvester, and
further experimental validation of the tapered-beam and multi-patch configurations for realistic,

variable-frequency ambient vibration sources

The methodology developed here should be a useful starting point for this future work and,
more generally, for continued progress towards efficient, dependable, and sustainable

piezoelectric energy harvesting.
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Appendix :1 MAT LAB script

MATLAB script for the analytical mode shapes and natural frequencies

clear; clc; close all;
L b=400e-3; % total beam length [m]
Lp =65e-3; % patch start position [m]

S =150e-3; % patch end position (65+85 mm) [m]

Eb =70.02¢9;
tho Al =2700;
b =30e-3;

tb =2e-3;

Ab  =Db*tb;

Ib =b*tb"3/12;

EI bare = Eb*Ib;
mA_bare =rho_ Al*Ab;

EI patch =1.798e6 * 1e-6;
mA_patch =0.190728;
nElemPerSeg = 20;

x_nodes = unique([linspace(0, Lp, nElemPerSeg+1), ...

linspace(Lp, S, nElemPerSeg+1), ...
linspace(S, Lb, nElemPerSeg+1)]);
nNode = length(x nodes);
nElem =nNode - 1;
nDof =2*nNode;
K = zeros(nDof, nDof);
M = zeros(nDof, nDof);
for e = 1:nElem
xL =x_nodes(e); xR =x nodes(e+1);
Le=xR-xL; xc=0.5%xL+xR);
if xc>=Lp && xc <=S
EI = EI patch; mA =mA_patch;
else
EI =EI bare; mA =mA_bare;
end
Ke=(El/Le"3) *[ 12, 6*Le, -12, 6%*Le;
6*Le, 4*LeM2, -6*Le, 2*Le"2;
-12, -6*Le, 12, -6*Le;
6*Le, 2*Le"2,-6*Le, 4*Le™2];

Me = (mA*Le/420) * [156, 22*Le, 54, -13*Le;

22*Le, 4*Le"2, 13*Le, -3*Le"2;

54, 13*Le, 156, -22*Le;

-13*Le, -3*¥Le"2,-22%Le, 4*Le"2];
dofIndex = [2%*e-1, 2*e, 2*e+1, 2*e+2];

K(dofIndex, dofIndex) = K(dofIndex, dofIndex) + Ke;
M(dofIndex, dofIndex) = M(dofIndex, dofIndex) + Me

end
fixedDof = [1, 2];
freeDof = setdiff(1:nDof, fixedDof);
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Kr = K(freeDof, freeDof);

Mr = M(freeDof, freeDof);

[Phi, Omega2] = eig(Kr, Mr);

omega2 = diag(Omega2);

[omega2 sorted, idx] = sort(omega2, 'ascend');
Phi_sorted = Phi(:, idx);

omega n = sqrt(omega?2_sorted);

f n =omega n/(2%pi),

fprintf('First 4 Natural Frequencies:\n');

fori=1:4
fprintf(' Mode %d: f %d = %.3t Hz\n', i, 1, f n(1));
end

colours = { [0.635 0.078 0.184], ... % dark red - Mode 1
[0 0.208 0.741],... %blue -Mode?2
[0.100 0.100 0.100], ... % near-black - Mode 3
[0.494 0.184 0.702] }; % purple - Mode 4
nModes = 4;
xq = linspace(0, Lb, 2000); % dense grid for smooth curves
fig = figure('Color','w', 'Units','centimeters, ...
'Position',[2 2 22 15]);
ax = axes(fig); hold(ax,'on"); box(ax,'on");
yl=[-1.15, 1.15];
legendEntries = cell(1, nModes);
for i = 1:nModes
modeVec free = Phi_sorted(:, 1);
modeVec_full = zeros(nDof,1);
modeVec full(freeDof) = modeVec_free;
w_mode = modeVec_full(1:2:end);
w_mode =w_mode / max(abs(w_mode));
% Ensure tip deflection is positive for odd modes (sign convention)
if mod(i,2) == 1 && w_mode(end) <0
w_mode = -w_mode;
end
% Smooth (spline) interpolation for a visually cleaner curve
w_smooth = interpl(x_nodes, w_mode, xq, 'pchip");

plot(ax, xq, w_smooth, '-', 'Color', colours{i}, 'LineWidth', 2.6);
legendEntries{i} = sprintf('Mode %d (%.2f Hz)', i, f n(i));

end

% Baseline

plot(ax, [0 Lb], [0 0], -, 'Color', [0.5 0.5 0.5], ...
'"LineWidth', 0.75, 'HandleVisibility','off");

xlabel(ax, 'Beam Length (m)', 'FontSize', 16, 'FontWeight','bold");

ylabel(ax, 'Normalized Displacement', 'FontSize', 16, 'FontWeight','bold');

:1 MAT LAB script

title(ax, 'Mode Shapes and Natural Frequencies of Composite AI-MFC Cantilever Beam, ...

'FontSize', 15, 'FontWeight','bold");
lgd = legend(ax, legendEntries, 'Location', 'southwest');
set(lgd, 'Box','on', 'FontSize', 12);
xlim(ax, [0, Lb]);
ylim(ax, yl);
set(ax, 'FontSize', 14, 'FontName','Helvetica, ...
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'LineWidth', 1.1, 'TickDir','out, ...
'"XMinorTick','on', "YMinorTick','on', ...
'GridAlpha', 0.25, 'MinorGridAlpha', 0.12);
grid(ax, 'on");
ax.GridLineStyle = '-';
ax.MinorGridLineStyle = ":';
set(fig, 'Renderer’, "painters'); % vector renderer -> crisp lines/text
% PNG (raster, high DPI) for slides/Word; PDF/EPS (vector) for
% publication-quality print use.
exportgraphics(fig, 'ModeShapes AIMFC Beam.png', 'Resolution’, 600);
exportgraphics(fig, 'ModeShapes AIMFC Beam.pdf', 'ContentType', 'vector');
% print(fig, 'ModeShapes AIMFC Beam', '-depsc', -painters'); % optional EPS

Analytical Voltage and Eigenfrequencies Model

clear; clc; close all;

fn  =10.69; % natural frequency, Mode 1 [Hz] (from your FEM)

wn  =2%pi*fth; % natural angular frequency [rad/s]

zeta =0.01; % mechanical damping ratio (0.05-0.02 range)

Meff =0.0372; % effective modal mass [kg] (adjust to your model, or fold into eta scaling)

theta = le-4; % modal electromechanical coupling coefticient [N/V]

Cp =4.5e8; % piezoelectric patch capacitance [F] - REPLACE with your value

R =12e5; % load resistance [Ohm] - REPLACE with your chosen/optimised value
f = linspace(7, 15, 300); % excitation frequency sweep [Hz], adjust range as needed

w = 2%pi*f; % angular frequency [rad/s]

% eta(w) =(YO0)/sqrt( (wn"2 - w."2)."2 + (2*zeta*wn.*w)."2 )
eta = Meft*YO0 ./ sqrt( (wn”2 - w."2).2 + (2*zeta*wn.*w)."2 );
Vomega = (theta .* w .* eta) ./ sqrt( (1/R)*2 + (Ww*Cp)."2);
[Vpeak, idxPeak] = max(Vomega);
fig = figure('Color','w', 'Units','centimeters’, ...
'Position',[2 2 22 15]);
ax = axes(fig); hold(ax,'on'); box(ax,'on');
plot(ax, f, Vomega, '-', 'Color', [0 0.208 0.741], 'LineWidth', 5);
% Mark resonance point
plot(ax, f(idxPeak), Vpeak, '0', 'MarkerFaceColor', [0.635 0.078 0.184], ...
'MarkerEdgeColor', [0.635 0.078 0.184], 'MarkerSize', 1, ...
'Handle Visibility','off");
text(ax, f(idxPeak)+0.3, Vpeak*0.95, ...
sprintf('f n=%.2f HZ\nV_{max} = %.3f V', f(idxPeak), Vpeak), ...
'FontSize', 24, 'Color', [0.2 0.2 0.2], ...
"Vertical Alignment','top");
xlabel(ax, 'Frequency (Hz)', 'FontSize', 20, 'FontWeight','normal");
ylabel(ax, 'Voltage (V)', 'FontSize', 20, 'FontWeight','normal’);
title(ax, 'Frequency Response with Voltage for the analytical model , ...
'FontSize', 20, 'FontWeight','normal");
xlim(ax, [f(1), f(end)]);
ylim(ax, [0, Vpeak*1.15]);
set(ax, 'FontSize', 24, 'FontName','Helvetica', ...
'LineWidth', 1, "TickDir',"in', ...
"XMinorTick','off', "YMinorTick','off, ...
'GridAlpha', 0.5, 'MinorGridAlpha', 0.12);
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grid(ax, 'on');

ax.GridLineStyle ='-';

ax.MinorGridLineStyle = ":';

set(fig, 'Renderer’, 'painters'); % vector renderer -> crisp lines/text
fprintf('Resonance frequency (voltage peak): %.3f Hz\n', f(idxPeak));
fprintf('Peak voltage: %.4f V\n', Vpeak);

exportgraphics(fig, 'FreqResponse Voltage.png', 'Resolution’, 600);
exportgraphics(fig, 'FreqResponse Voltage.pdf', 'ContentType', 'vector');

Voltage and frequency obtained from the experimental work

clear; clc; close all;
frequency = [ ...
7, 7.5, 8, 8.5, 9, 9.5, 10.2, 10.5, 11, ...11.5, 12, 12.5, 13, 13.5, 14, 14.5,15];

voltage = [ ...0.00105, 0.0365, 0.0780, 0.1201, 0.1620, 0.201, ...0.24509, 0.2290,
0.1956, 0.1640, 0.12941, ...0.1030600, 0.07510, 0.0508, 0.0281, 0.00945, 0.00113];
f _smooth = linspace(min(frequency), max(frequency), 6000);
v_smooth = interpl(frequency, voltage, f_smooth, 'pchip');
[v_max, idx] = max(voltage);
f _max = frequency(idx);
fprintf('Peak measured voltage: %.4f V at %.2f Hz\n', v_max, f_max);
fig = figure('Units', 'centimeters', 'Position',[5 5 20 14], 'Color','w');
ax = axes(fig); hold(ax,'on'); box(ax,'on');
plot(ax, f_smooth, v_smooth, '-',
'LineWidth', 7, .
"Color', [@ ©.4470 0.7410]);
% Experimental points
plot(ax, frequency, voltage, 'o',
'MarkerSize', 10,
'MarkerFaceColor', [0 ©.4470 0.7410], .
'MarkerEdgeColor', 'black', 'LineWidth', ©.75);

plot(ax, f_max, v_max, 's', 'MarkerFaceColor', [0.635 ©.078 0.184],
'MarkerEdgeColor', [0.635 0.078 ©0.184], 'MarkerSize', 8);

text(ax, f _max+0.3, v_max, sprintf(' %.4f V', v_max),
'"FontName', 'Times New Roman', 'FontSize', 24, 'Color', [0.2 0.2 0.2]);

xlabel(ax, 'Fundamental Frequency (Hz)',
'"FontName', 'Times New Roman', 'FontSize', 24, 'FontWeight', 'normal');
ylabel(ax, 'Output Voltage (V)',
'"FontName', 'Times New Roman', 'FontSize', 24, 'FontWeight', 'normal');
title(ax, 'Experimental Measured Voltage at different Excitation Frequencies',
'FontName', 'Times New Roman', 'FontSize', 20, 'FontWeight', 'bold');
xlim(ax, [6.8 15.2]);
ylim(ax, [0, max(v_smooth)*1.15]);

grid(ax, 'on');

grid(ax, 'minor'");

set(ax, 'GridAlpha', ©.4, 'MinorGridAlpha‘', ©.25,
'FontName', 'Times New Roman', 'FontSize', 24,
"LinewWidth', 1.1, 'TickDir','in',
"XMinorTick','on', 'YMinorTick','on');

set(fig, 'Renderer', 'painters'); % vector renderer -> crisp lines/text

exportgraphics(fig, 'Voltage Frequency MFC.pdf', 'ContentType', 'vector');
exportgraphics(fig, 'Voltage Frequency MFC.png', 'Resolution', 600);
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Experimental, theoretical, and numerical voltage and power with Eigenfrequency

clear; clc; close all;
f exp=[77.588.599.510.2210.56 11 11.512 12.5 13 13.5 14 14.5 15];
f the=[77588599.51010.69 11 11.51212.513 13.5 14 14.5 15];
f num=[77588599.510.510.976 11.2 11.512 12.5 13 13.5 14 14.5 15];
V_exp = [0.045 0.0599 0.0820 0.10601 0.1420 0.1801 ... 0.24506 0.2268 0.2086 0.1780
0.14480 ... 0.11608 0.08800 0.0608 0.0389 0.026798 0.0143];
V_the =[0.0518 0.06860 0.08730 0.114 0.14689 0.18821 ... 0.22101 0.26502 0.23540 0.20874
0.1763 ... 0.14657 0.12057 0.100274 0.07801 0.05942 0.04631];
V_num =[0.05902 0.0756 0.0983 0.1320 0.16916 0.20661 ... 0.2681 0.28002 0.26394 0.23950
0.20086 ...0.16943 0.1377 0.11414 0.09001 0.06972 0.05631];
P _exp = [0.00015 0.000298 0.000560 0.000887 0.001450 ... 0.002061 0.002704 0.002390
0.001822 ... 0.001281 0.000798 0.000506 0.000269 ... 0.000123 0.000038 0.000004
0.00000006];
P the = [2.02E-4 4.38E-4 7.44E-4 1.08E-3 1.63E-3 ... 2.05E-3 2.48E-3 2.901E-3 2.25E-3 ...
1.62E-3 1.14E-3 7.8E-4 5.7E-4 ...3.59E-4 2.83E-4 2.23E-4 2.05E-4];
P num = [2.49E-4 4.86E-4 8.29E-4 1.23E-3 1.76E-3 ...2.20E-3 2.88E-3 3.20E-3 2.4626E-3 ...
0.001956 0.001381 9.80E-4 6.40E-4 ... 4.98E-4 3.59E-4 2.66E-4 2.10E-4];
% Power values above are in mW already per the original data set
plotComparison(f exp, V_exp, f the, V_the, f num, V_num, ...
"Voltage (V)', 'V, ...
"Voltage Comparison: Experimental vs Theoretical vs Numerical', ...
"Voltage Comparison MFC");
plotComparison(f exp, P_exp, f the, P_the, f num, P num, ...
'Power (mW)', mW/', ...
'Power Comparison: Experimental vs Theoretical vs Numerical', ...
'Power Comparison MFC');
function plotComparison(fl, y1, 2, y2, f3, y3, yLabelStr, unitStr, titleStr, fileStem)
% Consistent color palette (matches other figures in this series)
colExp =1[0.10 0.10 0.10]; % near-black
colThe=[0 0.2078 0.7412];% blue
colNum = [0.635 0.078 0.184]; % dark red
fig = figure('Units','centimeters', 'Position',[5 5 22 15], 'Color','w");
ax = axes(fig); hold(ax,'on"); box(ax,'on");
plot(ax, f1, y1, '-o', 'LineWidth', 2, '"MarkerSize', 6, ...
'Color', colExp, 'MarkerFaceColor', colExp);
plot(ax, f2, y2, '-', 'LineWidth', 2, 'MarkerSize', 6, ...
'Color', colThe, 'MarkerFaceColor', colThe);
plot(ax, f3, y3, '-s', 'LineWidth', 2, 'MarkerSize', 6, ...
'Color', colNum, 'MarkerFaceColor', colNum);
% Peak values
[ylmax, id1] = max(yl); flmax = fl1(idl);
[y2max, id2] = max(y2); 2max = 2(id2);
[y3max, id3] = max(y3); f3max = {3(id3);
plot(ax, flmax, ylmax, 'o', 'MarkerFaceColor', colExp, ...
'MarkerEdgeColor', colExp, 'MarkerSize', 9, 'Handle Visibility','off");
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plot(ax, f2max, y2max, 'V, '"MarkerFaceColor', colThe, ...
'MarkerEdgeColor', colThe, 'MarkerSize', 9, 'HandleVisibility','off");
plot(ax, f3max, y3max, 's', 'MarkerFaceColor', colNum, ...
'MarkerEdgeColor', colNum, 'MarkerSize', 9, 'HandleVisibility','off");
text(ax, flmax+0.2, ylmax, sprintf(' %.4g %s\n %.2f Hz', ylmax, unitStr, flmax), ...
'FontName','Times New Roman', 'FontSize', 11, 'Color', colExp);
text(ax, 2max+0.2, y2max, sprintf(' %.4g %s\n %.2f Hz', y2max, unitStr, f2max), ...
'FontName','Times New Roman', 'FontSize', 11, 'Color', colThe);
text(ax, f3max+0.2, y3max, sprintf(' %.4g %s\n %.3f Hz', y3max, unitStr, f3max), ...
'FontName','Times New Roman', 'FontSize', 11, 'Color', colNum);
xlabel(ax, 'Excitation Frequency (Hz), ...
'FontName','Times New Roman', 'FontSize', 17, 'FontWeight','bold");
ylabel(ax, yLabelStr, ...
'FontName','Times New Roman', 'FontSize', 17, 'FontWeight','bold");
title(ax, titleStr, ...
'FontName','Times New Roman', 'FontSize', 15, 'FontWeight','normal');
legend(ax, {'Experimental’, 'Theoretical', Numerical'}, ...
'FontName','Times New Roman', 'FontSize', 13, ...
'Location','best', 'Box','on');
xlim(ax, [f1(1)-0.3, fl1(end)+0.3]);
grid(ax, 'on");
grid(ax, 'minor");
set(ax, 'GridAlpha', 0.3, 'MinorGridAlpha', 0.15, ...
'FontName','Times New Roman', 'FontSize', 14, ...
'LineWidth', 1.2, 'TickDir','out’, ...
"XMinorTick','on', "YMinorTick','on");
set(fig, 'Renderer’, 'painters'); % vector renderer -> crisp lines/text
% Export: EMF (vector, editable in Word — Windows only) + high-res TIFF
exportgraphics(fig, [fileStem '.emf'], 'ContentType','vector');
exportgraphics(fig, [fileStem ".tiff'], 'Resolution’, 600);
exportgraphics(fig, [fileStem '.pdf'], 'ContentType','vector');
end
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